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Abstract

A review on spectral and differential-geometric properties of Delsarte trans-
mutation operators in multi-dimension is given. Their differential, geometrical
and topological structure in multi-dimension is analyzed, the relationships with
generalized De Rham-Hodge theory of differential complexes are stated. Some
applications to integrable dynamical systems theory in multi-dimension are pre-
sented.

1 Generalized De Rham-Hodge Theory Aspects And
Related Delsarte-Darboux Type Binary Transfor-
mations

1.1 A differential-geometric analysis of Delsarte-Darboux type transformations that
was done in Section 5 of Part 1 [23] for differential operator expressions acting in a
functional space H = L;(T;H), where T = R? and H := Ly(R?; C?), appears to have a
deep relationship with classical generalized De Rham-Hodge theory [3, 4, 5, 6] devised
in the midst of the past century for a set of commuting differential operators defined, in
general, on a smooth compact m-dimensional metric space M. Concerning our problem
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of describing the spectral structure of Delsarte-Darboux type transmutations acting in
H, we preliminarily consider following Part 1 [23] some backgrounds of the generalized
de Rham-Hodge differential complex theory devised for studying transformations of
differential operators. Consider a smooth metric space M being a suitably compactified
form of the space R™, m € Z,. Then one can define on Mt := T x M the standard
Grassmann algebra A(Mr;H) of differential forms on Tx M and consider a generalized
external Skrypnik [3, 4] anti-differentiation operator dg : A(Mr;H) — A(M1;H)
acting as follows: for any %) € A*(Mry;H), k =0, m,

2
deB® =" dty AL (t2]0)8%) € A (M H), L)
j=1

where, by definition,
L;(t;x]|0) := 0/0t; — L;(t;x|0) (2)

j = 1,2, are suitably defined linear differential operators in H, commuting to each
other, that is

[L1, Lo = 0. (3)

We will put, in general, that differential expressions

n; (L) 4 Hlel
Lj(t; z]0) := Z a&“(t;w)%, (4)
|ar]=0

with coefficients oy’ € CH(T; C>=(M; EndC")), |a| = 0,n;(L) n$ € Zy, j = 0,1, are
some closed normal densely defined operators in the Hilbert space H for any ¢t € T. Tt
is easy to observe that the anti-differentiation of d defined by (1) is a generalization
of the usual external anti-differentiation

" B 2 9
d="S "dr; A — dt, A — 5

for which, evidently, commutation conditions
a 0 o 0 o 0
[&L’j’ Oxy, ’ [8t37 3tl] ’ [axj’ ats} (6)

hold for all j,k = 1,m and s,! = 1,2. If now we substitute within (5) 9/0x; — A,
/0ty — Ly, 7 =1,m, s = 1,2, we get the anti-differentiation

m 2
=Y du; NA;(2]0) + 3 dty ALy(t;209), (7)
Jj=1 j=1

where the differential expressions Aj,Lg : H — H for all j,k = 1,m and s,l = 1,2,
satisfy the commutation conditions [A;, Ax] = 0, [Ls,Ls] = 0, [A;,Ls] = 0, then the
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operation (7) defines on A(M;H) an anti-differential with respect to which the co-
chain complex

H — AO(Mp; H) 245 AN (Mo H) 24 245 Am 2010 1) 24 0 (8)

is evidently closed, that is d4d4 = 0. As the anti-differential (1) is a particular case of
(7), we obtain that the corresponding to it co-chain complex (8) is closed too.

1.2 Below we will follow ideas developed in [3, 4, 5, 6, 28]. A differential form
B € A(Mr1;H) will be called d4-closed if d40 = 0 and a form v € A(M;H) will be
called exact or d 4-homological to zero if there exists on Mt such a form w € A(M1;H)
that v = dqw.

Consider now the standard [27, 28, 8, 30] algebraic Hodge star-operation

w1t AS(MpyH) — A™F27K (M R), (9)

k =0,m +2, as follows: if 3 € AX(Mr;H), then the form x3 € A™T2K(My;H) is
such that:

e (m—k+2) - dimensional volume || of the form %3 equals k-dimensional volume
|8] of the form 3;

e the (m+2) -dimensional measure 37 A*3 > 0 under the fixed orientation on Mr.

Define also on the space A(Mr;H) the following natural scalar product: for any
/Ba’Y € Ak(MT;H>a k= 0,m7

(B,7):= [ BTx. (10)

M~

Subject to the scalar product (10), one can naturally construct the corresponding
Hilbert space

Ha (M) := 7S HE (Mr) (11)

well suitable for our further consideration. Notice also here, that the Hodge star *-
operation satisfies the following easily checkable property: for any 3,7 € Hk(Mr),
k=0,m,

(B,7) = (8, %), (12)

that is the Hodge operation * : Ha (Mr) — Ha(Mr) is unitary and its standard adjoint
with respect to the scalar product (10) operation satisfies the condition ()" = ()7L

Denote by d,ﬁ the formally adjoint expression to the weak differential operation
(1). By means of the operations d/. and d. in the Ha(Mr), one can naturally define
[8, 27, 28, 3, 30] the generalized Laplace-Hodge-Skrypnik operator Ay : Hy(Mt) —
Hl(MT) as

Ap = dlcdg + dlcdg . (13)
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Take a form § € Ha(Mr) satisfying the equality
Az =0. (14)

Such a form is called [3, 28, 30, 8] harmonic. One can also verify that a harmonic form
B € Ha(Mr) satisfies simultaneously the following two adjoint conditions:

8=0, def=0 (15)

easily stemming from (13) and (14).
It is easy to check that the following differential operators in Ha (M)

0 = *d(+) ! (16)

defines also a new external anti-differential operation in Ha (Mr).
LEMMA 1.1. The corresponding dual to (8) co-chain complex

H — A°(Mps H) 220 AV (M H) 225 L 2 a2 (1) 20 (1)

is exact.
A proof follows from the property d}d} = 0 which holds due to the definition (16).
1.3 Denote further by Hﬁ(ﬁ) (Mr), k = 0,m + 2, the cohomology groups of d-
closed and by Hﬁ(ﬁ*)(MT), E=0,m+2, k =0,m+2, the cohomology groups of
d-closed differential forms, respectively, and by Hf{(ﬁ*ﬁ)(MT), kE = 0,m+2, the

abelian groups of harmonic differential forms from the Hilbert sub-spaces H% (Mr),
k = 0,m+ 2. Before formulating next results, define the standard Hilbert-Schmidt
rigged chain [11, 12] of positive and negative Hilbert spaces of differential forms

H]X,+(MT) C Hi(Mr) C H?\,—(MT), (18)
the corresponding hereditary rigged chains of harmonic forms:
Hizozyo (M) C HY o py(Mr) C Hy (2o gy (M) (19)
and chains of cohomology groups:

HK(L),_,’_(MT) C Hlk\i([:) (MT) C H?\(L%—(MT)’ (20)
Hi(ey o (Mr)  C H o (Mr) C HY (o) (M)

for all K = 0,m + 2. Assume also that the Laplace-Hodge-Skrypnik operator (13) is
reduced upon the space H} (M). Now by reasoning similar to those in [8, 28, 30] one
can formulate a little generalized [4, 5, 6, 28] De Rham-Hodge theorem.

