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Abstract

In the present paper, we introduce the Bezier variant of a general sequence
of linear positive operators introduced by Srivastava and Gupta [8] and estimate
the rate of convergence of these operators for functions of bounded variation.

1 Introduction

To approximate integrable functions on the interval [0, 00), Srivastava and Gupta [8]
introduced a general sequence of linear positive operators Gy, . and estimated the rate
of convergence of Gy, .(f; ) by means of the decomposition technique for functions of
bounded variation. Let B,.[0,00) be the class of bounded variation functions satisfying
the growth condition

If@)] <M1 +t)", M>0,7>0,t— co.
For a function f € B,[0,c0), the operators are G, . defined by
Guelfi) =S pus(aio) / Prtekor (GO + puo(z: ) fO) (1)
k=1 0

where
(—a)*

Pok(@5€) = o) (w)

and

(k) () — e ¢
(bn,c(x) { (1+CIE)7”/C, Cc = 1,2,3,...

Here {¢nc(x)},~, is a sequence of functions, defined on the interval [0,b], b > 0,
satisfying the following properties: For each n € N,
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130 Bezier Variant of Positive Operators

(i) ¢n,c(z) € C*®[a,b], b>a > 0.

(ii) ¢n(0) = 1.

(iil) ¢p () is completely monotone so that (—1)%2’92(:3) >0 for k € N.
(iv) There exists an integer ¢ such that

o* D (2) = —noll). (x), n > max{0, —c};x € [a,b].

n,c

Zeng and Gupta [9] introduced the Bezier variants of the well known Baskakov
operators, after this Gupta and collaborators in [1-4] have introduced and studied
the rate of convergence for different summation-integral type operators. The general
sequence of operators G,, ., introduced by Srivastava and Gupta [8], have many inter-
esting properties in approximation theory, also Bezier curves play an important role in
computer aided geometric design which have many applications in applied mathemat-
ics and computer sciences. This motivated us to study further in this direction and we
now introduce the Bezier variant of G,, . operators. We define, for f € B,[0,00) and
for each a > 1, the Bezier variant of the operators G,, . as

Grealfiz) =n>_ Qi) (x:c) /0 s 1 (BOfOd+ QN AFO) ()
k=1

where Q;a;(x, ) = Jyp(@e) = I3 (w5e) and Jy p(@5¢) = 3272, pnj(; ).

The aim of this study is to estimate the rate of convergence of the operators Gy, c
for functions of bounded variation. It is obvious that G, , are linear positive operators
and Gy ca(l;2) = 1. In the special case a = 1, the operators G,, . reduce to the
operators G, . defined by (1). We have the following particular cases:

Case 1. If @ = 1 and ¢ = 0, then the operators Gy, .o reduce to the Phillips
operators
S [e%s}
Groa (i) =13 ua(a30) [ pusa(t 01Ot + pa(ws0)0)
k=1 0

where

(nz)*
K

—nx

Pk(7;0) =€

The Phillips operators are introduced in [6,7].

Case 2. If o = 1 and ¢ = 1, then the operators G,, . o reduce to summation-integral
type operators

Guaa(fix) =n_ Pux(w;l) /000 Prt1k—1(t 1) f(E)dt + P o(x; 1) £(0)
k=1

where

Pk(r;1) = < n—l—llz— L ) 2*(1 +x)7(n+k).
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These operators has been studied by Gupta et al. in [5].

Therefore, for the operators Gy, ¢ o defined by (2), in the case of ¢ = 0 and ¢ = 1,
we obtain Bezier type of the Phillips operators given case 1 and Bezier type of the
summation integral type operators given case 2, respectively.

Alternatively we may rewrite the operators (2) as

Gmc,a(f;x):/ K colz;t)dt
0

where
Kneal@t) =0y Q) (@ 0)pnscnr(t:e) + Q) (x:0)6(t) (3)
k=1

and 6(t) is the Dirac delta function.

2 Auxiliary Results

In order to prove our main result we require following lemmas.
LEMMA 1 ([3,8]). For all x € (0,00) and k € N,

\/;—, c=0
. _ 2enx
L Y

2enx’

where the coefficient 1/ V/2¢ and the estimate order n=1/2 are best possible.
LEMMA 2 ([8]). Let

S [e%s}
finm (@50) =1 pp(50) / Prtek—1(t; )t — 2)™dt + (—2)™pp,o(; ).
k=1 0

Then

cx ) = (14 cx)(2n —¢) + (1 4 3cx)cx
nfc"un’Q(x’ ) (n—c)(n —2c)

pin0(x5€) = 1, pin,1 (25¢) =

and

Mn,m(x; C) = O(n*[(erl)/Q])

LEMMA 3. For all z € (0,00), we have

k

n/ Prk(t;c)dt = py ;).

