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Abstract

In this paper, based on symbolic computation and the further extended sinh-
cosh and sin-cos methods, families of non-travelling wave solutions of the (2+1)-
dimension dispersive long wave equations are obtained. These solutions include
Jacobi elliptic function solution, soliton-like solution, and so on.

1 Introduction

In recent years, nonlinear evolution and wave equations (NEWEs) have attracted con-
siderable attention. As is known to all, there exist many methods for obtaining solu-
tions of NEWEs, such as the inverse scattering method [1], Darboux transformation
method [2-4], Hirota bilinear method [5-6], algebro-geometric method [7-9], tanh func-
tion method [10-11], Backlund transformation method[12-13], sin-cos method [14-15],
and so on.
The integrable dispersive long wave equations, especially the higher dimensional

ones, are of current interest in both physics and mathematics. Since the 1960’s, many
dispersive long wave equations of one dimension have been proposed to model the
water wave propagation in certain infinitely-long channels of finite constant depth and
narrow width. These equations are found integrable, to have some soliton solutions and
plenty of mathematical properties associated with the infinite dimensional completely
integrable Hamiltonian systems. Lately, improvement has been made in the stability
theory for solitary wave solutions of model equations for long waves.
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158 Non-Traveling Wave Solutions

In this paper, with the help of symbolic computational software, we further im-
prove the extended sinh-cosh and sin-cos methods in [14-19] and obtain some new
non-travelling wave solutions of the (2+1)-dimension dispersive long wave equations in
[20] �

uyt + vxx +
1
2(u

2)xy = 0,
vt + (uv + u+ uxy)x = 0,

(1)

which were obtained by Boiti et al. as a compatibility condition for a weak Lax pair.

2 Methods

Consider a given NEWE with independent variables x = (t, x1, x2, · · · ) and dependent
variable u(x). The following formal solution of the given NEWE will be sought by the
following ansätz

u(x) = A0 +
n[
i=1

coshi−1(ω)[Ai sinh(ω) +Bi cosh(ω)], (2)

where n is an integer which is determined by balancing the highest order derivative term
with the highest order nonlinear term in the given NEWE, and A0 = A0(x), ..., An =
An(x), B1 = B1(x), ..., Bn = Bn(x), ω = ω(µ), µ = µ(x) are all differentiable functions.
ω satisfies �

dω

dx

�2
= sinh2(ω(µ)) + c, (3)

where c = 1−m2 and m is the modulus of the Jacobi elliptic function.
Equation (3) has the following solutions:

sinh(ω) = cs(µ,m) =
cn(µ,m)

sn(µ,m)
,

cosh(ω) = ns(µ,m) =
1

sn(µ,m)
, (4)

where sn(µ,m), cn(µ,m) are the Jacobian elliptic sine function and the Jacobian elliptic
cosine function respectively. It is well known that when m → 1, cs(µ,m) →csch(µ),
ns(µ,m)→ coth(µ); and when m→ 0, cs(µ,m)→ cot(µ),ns(µ,m)→ csc(µ).
We can also seek NEWE’s solution in the following form:

u(x) = A0 +
n[
i=1

cosi−1(ω)[Ai sin(ω) +Bi cos(ω)], (5)

where n,ω, A0, Ai, Bi, i = 1, 2, · · · , n, are all defined as in (2) and ω satisfies�
dω

dx

�2
= − sin2(ω(µ)) + c, (6)
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where c = m2 and m is the modulus of the Jacobi elliptic function.
Equation (6) has the following solutions:

sin(ω) = msn(µ,m),

cos(ω) = dn(µ,m), (7)

where dn(µ,m) is the Jacobian elliptic function of the third kind. We remark that
when m → 1, sn(µ,m) → tanh(µ),dn(µ,m) →sech(µ), and when m → 0, sn(µ,m) →
sin(µ),dn(µ,m)→ 1.
Remark: We may assume the coefficients of the ansätz (2) and ansätz (5) are

undetermined functions and obtain more general solutions of the NEWEs.

3 New Exact Non-travelling Wave Solutions

In this section, we use the methods described in Section 2 to find new non-travelling
wave solutions of the (2+1)-dimension dispersive long wave equations.