THEOREM 1.2. The groups of harmonic forms H% | (Mr), k = 0,m +2, are,
respectively, isomorphic to the homology groups (H*(My; C))*!, k =0, m + 2, where
H*(M7;C) is the k-th cohomology group of the manifold Mt with complex coefficients,
aset X C CP, p € Z,, is the set of suitable “spectral” parameters marking the linear
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space of independent d}--closed 0-forms from H%( £)— (M~) and, moreover, the following
direct sum decompositions

Hi,+(MT) = Hﬁ(c*g)’+(MT)®ALHX+(M)
= MX(eog)+(Mr) @ deHy (M) & dHEL (M) (21)

hold for any k = 0,m + 2.
Another variant of the statement similar to that above was formulated in [3, 4] and
reads as the following generalized de Rham-Hodge theorem:

THEOREM 1.3. The generalized cohomology groups ’HA(L) +(Mt), k=0,m+2,

are isomorphic, respectively, to the cohomology groups (H*(M;C))I*l, k =0,m + 2.
A proof of this theorem is based on some special sequence [3, 4, 5, 6, 7] of differential
Lagrange type identities.
Define the following closed subspace

Hy = {e(n) € H} (o). (Mr) : dzo @ () =0, o ()|, n€ X} (22)

for some smooth (m + 1)-dimensional hypersurface I' € Mt and ¥ C (o(L) Na(L)) x
¥, C CP, where ’H%(U)ﬁ(MT) is, as above, a suitable Hilbert-Schmidt rigged[11, 12]
zero-order cohomology group Hilbert space from the co-chain given by (20), o(L) and
o(L*) are, respectively, mutual generalized spectra of the sets of differential operators L
and L* in H at t =0 € T. Thereby, the dimension dimH = card ¥ := |X| is assumed
to be known. The next lemma first stated by Skrypnik [3, 4] is of fundamental meaning
for a proof of Theorem 1.2.

LEMMA 1.4. There exists a set of differential (k + 1)- forms ZFED[pO) (1), dpop(F)
€ AP (Mr;C), k = 0,m + 2, and a set of k-forms Z*) [0 (n), ¢ ®)] € Ak(M 0),
k = 0,m + 2, parametrized by the set ¥ > 5, being semilinear in (p(©(n),v®*)) €
Hg x HE , (Mr), such that
20O (), dgyp ] = dZ*[6O (n ), ™) (23)

forall k=0,m+2 and n € X.

PROOF. A proof is based on the following Lagrange type identity generalizing that
of Part 1 and holding for any pair (¢°(n),¥(k)) € Hg x HE L (Mry):

0

(dz00 )+ A7)} = (xdp () 76O ), 1@ A7)

= (s (07100 (@), v A7) )
= (97O ), dev® AT) + 2RO ), dev ()] AT
= <( ) 1‘)0 ( ) d£¢(k) A 'Y> + dZ(k)[ (O)( )’ ¢(k)] A7, (24)

where Z* D [pO (), dep®™] € AP (M; C), k = 0,m +2, and ZW[p) (), p™M)] €
AF(M;C), k = 0,m + 2, are some semilinear differential forms on My parametrized
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by a parameter A € %, and ¥ € A™ 1=k (Mp; C) is arbitrary constant (m + 1 — k)-form.
Thereby, the semlhnear differential (k+1)-forms Z*+1) [gp(o)( ), dep®] € AR (Mp; C)
and k-forms Z®) [0 (n),4y®)] € A*(My;C), k=0,m + 2, A € ¥, constructed above
exactly constitute those searched for in the Lemma.

1.4 Based now on Lemma 1.2 one can construct the cohomology group isomorphism
claimed in Theorem 1.2 formulated above. Namely, following [3, 4], let us take some
singular simplicial [27, 28, 29, 30] complex (M) of the compact metric space M
and introduce a set of linear mappings By~ : Hk +Mr — Cr(M1;C), k =0,m+2,
A € X, where Cp(Mr;C), k = 0,m+2 are free abelian groups over the field C
generated, respectively, by all k-chains of singular simplexes S®*) ¢ My, k=0,m + 2,
from the simplicial complex K(Mr), as follows:

BOW®) = 3 s® [ 20000 (25)

SR eCy (MT;C))

with () e HKJF(MT), k =0,m + 2. The following theorem [3, 4] based on mappings
(25) holds.

THEOREM 1.5. The set of operators (25) parametrized by A € ¥ realizes the
cohomology group isomorphism formulated in Theorem 1.2.

PROOF. A proof of this theorem one can get passing over in (25) to the corre-
sponding cohomology Hj‘;( o), (M) and homology Hj(Mr;C) groups of Mr for every
k =0,m + 2. If one takes an element %) := (¥ (y) € HA(E (Mr), k=0,m+2,
solving the equation dzt®*) (1) = 0 with u € X) being some set of the related “spec-
tral” parameters marking elements of the subspace H/k\( L),—(MT)7 then one finds easily
from (25) and identity (23) that dZ® o (\), »®) (4)] = 0 for all (\,u) € ¥ x Ty,
k = 0,m + 2. This, in particular, means due to the Poincare lemma [26, 27, 28] that
there exist dlfferentlal (k—1)-forms QF=D O (X),®) (u] € A*=1(M;C), k =0, m + 2,
such that

ZW O (), 0" ()] = d2* DO (), ") ()] (26)

for all pairs (¢ (\), ") (u)) € H x Hf\(ﬁ)’Jr(MT) parametrized by (A, u) € ¥ x 3y,
k =0,m+2. As a result of passing on the right hand-side of (25) to the homology
groups Hy(Mr;C), k =0, m + 2, one gets due to the standard Stokes theorem [26, 28,
27] that the mappings

Y HE oy (M) — Hi(Mr;C) (27)

are isomorphisms for every k = 0, m + 2 and A € X. Making further use of the Poincare
duality [8, 27, 28] between the homology groups Hy(Mr;C), k = 0, m + 2, and the coho-
mology groups H*(M;C), k = 0,m + 2, respectively, one obtains finally the statement
claimed in Theorem 1.4.
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2 The Spectral Structure Of Delsarte-Darboux Type
Transmutation Operators In Multidimension

2.1 Take now into account that our differential operators L; : H — H, j = 1,2, are
of the special form (2). Assume also that differential expressions (4) are normal closed
operators defined on dense subspace D(L) C La(M;CY).

