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Abstract

Let P (z) be a polynomial with complex coefficients of degree d having 2 dis-
tinct roots. We prove that its derivative P �(z) has a root “in between” two given
roots of P (z) in the following cases: (i) d ≤ 4, and (ii) P (z) has at most 3 distinct
roots. Moreover, the result also holds for any d under some mild conditions.

1 Introduction

Let R(z) be a polynomial with complex coefficients. Let a, b be two distinct complex
numbers. We say that R(z) has a root r “in between” a and b if π(r) is in the segment
{a+ t(b−a) : 0 < t < 1} where π is the orthogonal projection over the line determined
by a and b.

It is not known whether or not the derivative of a polynomial P (z) with complex
coefficients and having 2 distinct roots, can have a root “in between” two given distinct
roots of P (z).

However, we have:

a) The result follows immediately from Rolle’s Theorem when P (z) has all its roots
on a line.

b) If for some roots a 9= b of P (z) all other roots of P (z) are in between a and b
then P 3 has some root in between a and b. This holds by Lucas’s Theorem (see
e.g. [3], p. 22).

c) If P (z) = z(z − 1)Q(z), where Q(0) 9= 0, Q(1) 9= 0 and all zeros z of Q satisfy
|z| ≤ 1 then P 3 has some root in between 0 and 1. This holds by a special proved
case (see [4], p. 270) of a Conjecture of Goodman-Rahman-Ratti and Schmeisser
(see [1], [7]).
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See also the comprehensive papers of Marden ([2], [3], [4], and [5]).

We let n(z) = |z|2 = zz̄, denote the square of the norm, Tr(z) = z + z̄ denote the
trace of a complex z, and Re(z) = Tr(z)/2 denote the real part of z.

Observe that we may assume that P (z) has the form:

P (z) = (z2 − 1/4)R(z)

in which R(z) is some monic polynomial. Thus we will search for roots of the derivative
P 3 in the region

S = {z ∈ C | −1/2 < Re(z) < 1/2}.

2 Some Results For General d

They are presented in the following Proposition:

PROPOSITION 1. Let n be a positive integer. Assume that d = n + 1 so that
deg(R(z)) = n− 1. Write R(z) = �z+Q(z) where Q3(0) = 0; i.e., � is the coefficient of
z in R(z). Thus, P (z) = (z2 − 1/4)(�z +Q(z)). It is convenient to write P 3(z) as:

P 3(z) = (n+ 1)(z − z1) . . . (z − zn),

P 3(z) = (n+ 1)
n

k=0

(−1)n−ksn−kzk.

(a) If � = 0 then z = 0 is a root of P 3.

(b) If |�| < (n+ 1)/2n−2 then for some integer i we have |Tr(zi)| < 1.

(c) If there is a k such that |sk/sn| > n
k

2n−k then for some i we have |Tr(zi)| <
1.

(d) If P 3 has only one root a then Tr(a) = 0.

PROOF. We obtain (a) since z divides Q3(z) when � = 0. Observe that P 3(0) =
−�/4. Thus |�| = 4(n + 1)|z1| . . . |zn|. Assume that |Tr(zi)| ≥ 1 holds for all i. From
the inequality |zi| ≥ 1/2|Tr(zi)| we obtain

|�| ≥ (n+ 1)/2n−2.

This proves (b). The proof of (c) is similar. To prove (d) assume that P 3 = (n +
1)(z− a)n for some complex a. It follows that P (z) = (z− a)n+1+ b for some complex
constant b. Since 1/2 and −1/2 are roots of P (z) we obtain

(1/2− a)n+1 = (−1/2− a)n+1.
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Thus a /∈ {1/2,−1/2} and
1/2− a = ρ(−1/2− a) (1)

for some complex ρ 9= 1 that satisfy ρn+1 = 1. It follows that n(ρ) = 1 and that
Tr(ρ) 9= 2. In other words (1) may be written as

a = (−1/2)ρ+ 1
ρ− 1 . (2)

From (2) we obtain

Tr(a) = (−1/2) ρ̄− ρ+ ρ− ρ̄

2− Tr(ρ) = 0.

This completes the proof of the proposition.

3 Case When P Has At Most 3 Different Roots

First of all we recall that an involution f is an operator of period 2, i.e. f ◦ f gives the
identity. Assume that for some positive integers α,β; for some non negative integer γ,
and for some complex number a /∈ {−1/2, 1/2}

P (z) = (z − 1/2)α(z + 1/2)β(z − a)γ .
The solution of our problem shall be reduced to prove that some involution h of
the Riemann sphere attached to these numbers transforms complex numbers z, with
|Tr(z)| ≥ 1, into complex numbers w = h(z) with |Tr(w)| < 1 :
LEMMA 1. Given positive integers α,β, γ let h be the involution of the Riemann

sphere S2 defined over a complex z by:

w = h(z) =
Az +B

Cz +D
, (3)

where

(a) A = 2(−α2 + β2 − (α− β)γ),

(b) B = −((α− β)2 + (α+ β)γ),

(c) C = 4((α+ β)2 + (α+ β)γ),

(d) D = −A = 2(α2 − β2 + (α− β)γ).