3.1 The application of the further extended sinh-cosh method

Now we apply the further extended sinh-cosh method to (1). By the balancing proce-
dure, we suppose (1) has the following solution:�

u = A0 +A1 sinh (ω) +B1 cosh (ω) ,
v = B0 +A2 sinh (ω) +B2 cosh (ω) + cosh (ω) (A3 sinh (ω) +B3 cosh (ω)) ,

(8)

where ω = ω(µ), µ = αx+p+q, and α is a nonzero constant, A0, B0, A1, B1, A2, B2, A2, B2,
A3, B3 are functions of (y, t), p is the function of y, q is a function of t.
With the help of Maple, substitution of (8) into (1) with ω satisfying (3), yields a

differential equation about sinhi(ω) coshj(ω)(sinh2 (ω) + c)
k
2 , i = 1, 2, ...; j = 0, 1; k =

0, 1. Setting the coefficients of sinhi(ω) coshj(ω)(sinh2 (ω)+c)
k
2 , i = 1, 2, ...; j = 0, 1; k =

0, 1, to zero, we can deduce a series of over-determined partial differential equations
about p, q, A0, B0, A1, B1, A2, B2, A2, B2, A3, B3.
Solving the over-determined equations with Maple, we derive the solutions of the

over-determined partial differential equations :
Case 1.1

A0 = F3 (t) , A1 = −2α, A2 = 0, A3 = 0, B2 = 0, q =
]
−F3 (t)α dt+ C3, (9)

B3 = F1 (y) , B0 = −1 + 1
2
F1 (y) c− 1

2
F1 (y) , p =

]
−F1 (y)

2α
dy,B1 = 0,

Case 1.2

A0 = F3 (t) , A1 = 0, B0 = −1 + 1
2
F1 (y) c− F1 (y) , q =

]
−F3 (t)αdt+ C3, (10)
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A2 = 0, B1 = −2α, B2 = 0, A3 = 0, B3 = F1 (y) , p =
]
−F1 (y)

2α
dy,

where F1(y) is an arbitrary function of y, F3(t) is an arbitrary function of t, and C3 is
an arbitrary constant.
From (8) and Case 1.1-Case 1.2, we derive the following non-travelling wave solu-

tions of (1):
Family 1.⎧⎨⎩ u11 = F3 (t)− 2α cs

�
αx− U F1 (y)

2α dy − U F3 (t)αdt+ C3,m� ,
v11 = −1 + F1 (y)(c−1)

2 + F1 (y) ns
2
�
αx− U F1 (y)

2α dy − U F3 (t)αdt+ C3,m� .
(11)

Family 2.⎧⎨⎩ u12 = F3 (t)− 2αns
�
αx− U F1 (y)

2α dy − U F3 (t)αdt+ C3,m� ,
v12 = −1 + F1 (y)(c−1)

2 + F1 (y) ns
2
�
αx− U F1 (y)

2α dy − U F3 (t)αdt+ C3,m� .
(12)

When m → 1, cs(µ,m) → csch(µ) and ns(µ,m) → coth(µ), c → 0. So under the
limit condition, we obtain the following soliton-like solutions of (1):
Family 3.⎧⎨⎩ u13 = F3 (t)− 2α csch

�
αx− U F1 (y)

2α dy − U F3 (t)αdt+ C3� ,
v13 = −1− F1 (y)

2 + F1 (y) coth
2
�
αx− U F1 (y)

2α dy − U F3 (t)αdt+ C3� . (13)

Family 4.⎧⎨⎩ u14 = F3 (t)− 2α coth
�
αx− U F1 (y)

2α dy − U F3 (t)αdt+ C3� ,
v14 = −1− F1 (y)

2 + F1 (y) coth
2
�
αx− U F1 (y)

2α dy − U F3 (t)αdt+ C3� . (14)

When m→ 0, cs(µ,m)→ cot(µ) and ns(µ,m)→ csc(µ), c→ 1. So under the limit
condition, we obtain the following trigonometric function solutions of (1):
Family 5.⎧⎨⎩ u15 = F3 (t)− 2α cot

�
αx− U F1 (y)

2α dy − U F3 (t)αdt+ C3� ,
v15 = −1 + F1 (y) csc2

�
αx− U F1 (y)

2α dy − U F3 (t)αdt+ C3� . (15)

Family 6.⎧⎨⎩ u16 = F3 (t)− 2α csc
�
αx− U F1 (y)

2α dy − U F3 (t)αdt+ C3� ,
v16 = −1 + F1 (y) csc2

�
αx− U F1 (y)

2α dy − U F3 (t)αdt+ C3� . (16)
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3.2 The application of the further extended sin-cos method