Then due to Theorem 1.4 one can find such a pair (9@ (\),v")(u)) € Hy x
Hi( £+ (M) parametrized by elements (A, ) € ¥ x Xy, for which the equality

B;m)(¢(0)(u)d$) = S((;’;)) /as“") Q=D (X), O (1) da] (28)

(t;z)

holds, where S((:";)) € H,,(Mr;C) is some arbitrary but fixed element of parametrized
by an arbitrarily chosen point (¢;z) € Mt N 85((:2). Consider the next integral expres-

sions

Qo) = [ QOO0 ), (29)

m—1)
(t;

@)
UgapOort) = = [ 26O, psico (),

(tgsxq)

with a point (¢o; z9) € M mas((;’j? being taken fixed the boundaries nglzsl) = 85,5;1),

Zo)

(m=1).— 9S"™) assumed to be homological to each other as (t;x0) — (t;x) € M,

(to;:l?o) T to;xo

(A ) € ¥ x 3, and interpret them as the kernels [11, 12, 31] of the corresponding
invertible integral operators of Hilbert-Schmidt type Q;4), Qtg;a0) : Lép)(E;(C) —

Lgp )(Z; C), where p is some finite Borel measure on the parameters set ¥. Define now
the invertible operators expressions

Qs 2 O () — O () (30)

for 1O (p)dx € HXI(L)’+(MT) and some ) (p)dz € HT([:),+(MT)7 i € X, where, by
definition, for any n € %,

QZJ(O)(”) o= w(O) (77) : Q(t}x) ’ Q(to;mn) (31)

= /dp(u)/dp(&)zb(o)(u)%fz)(u,S)Q(to;m)(&n),
> >

being motivated by the expression (28). Namely, consider the following diagram

m Qi m
M)+ Mr)  —  Hig (M),
Bg\m) l / B/(\m) (32)

Hm(MT; (C)
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which is assumed to be commutative for some other co-chain complex
H— A (M H) 220 AV (MpsH) 25 228 A2 i) 2200, (33)

Here, by definition, the generalized anti-differentiation is

2
ds = Zdtj AL;(t; x]9) (34)
j=1
with

]:j = 8/815] — .Z/j (t, x|8), (35)

~ nj(i) . 8|f¥‘

Lj(t;xlo) = = &S)(t;fv)a—,
xa
|a|=0

where coefficients ay’ € CY(T;C°°(M;EndCY), |a| = 0,n;(L), n;(L):=n;(L) € Zy,
j =1,2. The corresponding isomorphisms Bg\m) : 'HT(L) +(Mr) — H,,(Mt;C), A €
Y., act, by definition, as follows:

B @O ) =570 [ @ EO0) 60, (60
TIoSE
where ¢ (\) € HE 7‘((1{(0)’7(1\/!11)7 A€ (o(L)Na(L*)) X g,
Hy = { OV (\) € H{( o) - (M) : d537 (2) = 0,6P (N)|r = 0,1 € T} (37)
for some hypersurface I € M. Respectively, one defines the following closed subspace

Ho = {00 () € Hf(ze) - (M) : dz0P () = 0,00 (w)lp =0.pe B} (38)

for the hyperspace I' C Mry, introduced above.
Suppose now that the elements (31) belong to the closed subspace (38), that is

a0 () = . (39)

Define similarly to (38) a closed subspace H; C HY( -y, (Mr) as follows:

Ho = {0\ € HY ooy, (M) : dep @ (V) = 0,9 (N)[r =0,A e X} (40)

for all 4 € ¥. Then due to the commutativity of the diagram (32) there exist the
corresponding two invertible mappings

Qi . Ho — 7:[0, (41)

depending on ways of their extending over the whole Hilbert space H}' _(Mr). Extend
now operators (41) upon the whole Hilbert space H}' (M) by means of the stan-
dard method [23, 22] of variation of constants, taking into account that for kernels
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Qtse) N 1), Qtgiwo) (A, 1) € L (E C)® L(p)(E C), A\, u € X, one can write down the
following relationships:

Qt;) (A, H‘)_Qtozo (A 1)
= / - QD [ (2, O (1) da] — / o Q=D [50) (1), O (1) da]
oS 9s

(t;@) (tgizo)

- / A2V [0 (X), © (s1)dz]
S(m)(a(m 1)70_ m— 1))
(t;z) (to;zg)

= z(m) (0) "
‘/SEf:M)("(ml) (m-1) [ ( ) (G ( ) ] ( )
(t;z) 7 (tg;zq)

where, by definition, m-dimensional open surfaces S(m)( E:Zf)l) EZ:;B) C My are
spanned smoothly without self-intersection between two homological cycles nglwgl) =

85((22 and a(m 1 85 (m) o) € Ci—1(M7;C) in such a way that the boundary

3To to a:
8(5_(;”) (UEZZAzB’UEZZ-wi )yu gtm ( (an) 1),082;3)) = @. Making use of the relationship

(42), one can thereby find easily the following integral operator expressions in H_:

Q=1 [ dpPOO L € x [ 20 ), ()
5 SO (a) O tging))

(43)

defined for fixed pairs (¢ (¢), 9 (n)) € Hy x Hy and (¢ (€), 9 (n)) € Hy x Ho,
A, 1 € X, being bounded invertible operators of Volterra type [17, 18, 13, 31] on the
whole Hilbert space H. Moreover, for the differential operators I:j H—H, j=1,2,
one can get easily the following expressions

L; = Q.L;07" (44)

for j = 1,2, where the left hand-side of (44) does not depend on sings “+” of the right-
hand sides. Thereby, the Volterrian integral operators (43) are the Delsarte-Darboux
transmutation operators, mapping a given set £ of differential operators into a new set
L of differential operators transformed via the Delsarte expressions (44).

2.2 Suppose now that all of differential operators L;(t;x|d), j = 1,2, considered
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above do not depend on the variable ¢ € T. Then, evidently, one can take

Ho = {00 € Lo (M;CN) : Lip{V(€) = pyv 0 (€),
io= T2 0@ = 0,1 = (u, u2) € o(L) NT(L), € € S}
Ho @ ={00(€) € Lo (M;CN) : Lip(V(€) = py bV (€),
o= L2 PO)lp =0, = (1, p2) € o(L) NF(L*), £ € B0}
Hy o ={V ) € Lo (M CY) s Ly (n) = o (). 5 = 1.2, (45)
SVMlE = 0,A= (A1, \2) € 0(L) NT(L), 7 € B}
Hy o ={0 M) € Lo (M;CY) : L5 (n) = X0 (),
jio= 12, g0 =0,A=(\,X) € o(L)NT(L), 7 € By}

and construct the corresponding Delsarte-Darboux transmutation operators

Qr = 1- / ) dpo(A) / dps, (§)dps, (1)
o(L)Na(L*) Yo XTs
d 7.(0) Q*l X & ~(0), 7 . 46
X B L dzpy (O (M &Em)ey T () () (46)
ngm) E:{:;IE)) ’ élg ;IL))

acting already in the Hilbert space Lo i (M;CN), where for any (\;€,1) € (o(L) N
o(L*) x ¥2 kernels,

gy (N €, 1) = / Q=10 (€), 4 (n)da] (47)

U(m—l)

r0o

for (€,n) € ¥2 and every A € o(L) N&(L*) belong to Lép)(ZU;(C) ® Lép)(Zg;(C).