Jj=0
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LEMMA 4. Let z € (0,00) and K, ¢ «(x;t) be defined by (3). Then, for A > 2 and
for sufficiently large n,

. Y adx(l + cx
(Z) 6n,c,a(x; y) = ‘/0 Kn,c,a(x; t)dt < Wa 0< y<uw,
and
. o° adx(l + cx
(1) 1 = B calz; 2) = /Z Kooz t)dt < W, T <z<o0.

PROOF. First, we prove (i). In view of Lemma 2 and the inequality |a® — b*| <
a|a — b| which is valid for 0 < a,b < 1 and « > 1, we have

a adz(1 + cx)

x—t
LS ey e

r—=Yy

)QKn,c,a(x;t)dt < S

Yy
ﬁn,c,(x(imy) S/() (

The proof of (ii) is similar.

3 Rate of Convergence

We have the following result.

THEOREM 1. Let f be an element of B,.[0,00). If @« > 1,7 € N and X > 2 are
given, then there exists a constant C(f, o, r; x) such that for n sufficiently large

Gucalfid) = | ) + 5 )|

1+ cx
e | (a) — S ()]

+6a)\a:(1 + cx) Zn: e/ VE

k=1

(92) + Ca2"

EE) o).

where
ft) = fla=), 0<t<wz
g:(t) = 0, t=x
f) = fla+), t>=z
V2(g.) is the total variation of g, on [a,b] and O(n™") = i, 2, (z; C).
PROOF. For any bounded variation function, it is know that

1) = pfen+ s+ BT (o + 557)

#0004 800 | (0) = 37(o+) ~ 30
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where
-1, 0<i<z 1 t—2»
sgng(t) = 0, t==x and 6(¢) = { 07 . ; -
1, t>x ’

It follows that

GoaF0:2) = | Ay o)+ a%lf(x—ﬂ |

—1
G, ca(SQnr( );x) + ? + |Gn,c,a(gm(t)v$)‘

<

|f(z+) = f(z—)]

|~

304 = 31| (G 00 2) (@)

+[r@) -3

For the operators Gy, ¢ q, it is obvious that G,, ¢« (6(t); ) = 0. In view of Lemma 3 and
Lemma 4, we first estimate G, ¢ o(Sgn4(t); ) as

Gr,c,a(sgng(t);z) = —1+2nZQ£g,z(x;c)/ Prtek—1(t; c)dt

= 71+22an x;c mej x; )

= -1+ 2an7k(:v; ey jp1(xic).
=0

Therefore, we obtain

] a—1 (a+1)
Gn,cﬁa(sgnz(t),x)—&-ﬁ Jzopnk x; C)JnJH x;c) +1 ZQ ;c)

since 372, Q(QH) (x;¢) = 1. By the mean value theorem, it follows
a+1 o (oY a
Qi Vwie) = T e = T (0) = (ot D5 (5 0)
where
Ty 1(56) < g (@56) < Jug(wi ).

Then, using Lemma 1, we obtain

1
Ghca(sgna(t); )+a——|—1 < 2ankxc T (@) = o (w0

IN

2a an,k(fv; )pn,j(x;¢)
=0

1+cx
. 5
2ent (5)

IN
Do
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We now estimate Gy, c.a(g.(t); ). By Lebesgue-Stieltjes integral representation, we

have
z—x//N Ttz /1 )
Gn,c,oe(gx;ff) = / +/ +/ K7l7c7a($;t)gm(t)dt. (6)
0 z—x//n Ttz /N

Let us denote the three integrals on the right hand side by Fy, F» and Ej3 respectively.
We first estimate Es. For t € [x — z/+/n, x + x/+/n], we have

z+x/\/n
|ms/ 190 ()] Koo (2 ).

