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Abstract

A general integral inequality for convex functions is derived. New error bounds
for the midpoint, trapezoid, averaged midpoint-trapezoid and Simpson’s quadra-
ture rules are obtained. Applications in numerical integration are also given.

1 Introduction

In recent years a number of authors have considered an error analysis for some known
and some new quadrature formulas. They used an approach from an inequalities point
of view. For example, the midpoint quadrature rule is considered in [1], [3], [15], the
trapezoid rule is considered in [4], [5], [15], the averaged midpoint-trapezoid quadrature
rule is considered in [8], [15], [16] and Simpson’s rule is considered in [2], [5], [13]. In
most cases estimations of errors for these quadrature rules are obtained by means of
derivatives of integrands.

In this paper we first derive a general integral inequality for convex functions. Then
we apply this inequality to obtain new error bounds for the above mentioned quadrature
rules. Finally, we give applications in numerical integration.

The main property of the obtained error bounds is that they are expressed in terms
function values of integrand f, which has to be a convex function. Hence, we can apply
these quadrature rules (with the obtained error bounds) to integrands which are not
differentiable functions. In composite quadrature formulas we use the same data for
finding an approximate value of integral and for finding an estimation of error. An
illustrative example is given that shows how accurate the obtained estimations can be.

2 A General Inequality

We begin with some elementary facts. Let f : [a,b] — R be a given function. We say
that f is an even function with respect to the point to = (a+b)/2if f(a+b—1t) = f(t)
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254 An Integral Inequality for Convex Functions

for t € [a,b]. We say that f is an odd function with respect to the point tg = (a + b)/2
if fla+b—1t)=—f(t) for t € [a,b]. Here we use the term even (odd) function for a
given function f : [a,b] — R if f is even (odd) with respect to the point tg = (a+b)/2.

Each function f : [a,b] — R can be represented as a sum of one even and one odd
function,

f(z) = fi(z) + fa(2),

where fi(z) = w is an even function and fo(z) = W is an odd
function.

Tt is not difficult to verify the following facts. If f is an odd function then |f| is an
even function. If f, g are even or odd functions then fg is an even function. If f is an
even function and g is an odd function then fg is an odd function.

We now show that if f is an integrable and odd function then ff f(z)dz = 0. We
have

/:f(x)d:c:—/abf(a+b—x)d:c:/abf(u)du:_/abf(x)dx,

Thus, 2 f; f(z)dx = 0 and we proved the above assertion.
If f is an integrable and even function then we have

b b (a+b)/2
/a f(z)dz = 2/(a+b)/2 f(z)dz = 2/a f(z)dz.

/a " Ha)de = / O oy / " e

(a+b)/2

We have

and

' ’ a (at8)/2
/(a+b)/2 f(z)dz = /(wa fla+b—2)de=— /(a+b)/2 f(u)du = /a F(z)da.

Thus the above assertion holds.
We now show that the function

r—a z€la,(a+b)/2)
K(a,b,z)=4¢ 0 z=(a+0b)/2 (1)
x—0 z€((a+b)/2,0

is an odd function if a + 3 = a +b. For x € [a, (a + b)/2) we have
K(a,ba+b—z)=a+b—ax—F=a+b—z—(a+b—a)=—2x+a=—-K(a,b,x).
For x € ((a + b)/2,b] we have

K(a,ba+b—2)=a+b—x—a=a+b—z—(a+b—F3)=—-2+08=-K(a,b,z).
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Finally, for x = (a +b)/2, K(a,b,a+b—(a+b)/2) =0= —K(a,b,(a+ b)/2). Hence,
K(a,b,x) is an odd function.

THEOREM 1. Let f € C?(a,b) and f’(z) > 0, x € [a,b], i.e. f is a convex
function. Let K(a,b,z) be defined by (1). Then

b
(0 — a)f(a) + (B — o) f((a+b)/2) + (b B)F(B) - / f(@)dz
< K| [f@) + F() — 2f((a+5)/2)]. ()

where || K|, = max,¢[q,p) K (a,b,x)|.

PROOF. Integrating by parts, we obtain

b (a+b)/2 b
K(a,b,2)f'(z)de = x—a)f'(z)d x — B)f (z)dx
| K@ [ e-are +/(a+b)/2< B)f (x)

(@=afta)+ (- a)f (“52)

b
(b B)f(b) - / f(x)d. 3)

If we introduce the notations

e

then we have

f'(@) = fi(@) + f5(x)

and K (a,b,z)f{(z) is an odd function while |f}(x)| and K(a,b, z) f4(x) are even func-
tions. Thus, we have

b b
/ K(a,b,2)f'(x)de / K(a,b,2) [f}() + f3(x)] du

b
/ K(a,b,2) f3(z)dz

and

b b b
/K(a,b,x)f’(a;)da: /K(a,b,x)fg(x)dx §||K||OO/ \f4(2)] da

IN

b
21Kl / 1fo(2)| de
(a+b)/2

b
— Kl [ 1f@+ et b-a)de (4)
(a+b)/2
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Note now that f’(x) is an increasing function, since f”(z) > 0, « € [a,b]. Thus,

b b
/ F(@) + fatb—2)|de / (F'(2) + f(a+b—2))d
( (

a+b)/2 a+b)/2

a+b
=), 5)

f0) + f(a) = 2f(

From (3)-(5) we easily get (2).