Moreover, as Q4 /0t; =0, j = 1,2, one gets easily the set of differential expressions
Lj(2]0) := Q4 L;(x]0)Q* (48)

j =1,2, also commuting, evidently, to each other.
The Volterrian operators (46) possess some additional properties. Namely, define
the following Fredholm type integral operator in H :

Q:=0.'0_, (49)
which can be written in the form
Q=1+0(Q), (50)

where the operator ®(Q) € Bo(H) is compact. Moreover, due to the relationships
(48) one gets easily that the following commutator conditions

[, L;] =0 (51)
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hold for j =1, 2.

Denote now by ®(Q) € H. ® H_ and K, (Q), K_(Q) € H. ® H_ the kernels
corresponding [11, 12] to operators ®(Q) € Boo(H) and Q4 — 1 € By (H). Then due
to the fact that supp K (Q) N suppK_(Q) = o™y Ug(ngl), one gets from (49) and
(50) the well known Gelfand-Levitan-Marchenko linear integral equation

K () +0(Q) + K ()1 - &(Q) = K_(9), (52)

allowing to find the factorizing the Fredholmian operator (49) kernel K (Q)(z;y) €
H_®H_ forall ye suppK; (). The conditions (51) can be rewritten suitably as
follows:

(Ljear © 1)8(2) = (1® L] 10, $() (53)

for j = 1,2, where Lj cot € L(H_), j = 1,2, and their adjoint L} ., € L(H-), j = 1,2,
are the corresponding extensions [11, 20, 23, 12] of the differential operators L; and
Lye L(H), j=1,2

Concerning the relationships (48) one can write down [11, 23] kernel conditions
similar to (53):

(Ljert ® 1)E£(Q) = (1@ L] 00) K£(Q), (54)

where as above, Lj ..t € L(H_), j = T,2, are the corresponding rigging extensions of
the differential operators L; € L(H), j =1,2.

2.3 Proceed now to analyzing the question about the general differential and
spectral structure of transformed operator expression (44). It is evident that the above
conditions (52) and (53) imposed on the kernels K. () € H_ ® H_ of Delsarte-
Darboux transmutation operators are necessary for the operator expressions (44) to be
really differential. Consider the important question whether these conditions are also
sufficient?

For studying this question let us consider Volterrian operators (43) and (46) with
kernels satisfying the conditions (52) and (53), assuming that suitable oriented surfaces

S(im)(a(t;x)(mfl),a(to;xo)(,nfl)) € Cy,(Mr;C) are given as follows:

ST (G (paym 1y Otgmeym-n) = {(t'32') € My :t' = P(t;z|r'), t € T},
S(_m) (O—(t;x)(m—l),O—(to;wu)(m—l)) = {(t/;x') € My : t = P(t;$|$/) S T\[to,t]}, (55)

where a mapping P € C*®° (Mt x M;T) is smooth and such that the boundaries
8S§Em) (O_(mfl) (m71)> — +( (m—1) _ _(m—1) (m-1) .1 d J(mflg € K(Mr)

(tsw) 7 (toiwo) ()~ 9(toswo) (tsz) (toszo
being homological to each other for any choice of points (tg; zo) and (¢;2) € M. Then
one can see by means of some simple but cumbersome calculations, based on consider-

ations from [33] and [9], that the resulting expressions on the right hand-sides of

) with cycles o

L=L+[Ks(Q),L]- Q3 (56)

are exactly equal to each other differential ones if such there was the expression for an
operator L € L(H).
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Concerning the inverse operators Q3 € £(H) present in (56), one can notice here
that due to the functional symmetry between closed subspaces Hy and Hg C H_,
the defining relationships (41) and (31) are reversible, that is, there exist the inverse

operator mappings Q;l : Ho — Ho, such that
Q3 900 — O (N) = 9O - QL Qs (57)

for some suitable kernels Q(t;w)()\,u) and Q(to;xu)()\,,u) € Lgp)(E;(C) ® Lép)(E;(C), re-
lated naturally with the transformed differential expression L € £(H). Thereby, due to
the expressions (57) one can write down similar to (46) the following inverse integral
operators:

0 = 1- / ap(€) / dp(m© ()05, (.)

~(m)[%(0) )
X/S(i’”)(a(mU o(m=1) 2@ (), () da] (58)

(t;z) 77 (tgszg)

defined for fixed pairs (30 (€), (0 (n)) € Hi x Ho and (9 (), (1)) € HE x Ho,
&,m € X, and being bounded invertible operators of Volterra type in the whole Hilbert
space H. In particular, the compatibility conditions QiQf =1= Q;lQi must be
fulfilled identically in H, involving some restrictions identifying measures p and 3 and
possible asymptotic conditions of coefficient functions of the differential expression
L € L. Such kinds of restrictions were already mentioned before in [36, 37, 38|, where
in particular the relationships with the local and nonlocal Riemann problems were
discussed.

2.4 Within the framework of the general construction presented above one can give
a natural interpretation of so called Backlund transformations for coefficient functions
of a given differential operator expression L € £L(H). Namely, following the symbolic
considerations in [40], we reinterpret the approach devised there for constructing the
Backlund transformations making use of the techniques based on the theory of Delsarte
transmutation operators. Let us define two different Delsarte-Darboux transformed
differential operator expressions

Ly = Q1+ LOTL, Ly = Q:LOG L, (59)

where Q 4,Qs _ € L(H) are some Delsarte transmutation Volterrian operators in H
with Borel spectral measures p; and ps on ¥, such that the following conditions

QL - =0=0,10, (60)

hold. Making use now of the conditions (59) and relationships (60) one finds easily
that the operator B := 9277917)}# € L(H) satisfies the following operator equations:

LB =BL;, Q:B=BQ 4, (61)

which motivate the next definition.
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DEFINITION 2.1. An invertible symbolic mapping B : L(H) — £ (H) will be
called a Darboux-Backlund transformation of an operator L; € £(H) into the operator
Ly € L(H) if there holds the condition

[QB,Li] =0 (62)

for some linear differential expression Q € L(H).

The condition (62) can be realized as follows. Take any differential expression
q € L(H). satisfying the symbolic equation

[aB,L] = 0. (63)
Then, making use of the transformations like (59), from (60) one finds that
[QB, L] =0, (64)
where owing to (61),
QB = gBO | =0y g0} B. (65)

Therefore, the expression Q = €21 g€y Er proves to be really differential one too owing
to the conditions (61).