Now we apply the further extended sine-cos method to (1). By the balancing procedure,
we suppose (1) has the following solution:�

u = A0 +A1 sin (ω) +B1 cos (ω) ,
v = B0 +A2 sin (ω) +B2 cos (ω) + cos (ω) (A3 sin (ω) +B3 cos (ω)) ,

(17)

where ω = ω(µ), µ = αx+q, and α is a nonzero constant, q,A0, B0, A1, B1, A2, B2, A2, B2,
A3, B3 are functions of (y, t) to be determined later.
With the help of Maple, substitution of (17) into (1) with ω satisfying (6), yields a

differential equation about sini(ω) cosj(ω)(− sin2 (ω)+c) k2 , i = 1, 2, ...; j = 0, 1; k = 0, 1.
Setting the coefficients of sini(ω) cosj(ω)(− sin2 (ω)+ c) k2 , i = 1, 2, ...; j = 0, 1; k = 0, 1,
to zero, we can deduce a series of over-determined partial differential equations about
q,A0, B0, A1, B1, A2, B2, A2, B2, A3, B3.
Solving the over-determined equations with Maple, we derive the solutions of the

over-determined partial differential equations:
Case 2.1

q =

]
F1 (y)

2α
dy + F3 (t) , B0 =

1

2
F1 (y) c− 1− 1

2
F1 (y) ,

B3 = F1 (y) , A2 = 0, B2 = 0, B1 = 0, A3 = 0, A0 = −
d
dtF3 (t)

α
, A1 = −2α, (18)

Case 2.2

q =

]
F1 (y)

2α
dy + F3 (t) , B3 = F1 (y) , A2 = 0, B2 = 0, A3 = 0,

A0 = −
d
dtF3 (t)

α
, A1 = 0, B0 = −F1 (y) + 1

2
F1 (y) c− 1, B1 = −2 iα, (19)

where F1(y) is an arbitrary function of y, F3(t) is an arbitrary function of t.
From (17) and Case 2.1-Case 2.2, we obtain the following non-travelling wave solu-

tions of (1):
Family 1.⎧⎨⎩ u21 = −

d
dtF3(t)

α − 2αm sn
�
αx+

U F1(y)
2α dy + F3 (t) ,m

�
,

v21 =
1
2 F1 (y) c− 1− 1

2 F1 (y) + F1 (y) dn
2
�
αx+

U F1(y)
2α dy + F3 (t) ,m

�
.

(20)

Family 2.⎧⎨⎩ u22 = −
d
dtF3(t)

α − 2 iαdn
�
αx+

U F1(y)
2α dy + F3 (t) ,m

�
,

v22 = −F1 (y) + 1
2 F1 (y) c− 1 + F1 (y) dn2

�
αx+

U F1(y)
2α dy + F3 (t) ,m

�
.

(21)
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When m → 1, sn(µ,m) → tanh(µ) and dn(µ,m) →sech(µ), c → 1. So under the limit
condition, we can obtain the following soliton-like solutions of (1):

Family 3.

⎧⎨⎩ u23 = −
d
dtF3(t)

α − 2α tanh
�
αx+

U F1(y)
2α dy + F3 (t)

�
,

v23 = −1 + F1 (y) sech2
�
αx+

U F1(y)
2α dy + F3 (t)

�
.

(22)

Family 4.

⎧⎨⎩ u24 = −
d
dtF3(t)

α − 2 iα sech
�
αx+

U F1(y)
2α dy + F3 (t)

�
,

v24 = −12 F1 (y)− 1 + F1 (y) sech2
�
αx+

U F1(y)
2α dy + F3 (t)

�
.

(23)

These solutions with arbitrary functions involved imply that these solutions have
rich local structures. Some of the properties of these new non-travelling wave solutions
of (1) are shown by means of figures as follows: Figure 1 and Figure 2 show the
properties of u13, v13 and u15, v15, respectively, where we select the parameters as
follows:

F1 (y) = e
y, F3 (t) = e

t,α = 1/2, C3 = 1/2

Figure 1. New soliton-like solutions u13 and v13 of the (2+1)dimension dispersive long wave

equations are shown at x = 0.
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Figure 2. New trigonometric function solutions u15 and v15 of the (2+1)dimension dispersive

long wave equations are shown at x = 0.

In summary, with the help of Maple and by using the further extended sinh-cosh and
sin-cos methods, we obtained families of non-travelling wave solutions of the (2+1)di-
mension dispersive long wave equations (1). The two methods can also be applied to
solve many other NEWEs.
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