3 Applications to Quadrature Formulas

We have the following results.

PROPOSITION 1. (Midpoint inequality) Let f € C?(a,b) and f”(x) > 0, x € [a, b],
i.e. fis a convex function. Then we have

b—a
2

a+b

b a
|f( b=~ [ fla)ds ~

HORFCERTC 0] T

<

PROOF. We choose a = a, 3 = b in (1). Then ||K|| = %52. From this fact and
(2) we see that (6) holds.

PROPOSITION 2. (Trapezoid inequality) Under the assumptions of Proposition 1
we have
b—a
2

a+b

< )| - (7)

f(a) + f(b) ’
‘ﬁw a)— / f(2)de

[f<a> ) - 2f(

PROOF. We choose a = 8 = “E2 in (1). Then |K| . = %5%. From the last fact
and (2) we see that (7) holds.

PROPOSITION 3. (Averaged midpoint-trapezoid inequality) Under the assump-
tions of Proposition 1 we have

b—a

Bl = @+ 1) -2

2

a+b

<

).
(8)

PROOF. We choose a = 2%t2 3 = 30 iy (1), Then || K|/, = 5%. From this
fact and (2) we see that (8) holds.

PROPOSITION 4. (Simpson’s inequality) Under the assumptions of Proposition 1
we have

' s+ 2750 0] 12 - [ s

a+b

{f<a>+4f< ! )+f(b)}bga_/abf(m)dx b

—a

b
<
- 3

)|
9)

[f(a) A — 2
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PROOF. We choose o = 54t 3 = a£5b i (1), Then ||K ||, = 25%. From the last
fact and (2) we see that (9) holds.

REMARK 1. The inequalities obtained in Propositions 1-4 can also be derived
using the well-known Hermite-Hadamard inequalities. Furthermore, if f is a convex
function then we have

a+b a+b

)(b—a) < )

0< [ s 1 7= [ @+ s 211

and

b [2f<“+b> f(a ] /f (@yiz - LTI g <

4 Applications in Numerical Integration

Let 1 = {zp=a<x <--- <z, =b} be a given subdivision of the interval [a,b],
hi =Zi+1 —x;, 1 =0,1,....,n — 1. We define
i T X
Zhl [ )+ f(@ia) - 2f (”C—;“ﬂ . (10)

THEOREM 2. Let f € C?%(a,b) and f"’(x) > 0, x € [a,b]. Let m be a given
subdivision of the interval [a,b]. Then

b
/ f(@)dx = Ay (m. ) + Raa (. f),

where

Aur )= S (B7)

i=0

and
(Rar(m )] < 300 (1),

PROOF. Apply Proposition 1 to the intervals [z;, z;11] and sum.
THEOREM 3. Under the assumptions of Theorem 2 we have

b
/ f(x)dz = Ap(x, ) + Re(m, f),

where

= % Z xz +f xl-‘rl)]
=0
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and
[Re(m, £)] < 5ou(f)

PROOF. Apply Proposition 2 to the intervals [z;, z;11] and sum.
THEOREM 4. Under the assumptions of Theorem 2 we have

/ f(@)dz = Aprr(r, £) + Rarr (. 1),

where

Apnr(m —iz [ x;) +2f(%)+f($i+l)

and
(Rara(m, )] < 300 (1),

PROOF. Apply Proposition 3 to the intervals [z;, z;11] and sum.
THEOREM 5. Under the assumptions of Theorem 2 we have

b
/ f(@)dz = As(m, f) + Rs(r. f).

where

r )= 5 S R+ 4T o)
=0

and
Rs(m, )] < 5ol

PROOF. Apply Proposition 3 to the intervals [z;, 2;11] and sum.

EXAMPLE. Let us now consider the integral fo Vz)dz. Note that f(z) = —/z
is a convex function on the interval [0, 1]. Note also that we cannot apply the classical
estimations of error (expressed in terms of the first, second, ... derivatives), since f’,
f”, ... are unbounded on the interval [0,1]. The exact value is

1
/ (—vx)dx = —0.66666666666666.
0

If we use formulas given in theorems 2-5 with h; = h = %, n = 1000, then we get

Ap(m, f) = —0.66666857129568 Rz (m, f)| < 0.84369E — 05
Ap(m, f) = —0.66666013439368  |Ry(m, f)| < 0.84369E — 05
Apr(m, f) = —0.66666435284468 | Rasr(, f)| < 0.42184E — 05
Ag(m, f) = —0.66666575899501  |Rg(, f)| < 0.56246F — 05
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and the exact errors are

|Ras(m, f)] = 0.19046 E — 05,

|Rr(m, )] = 0.65322F — 05,

|Ryrr(m, f)| = 0.23138F — 05,

|Rs(r, f)| = 0.90767E — 06.

We see that the estimations are very accurate for this example.

REMARK 2. Note that in all error inequalities we use the same values f(z;) to

b
calculate the approximation of the integral [ f(¢)dt and to obtain the error bound

and recall that function evaluations are genera(ullly considered the computationally most
expensive part of quadrature algorithms. On the other hand, the usual way to estimate
the errors is to find Hf(k) HOO, k € {1,2,...}. Hence, the presented way of estimation of
the errors is very simple and effective. We have only one restriction: the integrand has
to be a convex function.
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