The consideration above related with the symbolic mapping B :L(H) — L(H) gives
rise to an effective tool of constructing self-Backlund transformations for coefficients of
differential operator expressions L, Ly € £(H) having many applications [14, 34, 25,
31, 22] in spectral and soliton theories.

2.5 Return now back to studying the structure Delsarte-Darboux transformations
for a polynomial differential operators pencil

n(L)
L(\;z|0) := Z Li(x|0)N, (66)

j=0
where n(L) € Z4 and A € C is a complex-valued parameter. It is asked to find the
corresponding to (66) Delsarte-Darboux transformations Qy + € L(H), A € C, such

that for some polynomial differential operators pencil L(\; z|d) € L(H) the following
Delsarte-Lions [2] transmutation condition

L+ = Q2L (67)

holds for almost all A € C. For such transformations Qyy € L(H) to be found, let us
consider a parameter 7 € R dependent differential operator L. (z|0) € L(H ), where

n(L)
L (20) = Y L;(x|0)d? /or7, (68)

=0
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acting in the functional space H, = C9E)(R,;H) for some ¢(L) € Z,. Then one can
easily construct the corresponding Delsarte-Darboux transformations Q. 4 € L(H,.) of
Volterra type for some differential operator expression

n(L)
L (x]0) : Z (x9)d7 Jor7, (69)

7=0
if the following Delsarte-Lions [2] transmutation conditions
INJTS_ZT,:I: = QT,:ELT (70)

hold in H,.. Thus, making use of the results obtained above, one can write down that
s = 1= [dps(©) [ dpsmiOO00], (iEm)

(m)1,,(0)(y. .
o PN A C LGRS ()

(r52) 2% (rg5m0)

defined by means of the following closed subspaces H, o C H,, - and H; o C H; _

Heo = {00N8) € Hro : L (X 6) =0,
PONE o = PO eH, LpO(XN€) =0,
PONOIr = 0, AeC, €3},

o = {w(o)(k;n) e H; Lol (Nm) =0,
PONN)mo = O (Nm) € 1Y, L@ (\n) =0,
O\l = 0, \eC, nex}. (72)

Recalling now that our operators L; € L(H), j = 0,r(L), do not depend on the
parameter 7 € R, one can derive easily from (71)

0 = 1= [dpsle) [ dpsmi @003, (i)

o sy A0 ), (], (73)
Sy (o N )
(z) (zg)
where we put ot™" " = O’E:Z;;), ag?_l) g:{: Ji)) € Cp_1(R™;C) and
Z5™ 0O (A ), 0O da] == 20 [0 (s 1), 9V dx] | 47 0. (74)

The corresponding to (73) closed subspaces Hy € H_ and H§ € H* are given as
follows:

Ho == {0 O\ &) e Ho : L@ (X 6) =0, pONEr=0, N€C, £€X},  (75)
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Hio = {0 \n) € H* L@ (X\n) =0, o P(X\;n)|lr =0, A€ C, ne S}

Thereby, making use of the expressions (73) one can construct the Delsarte-Darboux
transformed linear differential pencil L € £(H), whose coefficients are related with those
of the pencil L € £L(H) via some Backlund type relationships useful for applications
(see [22, 19, 41, 42, 37]) in the soliton theory.

3 Delsarte-Darboux Type Transmutation Operators
For Special Multi-Dimensional Expressions And
Their Applications

3.1 A perturbed self-adjoint Laplace operator in R". Consider the Laplace op-
erator —A,, in H := L(R™; C) perturbed by the multiplication operator on a function
q € W3(R™; C), that is the operator

L(z|0) := —A,, + q(x), (76)

where 2 € R™. The operator (76) is self-adjoint in H. Applying the results from Section
1 to the differential expression (76) in the Hilbert space H, one can write down the
following invertible Delsarte-Darboux transmutation operators:

0 = 1- do(© /  ol® / s (© / . ()

. (0)
xP OO0 (X&) dya T (xm), (), (77)
0 Sg:m) (o_<(77; 1)’ Ern) 1))

(

where azm_l) € K(R™) is some closed and in general non compact simplicial hyper-

surface in R™ parametrized by a running point x € O'(m , and aé’o”‘” € K(R™) is a

suitable homological to U; m=1) simplicial hypersurface in Rm parametrized by a point
(m—1) . . . .
To € 0y, . There exist exactly two m-dimensional subspaces spanning them, say

S(m)( ;m’_l),ag(g?_l)) € K(R™), such that

Sim)(ag(cmfl),a(m 1) )U S(m)( -1 glm— 1)) R™.

I zo

Taking into account these subspaces, one can rewrite down compactly the Delsarte-
Darboux transmutation operators (77) for (76):

Q=14 / dyK . (Q)(w;9)(), (78)
S;ﬂl)( (m—1) ,ai}?*l))

(m—

where, as before, 2 € i) and kernels K +(Q) € H_® H_ satisty the equations (54),

or equivalently,

(@ 0) K+ () (239) + A (y; ) K2 ()(w39) = (aly) — 4(2)) K () (25)  (79)
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for all x,y € suppK 4 (Q). Take for simplicity, a non-compact closed simplicial hyper-

surface o™V = oY .= {y € R™ : (x —y,~) = 0} and the degenerate simplicial

cycle of™ ™Y = 2y = 0o € R™, where v € S™~! is an arbitrary normal unite vector,
[17]] = 0. Then, evidently,
S (i, o) =80, = (y e R™ : (w —y,39) >0} (80)

@,y » Yoo

and our transmutation operators (78) take the form

Quy =1+ [ dyan (@), (s1)
SH
where suppK. () = S(in%)l, S(ff/)z ﬂS(jz?m = ag(c’fffl) Ue™ ™Y and SS::)J/, US(,W::?I =R™
for any direction v € S™7*.

The invertible transmutation Volterrian operators like (81) were constructed before
by Faddeev [9] for the self-adjoint perturbed Laplace operator (76) in R3. He called
them [9] transformation operators with a Volterrian direction v € S™~1. It is easy to
see that Faddeev’s expressions (81) are very special cases of the general expressions
(78) obtained above.

Define now making use of (78) the following Fredholmian operator in the Hilbert
space H :

Q= (14K () (14K (Q)) = 14+0() (52)
with the compact part ®(Q) €B.(H). Then the commutation equality
[L, ()] =0 (83)

together with the Gelfand-Levitan-Marchenko equation

K (Q)+®(Q)+K,(Q)-d(Q) =K_(Q) (84)

for the corresponding kernels K+ (Q) and ®(Q) €eH_ ® H_ hold.