—a/VE

Since |g.(y)| < Vif(gz) < V;j;/\‘//g(gw) and f; Koz t)dt <1, for (a,b) C [0,00),

we conclude

L~ ata/VE
@mggnyﬁm» (7)
=1

Next we estimate E1. Writing y = x — x//n and using Lebesgue-Stieltjes integration
by parts, we have

El = /Oy gz(t>dt(/8n,c,a(x; t)) = gz(y)ﬂn,c,a(‘r; y) N /Oy 571,6704(53; t)dt(gz(t))'

Since |g:(y)| < V7 (g2) we conclude that

Y
|E1‘ S Vyx(ga’)ﬁn,c,a(l‘; y) + /0 ﬁn,c,a(l’; t)dt(_‘/t.l(ga:))

Lemma 3 implies that

ax(l+cx)  adlz(l+ cx)
n(z —y)?

B < VE(g2) mf(lﬂ&W%D

n x—t)

Integrating the last term by parts, we get

By | < M {x*VJ(gm) +2/0y (‘;;w(gf)édt} .

Now replacing the variable y in the last integral by  — x/+/u, we obtain

ax(1 + cx)

|Eq| <
n

_ Ll
k=1

Hence,

20\ (1 + €x) = - 0
|Ey| < # ZVI,I/\/E(%)- (8)

k=1
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Finally we estimate E5. We put

1_ﬁnc7ax;ta 0St<2$

and z = x + z/+/n, then

o0 oo

g0 (22) Ky o )t + / G0 (8)de (B.ca(31)):

2z

E3:/jmgw(t)dt(Qn,qa(x;t))+/2

X

Let the three integrals on the right hand side de denoted by FE31, F33 and FE33 respec-
tively. Then

2x
E31 = g2(2)qn,c,a(; 2) +/ T eo(T3t)di (92 (1))

where g, . (, 2) is the normalized form g, ¢ o (, 2). Since ¢, o (7, 2—) = g, (7, 2) and
92(2—) < VZ (gz), we have

2x
Es1 = Vi (9)n.ca(7; 2) +/ U .o (@3 8)de (= Vi (92)).
Applying Lemma 4

|Es1| < ngi(gac) dt(*vxt(ga:))

adr(l4+cx)  adz(l4cx) [ 1
n(z —x)? n /z (x —t)2

1 o0
5VE (0 [ Koo
2z

cx) [**~
vl e ) [T L i)

IN

Az(l + cx)

1
_V2.1:— -

Thus arguing similarly as in estimate of E7, we get

2a\(1 + cx) Vi
Byl < ———= vEte/VE(g). 9
Bl < SRS v ) ©
Again Lemma 4, we get
a1+ cr) < JE
Eao| < =2 =2 N Tt/ V(g Y. 10
|[Baz| < ——— kzz:l f (92) (10)

Finally for n > r, we can write

|Es3] < M Kpeo(z;)[(14+8)" + (14 2)"]dt.
2x
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For t > 2z, using the inequalities

1 T
oy <oy
1 T
oy o0y,
Lemma 2 and Lemma 4, we obtain
(1 r
|Es3] < Ca2’ (—;—rx)O(n_r). (11)

Combining the estimates of (5) -(11) we reach the required result. This completes the
proof of the theorem.

4 Some Examples

Suppose the Szasz and Baskakov basis functions are defined respectively by

s k:(x) — o % (’n’x)k
n, =

and by, x(7) = ( " Jr]]:i L ) 2P (1 + )~ HR),

Just like operators defined in (2), we may define some other mixed Bezier variants of
summation-integral type operators as:
(i) Szasz-Baskakov-Bezier operators

s

Snalfiz)=m—1) 3 R (x) / b0 7@+ RO F(0), = € [0,00)
k=1

where R(%)(@) = (252 505(0)) " = (S70s1 na(@) -

(ii) Baskakov-Szasz-Bezier operators

Bualfiz)=nY_ L) (2) / T (O F (0t + L) f(0), = € [0,00)
k=1 0

« «
where L) (@) = (35 b (@) = (252441 brs(@))

The approximation properties of the above operators are similar to the operators
(2), but there are problems to find the estimation of S,, o (sgn(t); z) and B,, o (sgn.(t); x)
explicitly whenever we wish to obtain the rate of convergence for functions of bounded
variation. Actually due to different basis functions the above method fails as one can-
not find the exact relationship between the summation of one basis function with the
integration of the different basis functions. The author [1] was also not able to give
the answer of such problem. Still such type of problem may be considered as open
problems.

Acknowledgments. The authors are thankful to the reviewers for making valuable
suggestions, leading to a better presentation of the paper.
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