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Abstract

In this note, we study a special system of three parabolic equations, with initial
condition and derive the asymptotic behaviour of the solution as time tends to
infinity. This work is a generalization of a result of Hopf (1950) for the Burgers
equation.

1 Introduction

In this paper we consider a system of partial differential equations of the form

n u? € + (uv) € . v? n € (1)
U - = ZUgzx,V UV )y = ZVgz, W - Tuw = 7 Wz,
tT\2), 2 ! 2 tT\2 . 2
in —oo < x < oo, t >0, supplemented with initial conditions at ¢ = 0:

u(z,0) = uo(x), v(x,0) = vo(x), w(,0) = wo(x), (2)

where ug(z), vo(z), wo(x) are integrable functions and study the asymptotic behavior
of its solution as t goes to infinity. When v = 0,w = 0, (1) is reduced to the Burgers
equation

u2 €

Using Hopf-Cole transformation, Hopf in [2] linearized the equation (3) to the heat
equation and explicit solution of the initial value problem was found. Also he con-
structed explicit entropy weak solution to the inviscid Burgers equation

u2
et (E)Z -0

with initial data, by passing the viscosity parameter € to 0 in the explicit formula.
Then he studied the asymptotic behavior of the solution of (3), with fixed € > 0, as ¢
tends to infinity.
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104 A System of Viscous Conservation Laws

The purpose of this note is to extend Hopf’s analysis to the solution of (1) with
initial condition (2). Indeed the system (1) is the vanishing viscosity approximation of
the inviscid system of conservation laws,

u? v
ut + (7) =0,v; + (uv)y = 0,ws + <? + uw> = 0. (4)

The system (4) is not strictly hyperbolic because the eigenvalues of the Jacobian matrix
of the flux function F'(u,v,w) = (“72, uv, ”72 +uw) are all equal to u and so the classical
theory of conservation laws of Lax [5] does not apply here. Even for initial data of
Riemann type, (4) cannot be solved in the class of classical simple waves. When v =0
in (4), the system reduces to

2
up + (%) = 0,w; + (uw); = 0. (5)
x

Equations of the type (5) appear in the study of pressureless gas and was studied by
LeFloch [6] and Joseph [3] and many others and constructed solutions in the class of
Borel measures. But for the system (4), solutions cannot be found even in the class
of Borel measures. In the paper [4], Joseph constructed solutions for (4), with general
initial conditions, in a more singular class of function space, namely, in the class of
generalized functions of Colombeau [1]. The regularization required in the construction
of global solution was achieved by adding viscous terms to (4) and we arrived at the
system (1). As in Hopf [2], in this note, we study another aspect of solution of (1) and
(2), namely the large time behavior of the solution with fixed viscosity parameter e > 0.
For notational convenience we drop the explicit dependence of € on the solutions.

2 Explicit Formula and the Large Time Behavior of
the Solution

It was shown in [4], that the equation (1) can be linearized using a generalized form of
Hopf-Cole transformation. More precisely, we showed that

u = —e(log(@))a, v = —¢ (é)w — (-4 2”—) , (6)

is the solution of (1) with initial conditions (2) if a,b and ¢ are solutions of the heat
equation

with initial conditions

_Ugl=)

a(z,0)=e "< ,b(z,0) = — e e ,c(x,()):(
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respectively, where

talo) = | "o (y)dy, Vo) = / " voy)dy, Wol(a) = / " woly)dy. ©)

Solving the heat equation (7) with initial conditions (8) we get a,b and ¢ in the form

“+o0
a(x,t) = ! e_%[UO(yH(I;f)z]d (10)
’ V2rte ) _ 0o 4
400
b(z,t) =— /_1 / Vo(y)efaUO(yH(zgf)Q]dy, (11)
eV 2rte J_ o
+ 2
ol 1) = — /Oo Yoly)” ~ Wo) | —2ivowi+e522) 4, (12)
V2rte ) — 2¢2 €

We introduce the variable ¢ = 2/v/te and the functions which appear in the asymp-
totic form of the solution, namely

s [ o) [
A(g) =e ™ )/ eV 2y e )/ eV 2dy, (13)
— oo I3

—Ug(eo g 2 — —Ug(—=o o0 2
B(f):—%(eoo)e 3 )/ eV /Qdny](eO@e = )/5 eV 2dy. (14)

cE) = (VOQ(OO) - WO(OO)) e~ /; eV 2y

2¢2 €

.\ (V&(oo) B Wo<oo>> e /§ Ty (15)

2€2 €

With these notations, we shall prove the following theorem.