In [9] there was thoroughly analyzed the spectral structure of kernels K+ () eH_ ®
H_ in (81) making use of the analytical properties of the corresponding Green functions
of the operator (76). As one can see from (77), these properties depend strongly both
on the structure of the spectral measures p, on o(L) and px_ on ¥, and on analytical
behavior of the kernel Q. (\;€,7n) € Lé")( Y50 ® Lép)( ¥55C), &n € Xy, for all
A € o(L). In [9] there was stated for any direction v € S™~! the dependence of kernels
K+(Q) €H_ ® H_ on the regularized determinant of the resolvent R, (L) € B(H),
u € C\o(L) is a regular point, for the operator (76). This dependence can also be
clarified if we make use of the approach from Section 2.

3.2 A two-dimensional Dirac type operator. Let us define in H := Ly(R?; C?)
a two-dimensional Dirac type operator

L (2;0) == < T s ) (85)
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where x := (21, 22) € R?, and coefficients @; € W, (R?;C), j = 1, 2. the transformation
properties of the operator (85) were studied [15] thoroughly by L.P. Nizhnik [15]. In
particular, he constructed some special class of the Delsarte-Darboux transmutation
operators in the form

0: =1+ [ i, WO @O, (36)
where for two orthonormal vectors 1 and vo € S, [|y1]| = 1 = ||12]],
S(f)(ag),ag))) : ={ye R? . (x —y,m) >0}
Ny € R®:{x—y,72) >0}
§P0.0l) = {yeR*: (r—ym) <0}
Uy € R®:(z—y,7) <0} (87)

In the case when < x,v; >= z; € R, j = 1,2, the corresponding kernel

K (Q) = ( 6)115<y >t Kér)n( 1Y) K(+(11126<y e K+( 1)2) ) (88)
+,215<y—xm> + K+,21( ) K+,225<y—wﬁ2> + K+,22
is Dirac delta-function singular, being, in part, localized on half-lines (y — z,v2) =
0 and (y —z,v) = 0, with regular all coefficients KSF ;i € CH(R* x R*C) for all
i,j =1,2and [ =0, 1. Such a property of the transmutation kernels for the perturbed
Laplace operator (76) was also observed in [9], where it was motivated by the necessary
condition for the transformed operator L(z;d) € L(H) to be differential. As one can
check, the same reason of the existence of singularities holds in (88).
Let us now consider the general expression like (78) for the corresponding hyper-

(ag(gl),ac()o)) spanning between a closed non-compact smooth cycle ag) €

K(R?) and the infinite point o) = 0 € K(R?). A running point = € ot is taken
arbitrary but, as usual, fixed. The kernels K1 () € H_ x H_ in (86) satisfy the

standard conditions (53) and (54), that is

surfaces S(i

(Dieat ® DEL(Q) = (1@ L] ) K£(Q), [L1,2(Q)] =0, (89)

for some matrix differential Dirac type operator Ly € L(H) of the form (76). Together
with this Dirac operator the following matrix second order differential operator

~ 9 3_2 + 3_2 — _9du
Lo(2;0) :=1— + | 921 93 . O (90)
ot 28u2 o4 97
Ern 927 © 922 V1

in the parametric space H = C*(R; H) was studied in [15, 16] for which there was
developed scattering theory and given its application for constructing soliton-like exact
solutions to the so called Davey-Stewartson nonlinear dynamical system in partial
derivatives. The latter was based on the fact that two operators Ly and Ly € £(H) are
commuting to each other.
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Namely, consider the Volterrian operators Q4 € L(H) realizing the following Delsarte-
Darboux transmutations:

LiQs =1Ly, LoQy = Qulo. (91)
Here we put
0/0x 0
Li(z;0) : = ( /O ! 9/0s )a (92)
0 68—22 + 68—22 — az(w2) 0
Lo(z;0) @ =1—+ o 2 52 2 )
2(;0) ot ( 0 86—96% aa—x% —aq(x1)

where a; € W4(R;C), j = 1,2, are some given functions. It is evident that operators
(92) are commuting to each other. Then, if the operators Q. € L(H) exist and satisfy
(91), the following commutation condition

[L1,La] =0 (93)
holds, that there was exactly claimed above and effectively exploited before in [15, 16].

Recall now that for the operators Q1 € L(H) to exist they must satisfy additionally
the kernel conditions (89) and

(L2emt @ DE£() = (1@ L ) K2 (), [L2, 2()] =0, (94)
where, as before, the operator ®(Q2) €B..(H) is defined by (82) as
Q:=1+0(0). (95)

Owing to the evident commutation condition (93) the set of equations (89) and (94) is
compatible giving rise to the expression like (86), where the kernel K (Q) € H_ ® H_
satisfies the set of differential equations generalizing those from [15, 16]:

0Ky | 0Ky 0Ky 12 0Ky 1o

02 + 8y17 tu Ky = 0, o, + 31/17 +ur Ky 92 =0,
oK oK oK oK
bey P o K = 0 TR T S bk =0,
iy 0K 11 92 B 92 92
+- 1K = Z2u LYy (L YKk
Oxy T2 ot [(31’% ay$) (axg ayg)} 11
-I-(QQ(CEQ) — 172($))K+,11,
diiy OK 4 2 92 92 92 o2
+—K = 2 (== -+t (=— - —)|K
0y % o oz o)t (ag T aptien
+(a1(z1) — 01 () Ky 22, (96)
diiy 0K+ 1 92 92 92 92
27 1K — ’ S Y G § ¢
o, or g o) G T a1
+(a(z1) — Da2(x)) K1 22,
iy OK | 21 92 92 92 92
2= 2K e G Y
Ox, T2 ot [(aﬁ ayf) (axg ayg)}K”l

+(azg(w2) — v1(2)) Ky 11
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Moreover, the following conditions

i) = —K e (@) = K|y,
0()]o1=—00 = 2(72), U1(T)]ry=—00 = 1(x1) (97)

hold for all z € R? and y Esuppf{ +(€Q), where we take into account the singular series
expansion

. p(K4) () clo—1)
Roo)= Y K6 (98)
s=0

for some finite integer p(K ) € Z, with respect to the Dirac function 6_) : Wi (R%C) —
R, g € Z, and its derivatives, having the support (see [33], Chapter 3)Lcoinciding with
the closed cycle oi!) € K(R?).

REMARK 3.1. Concerning the special case (88) discussed before in [15, 16], one gets
easily that p(K;) = 1 and oM = INj_tz{y € R? : (y — x,7;) = 0}) CsuppK 4 (Q).
It was shown also before that equations like (96) and (97) possess solutions if the
Gelfand-Levitan-Marchenko equation (52) does.