Then |Tr(z)| ≥ 1 implies |Tr(w)| < 1.
PROOF. After some computation it becomes clear that Tr(w) < 1 is equivalent to

the condition

C1 > 0
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where

C1 = 8αs((β − α)(β − α− γ)− 2(β2 − α2 − αγ)t+ 4(α+ β)sn) (4)

and

s = α+ β + γ, t = Tr(z), n = n(z).

One has the inequality

4n ≥ t2.
Thus, it suffices to prove that

K1 = 8αs((β − α)(β − α− γ)− 2(β2 − α2 − αγ)t+ (α+ β)st2) > 0;

i.e., it suffices to prove that K > 0 where

K = K1/(8α(α+ β)s2).

In other words, we need to prove that

K = (t− t1)(t− t2) > 0,
where

t1 =
β − α

β + α
, t2 =

β − α− γ

β + α+ γ
.

But, this holds since |t| ≥ 1 while trivially −1 < t1 , t2 < 1.
Similarly, we may prove that Tr(w) > −1 since it shall suffice to prove that

C2 = 8βsL > 0,

where

L = (β − α)(β + γ − α)− 2(γβ + β2 − α2)t+ 4(α+ β)sn.

This completes the proof of the lemma.

We are ready to present our main theorem.

THEOREM 1. Let a be a complex number, let α,β be positive integers and let γ
be a non negative integer. Let P (z) be a polynomial defined by

P (z) = (z − 1/2)α(z + 1/2)β(z − a)γ .
Then P 3 has a root r that satisfy

|Tr(r)| < 1.

PROOF. When a ∈ {−1/2, 1/2} we may assume that γ = 0. From the equation

P 3(z)/P (z) = α/(z − 1/2) + β/(z + 1/2) = 0,
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we obtain

z =
β − α

2(β + α)
.

From this it follows readily that

|Tr(z)| < 1,
completing the proof in this case.

The equation

P 3(z)/P (z) = α/(z − 1/2) + β/(z + 1/2) + γ/(z − a) = 0,

may be written in the form

(z − z1)(z − z2) = 0,
where

(a) z1 + z2 =
(1/2+a)β−(1/2−a)α

α+β+γ ,

(b) z1 z2 =
a(β−α)/2−γ/4

α+β+γ .

From these 2 equalities, we obtain after some computation

z2 = h(z1)

where h is defined in Lemma 1. The result follows immediately from the same lemma.

See ([4], p. 268) and ([3], p. 9) for a geometric interpretation of the position in the
complex plane of the zeros z1, z2 above.

4 Case Of deg(P ) ≤ 4
The resolution of this case comes essentially from a result of Grace and Heawood
reported by Polya:

LEMMA 2. Let a 9= b be two distinct complex numbers. Let d be a positive integer.
Let P (z) be a polynomial of degree d with complex coefficients such that
P (a) = 0 = P (b). Then P 3 has a root r that satisfies

|r − (a+ b)/2| ≤ |(a− b)| / (2 tan(π/d)).

PROOF. See [6] Problem 150, p. 60 and p. 238.

REMARK. Observe that Proposition 1 part (b) and also Lemma 2 imply Rolle’s
Theorem for

deg(P ) ≤ 3.
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Indeed, it remains only some polynomials to study:

LEMMA 3. Let P (z) be a polynomial of degree d ≤ 4 with complex coefficients
such that P (1/2) = 0 = P (−1/2) and such that gcd(P 3, z2 − 1/4) 9= 1 then P 3 has a
root r that satisfy

|Tr(r)| < 1.

PROOF. Following the Remark we may assume that n = 4. Observe that if the
result holds for P (z) then it also holds for −P (−z). So, it suffices to study the following
polynomials:

(a) ((z2 − 1/4)2)3 = (2z − 1)(2z + 1)z,
(b) ((z2 − 1/4)(z − 1/2)2)3 = (1/4)(4z + 1)(2z − 1)2,
(c) P (z) = (z2 − 1/4)(z − 1/2)(z − a) where a /∈ {−1/2, 1/2}.

The cases (a) and (b) are also easily deduced from Proposition 1 part (b). Observe
that P (z) has 3 distinct roots in the case (c) above. Thus the result follows from
Theorem 1.

We are ready to present the main result of the section:

THEOREM 2. Let P (z) be a polynomial of degree d ≤ 4 with complex coefficients
such that P (1/2) = 0 = P (−1/2) then P 3 has a root r that satisfy

|Tr(r)| < 1.

PROOF. The result follows immediately from Lemmata 2 and 3.

When P (z) has 4 distinct roots, and d ≥ 5, the problem seems non trivial.
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[6] G. Pólya and G. Szegö, Problems and Theorems in Analysis, Volume II, Springer-
Verlag, 1976.

[7] G. Schmeisser, Bemerkungen zu einer Vermutung von Ilieff, Math. Z., 111(1969),
121—25.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee575284e8e9ad88d2891cf76845370524d6253537030028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f0030028fd94e9b8bbe7f6e89816c425d4c51655b574f533002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c9069752865bc9ad854c18cea76845370524d521753703002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f300290194e9b8a2d5b9a89816c425d4c51655b57578b3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