THEOREM 1. Assume that the initial data ug(z), vo(x), wo(x) are integrable, then
the solution (u(z,t),v(z,t), w(x,t)) of (1) and (2) has the following asymptotic behavior
as t tends to infinity:

tli)rgc \/t/_eu(x,t) = T A (16)

i VTTeo(ant) - ~E0 L BOAE

(17)

| o© B ) )
Jum Vifew(e ) =~ 08+ 246 T A9 Ae)  A© A© A
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X

uniformly with respect to the variable £ = T

PROOF. To prove this theorem, we write the formula (6) for the solution in a
convenient way:

u(z,t) = —eZ, (19)
a
by bag

)= et oz 20
o) = el g e (20)

:1; e, bbby  bbay
w(x,t):—ec——i—efa——&—e———e——a—. (21)

a aa aa aa a

Note that typical terms in these expressions are of the form

1 o 1 (z—y)?
z,t) = e~ eoW+===]g 22
o, t) = ——= [m¢o(y) y (22)
and its derivatives, where ¢g has a finite limit as = tends to +00 and —oo. So we first

study the asymptotic behavior of ¢(x,t) and ¢, (x,t).
We study the asymptotic behavior of these functions keeping the variable £ = x/+/et

fixed. We make a change of variable z = ﬂ\t/é—t;’i and renaming z as y, we get

[~ Uo(VeiE—w) 2
o) = —/ Go(Vet(§ —y)e T gy, (23)
\/iﬂ' —oc0
Now we split the integral in (23) in the following fashion
§—6 . )
Vem)p(z,t) = do(Vet(€ — y))e~ FUVealE—n)+?/2 g
+ do(Vet (& — y))ef[%Uo(ﬁ(sfyHyg/%dy
£+6
§+6 . ,
+ do(Vet(& — y))e—[:Uo(\/E(E—y)er /2 gy (24)
-6

Now we fix § > 0 and study each of these integrals as ¢ tends to infinity, we get

= ) . -5
lim [ Go(Ver(E — y)e FUVAE I g, = o= T gy (o) / eV Py,

—
t R — 00 — 00

Tim [ go(Ver(€ — yle FUVIE DR/ gy = o~ B g (o) / eV 2y,
—00 £+ £+6

£+6

do(Vet(€ — y)e Ve W+ 2 gy — O(5),

lim sup

t—oo

£-6
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uniformly with respect to £&. Now first let ¢ tends to infinity and then ¢ tends to 0, in
(24) we get

—Ug(ee ¢ 2 Uo* > 2
Jim V2mo(e, 1) = e~ ’%(oo)/ eV 2y e g (— )/ V' 2y,
- ) (25)

This limit is valid uniformly for £ € R! and for the z-derivative we have
Jim V2t (2,1) = (d(o0)e 5 — p(—o0)e ™ e )e € /2. (26)

Using (25) and (26) in (10)-(12), we get

*Uo i £ 2 —Ugp(—oo o0 2
Jim V2 ma(z,t) = = / eV Py +e = / eV Pdy = A€),  (27)
—o0 3

thm vV QWGtGw(I,t) = (efuof(oo) B e—Uo(efoO))e—£2/2 _ 14/(5)7 (28)
—00

1 —ugeee ¢
tlim V2rb(xz,t) = 7264[})5(—)1/0(00)/ eny/Qdy

U (—oo 0o
_1 et 0(_00)/ eV 12y
¢ ¢
= B(9), (29)

1 — oo — — o 2
Jim v2retb, (2, 1) = —= (Vo(oo)eL’f Y (—oo)e— >) €2 = Bl(e), (30)

2 _ - I3 ,
thm \/%C(x,t) _ <V02(ZO) . WO(OO)> eﬂs(_)/ oY /zdy
—00 € € -
n Vi (—0) ~ Wo(=o0) JELHEEN Ooe_yz/Qdy
262 € ¢
= C(9), (31)
2 2
tlim V2metey(z,t) = (VOZ(:;O) - WOEOO)) o €2
- <V°2;6_2OO) - WO(E_OO)> e~ )€ 2
= C'(§). (32)

These limits are valid uniformly for ¢ € R'. We observe that A(¢) > 0 and hence
letting ¢ tends to infinity in (19)-(21) and using (27)-(32) we get the asymptotic form
(16)-(18). The proof of the theorem is complete.
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