Making use also of the exact forms of operators Ly and Le € L(H), one obtains
easily from (89) and (94) the corresponding set of differential equations for components
of the kernel ®(Q) € H_ @ H_ :

8;&11 + (88_53 - 88_112%)(1)11 +(aa(ye) — az(22))P1 = 0,
831512 + (aa_jg - 88—312%)@12 + (a1(y1) — o2(22)) @12 = 0, (99)
8;&21 + (88—;% - 88—;%)(1)21 +(az(y2) — a1 (21))®1 = 0,
8;&22 + (88—;% - 88—;%)(1)22 +(ai(y) —ai(@1))®@22 = 0

for all (z,y) € R? x R%. The above equations (99) generalize those before found in
[15, 16] and used for exact integrating the well known Devey-Stewartson differential
equation [36, 34, 10] and finding so called soliton like solutions. Concerning our gen-
eralized case the kernel (98) is a solution to the following Gelfand-Levitan-Marchenko
type equations:

KJ(rO) (z5y) + q)(o)(x; y) + /S@)( o ), Kﬁro) ($;£)<I>(O) (& y)dE
+ Ox 100
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+ [ KD @920 ol = o, (100)
K(l) . (I)(l) . K(O) . (I>(1) “)d
=+ (xvy)+ (x,y)-I— —+ (aj?g) (gyy) g
53 (a0

* /(1) K (000 (¢ y)do(V =0,

where y € Sf)(ag), afxl))) for all x € R? and, by definition,
() =2 + W5 ) (101)

is the corresponding to (98) kernel expansion. Since the kernel (101) is singular, the

differential equations (99) must be treated naturally in the distributional sense [33].
Taking into account the exact forms of “dressed” differential operators L; € L(H),

j = 1,2, given by (85) and (90) one gets easily that the commutativity condition (93)

gives rise to that of L; € L(H), j = 1,2, being equivalent to the mentioned before
Devey-Stewartson dynamical system

dﬁl/dt = _(ﬂl,xx + ﬁl,yy) + 2(’171 — 172),
dﬂz/dt - ﬂZ,x.’z: + ﬂQ,yy + 2(732 — ’51), (102)
Ui = (WU2)y, U240 = (U1T2)s

on a functional infinite-dimensional manifold M, C S(R?;C). The exact soliton like

solutions to (102) are given by expressions (97), where the kernel Kfrl)(Q) solves the
second linear integral equation of (100). On the other hand, there exists the exact
expression (31) which solves the set of “dressed” equations

L@ (n) =0, Ly () =o0. (103)

Since the kernels Q(\,u) € Lé’))(E;(C) ® Lé’))(E;(C), for \,up € X, (t;x) € Mtn
Sf) (09(31)7 afi)) are given by means of exact expressions (29), one can find via simple
calculations the corresponding analytical expression for the functions (@, u2) € M,,
solving the dynamical system (102). This procedure is often called the Darboux type
transformation and was recently extensively used in [22] as a particular case of the
construction above for finding soliton-like solutions to the Devey-Stewartson (102) and
related with it two-dimensional modified Korteweg-de Vries flows on M, Moreover,
as it can be observed from the technique used for constructing the Delsarte-Darboux
transmutation operators Q4 € L(H), the set of solutions to (102) obtained by means
of Darboux type transformations coincides completely with the corresponding set of
solutions obtained by means of solving the related set of Gelfand-Levitan-Marchenko
integral equations (99) and (100).
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3.3 An affine generalized De Rham-Hodge differential complex and re-
lated generalized self-dual Yang-Mills flows. Consider the following set of affine
differential expressions in H := C1(R™*Y; H), H := Ly(R™;CN) :

0 0
o /\8_@ + Ai(z; plt), (104)

where x € R™, (¢t,p) € R™! matrices A; € CHR™; S(R™; EndCY)), i = 1, m,
and a parameter A € C. One can now easily construct an exact affine generalized De
Rham-Hodge differential complex on Mt := R™*!1xR™ as

dz(xny
£0

H o A(Mps H) 29 A (M H) -0 A2 (M H) “90 0, (105)

where, by definition, the differentiation
deeny = dt ABA) + ) dp; ALi(N) (106)

i=1
and the affine matrix
n(B)+q
B(A) :=0/0t — Y Bi(a;plt)A"P) (107)
s=0

with matrices B, € CH(R™+1; S(R™; EndCY)), s = 0,n(B) + ¢, n(B),q € Z,. The
affine complex (105) will be exact for all A € C iff the following generalized self-dual
Yang-Mills equations [42]

8A¢/8pj — c’)A]/@pl — [AZ, A]] = O7 8141/8.’]3] — 8Aj/c’)xl = 0,
BBO/&’EZ = 0, 8B7l(3)+q/8pi = 0, 8B8/8x1 = BBS,l/api + [Al, Bsfl] = 0,

0A; /0t + 8Bn(3)/8pi — 8Bn(3)+1/8xi + [4;, Bn(B)} =0 (108)

hold for all i,5 = 1,m and s = 0,n(B) V n(B) + ¢,n(B) + 2. Assume now that the
conditions (108) are satisfied on M. Then, making the change C 5\ — /01 : H — H,
7 € R, one finds the following set of pure differential expressions

0 0?
L; i =1— — ——— + A;(z;pt), 1
n(B)+q 9
By @ =0/0t— Y Balwplt)(5)" ",
s=0

where matrices A4;, i = 1,m, and By, s = 0,n(B) 4 ¢, do not depend on the variable
7 € R. By means of operator expressions (109) one can now naturally construct a new
differential complex related with that of (105):

Hiry = MMy Hipy) B AN (M2 Hny)) —%— A2 (My i Hin) 50, (110)
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where, by definition, H,) := CH(R™*1; Hy), Hizy = Lo(R™ x Ry; CN) and

dp = dt/\B(T) +dei /\Li(T)' (111)
i=1

Owing to the condition (108) the following lemma holds.
LEMMA 3.2 The differential complex (110) is exact.

Therefore, one can build the standard generalized De Rham-Hodge type Hilbert
space decomposition

Ha(Mr ;) i= SFZ2m P20k (M ;) (112)
as well the corresponding Hilbert-Schmidt rigging
HA,Jr(MT,T) C HA(MT,T) C HA,,(MT,T). (113)

Making use now of the results obtained in subsection 1.5, one can define the Delsarte
closed subspaces Hy(;) and Hy(;) C H(r)—, related with the exact complex (110):

Hoery = {¥(n)() € HA — (M 7) : Ly (€) =
Bt (&) = 0, ¥{)©)lr =0, ${)(E)limo = M3 <n>eHR,,<MRm,T>7
L) = 0, €= eT:=CxT}, (114)
Ho(r = {9 (€) € HY _(Mr7) : LS, 60 (€) = 0

(0)
(m)
DOl =0, 9 (©)li=o = > (meng,_<MRm,7),

B(T)lff(o) © = 0,9
0, E= (A en:=Cxxi™y,

LN ) =

where ' and T C M » are some smooth hyper-surfaces. The similar expressions
correspond to the adjoint closed subspaces Hj o(r) and Ho(r CH_

Hory + ={p(9(6) € HA _ (M) : Ly 02 (€) =0,
Bine)(©) = 0, o) (lr =0, oD (€m0 = e\ (1) € HY _ (Mg -),
LiNe () = 0, €=Nn)en:=CxsIM}, (115)
Hory + =1{8\0(6) € HY _(Mr): L339 (€) =0,
Nz‘ﬂ@g%(@ = 0, g©Olr =0, ) (Oli=o = e () € MY _ (M ),
L) = 0, €é=Nn)en:=CxsM}

Based on the closed subspaces (115) and (114), one can suitably build the Darboux
type kernel Q(M;T)(n,g) L(p)(E(m) C)® L(p)(Z(m) C), n,¢ e E(m) and further, the
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corresponding Delsarte transmutation mappings Q0+ € L(H()). Namely, assume that
the following conditions

Vi) (€)= D) - 5L, ry Rtopo o (116)

for any £ € (Cngn) hold, where

(.= [ A0 ), A ) ndp ],
O (t;ms7)

Z((f;nﬂ) e (1 Z AT O (Ey) Adr A da N dpj]
= dO2 [0 (u Z AP (€ Adr A da AT, dpj], (117)
i=1

and, similarly to (24), there holds the relationship

<d* 50 (4 Z@w y)dt Adr A dx AT, dpj>

— <(*)—1¢<0>( )e N, da( Ze”w) )dmdmdmmdpj)>

i=1

FAZE IO (e Z PO (&) dt Adr Adx AT dp],  (118)

defining the exact (2m + 1)-form Z((fgnﬂ) € A1 (Mr -; C). Compute now the Del-
sarte transformed differential expressions

e P
Lt =20 Limfne Bey =20 BrQns (119)

for any j = 1, m, where, by definition,

- 0 0? _
Li =155~ Graw, T4 (120)
n(B)+q ~ 9
B(‘r) . :8/8t_ Z BS(E)H(B)*S
s=0

with all matrices A; € EndC™, j = 1,m, and B; € EndC™, s = 0,n(B) + g, being
constant. This means, in particular, the commuting relationships

[Lj(), Lign] = 0, [Lj(r), Br)] = 0 (121)
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hold for all 4,5 = 1,m. Owing to the expressions (119) the induced commuting rela-
tionships

[Lj(ry, Lin] = 0, [Lj(r), Byl =0 (122)

evidently hold, coinciding exactly with relationships (108). Moreover, reducing our
differential expressions (119) upon functional subspaces H ) := eMH, X € C, one gets
easily the set of affine differential expressions (104) and (107). Write down now the
respectively reduced Delsarte transmutation operators

0. = 1— O (\: )O1 .
Ou = 1 [ @) [ Ao 00O NG i) (029

7(2m~+1)7,%(0) (y. . .

X/(2m+1) (2m) _(2m) 27 (), ( )Zdt/\dw /\J'n;éi dpj];
Si ( (priw)’d(f/toypo:wo)) =1

(2m) (2m)

(twia) A0 T ety i,

plexes, and by definition,

where o ) € K(Mr) are some 2m-dimensional closed singular sim-

m

ZEm D50 (\:v), Z DO\ n@iy)dt A dx N dpjl
i=1

= ZEM Ve GO w), S PO Ny dr A dt A dx AT, dpj)lar—o,
=1

m
At iy (N v,m) = ZCM VB (N 0), > B O (X))t A da A, dp), (124)

i=1
since the (2m + 1)-form (124) is, owing to (118), also exact for any (\;v,n) € C x
(chm) X E((Cm)). Thus, the operator expression (123) if applied to the operators (120)
reduced upon the functional subspace Hy) ~ H, A € C, gives rise to the differential

expressions

Li(A) == Q' T;(N)Qe B == Q' BV, (125)

where Lj(/\)H()\) = Lj(.,-)H()\), B(/\)H()\) = B(T)(/\)H()\), ] = L_m, coinciding with
affine differential expressions (104) and (107). Concerning application of these results
to finding exact soliton like solutions to self-dual Yang-Mills equations (108), it is
enough to mention that the relationship (116) reduced upon the subspace H(y) ~ H,
A € C, gives rise the following mapping:

1/}(0)(/\, 77) = QZJ(O)(/\7 77) : Q(t}p;x)ﬁ(to,po;zo)a (126)

where kernels Q(tp;wﬁ)()\;?],f) € Lgp)(Eme);(C) ® Lép)(Eé:m);(C), n,& € Egn), for all
(t,p;z) € My and X € C. Since the element 1(*)(\;n) € H_ for any ()\;€) € (CxEé:m)
satisfies the set of differential equations

LNy (Aim) =0, B (An) =0, (127)
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for all i = 1,m, from (126) and (127) one finds easily exact expressions for the cor-
responding matrices A; and By € CY(R x R™L; S(R™; EndCN)), j = T,m, s =
0,n(B) + g, satisfying the self-dual Yang-Mills equations (108). Thereby, the following
theorem is stated.

THEOREM 3.3. The integral expressions (123) in H are the Delsarte transmutation
operators corresponding to the affine differential expressions (104), (108) and constant
operators

n(B)+q

- o o .
9 _ n(B)—s
Li(A) =1 3o Y axﬁA’ B(\) := 9/t — Z B\ (128)

for any A € C. The mapping (126) realizes the isomorphisms between the closed sub-
spaces

Ho : = {¢(0)(A n) € H- d.C()\ w(o) (Asm) =0, 7/1(0)(/\'77)|t:0
= () e H-, O (\in)lr = 0,(xi7) € € x 57} (129)
and
Ho = ={0O00Nm) € Ho i d) d(im) =0, 9O (Ao
= 30 e H-, dONn)lr =0, (x1) € Cxs{™) (130)

for any parameter A € C. Moreover, the expressions (126) generate the standard Dar-
boux type transformations for the set of operators (128) and (104), (107) via the cor-
responding set of linear equations (127), thereby producing exact soliton-like solutions
to the self-dual Yang-Mills equations (108).

As a simple partial consequence from Theorem 3.2 one retrieves all of results ob-
tained before in [42], where the Delsarte-Darboux mapping (126) was chosen completely
a priori without any proof and motivation in the form of some affine gauge transfor-
mation.

The results similar to the above can be with a minor change applied also to the affine
differential generalized De Rham-Hodge complex (105) with the external differentiation
(106), where

ni(L) ni(L)

(3 at s 3wk,
k=0

n(B)+q

B(\) : =0d/ot— Z BB~ (131)

@pl

or
PO ni(L)
Li(\) - :18p.—(za§iwf+1 +ZAZ;€A
¢ k=0 J
n(B)+q
B(\) : =9/ot— Y BB (132)

s=0
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for i = 1,m, X € C. The case (131) was analyzed recently in [41] by means of the
suitable affine of gauge type transformation which was used before in [42]. To our regret,
the obtained there results are too complicated and unwieldy, thereby one needs to
use more mathematically motivated, clear and less cumbersome techniques for finding
Delsarte-Darboux transformations and related with them soliton-like exact solutions.
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