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Abstract

In this note, we study a special system of three parabolic equations, with initial
condition and derive the asymptotic behaviour of the solution as time tends to
infinity. This work is a generalization of a result of Hopf (1950) for the Burgers
equation.

1 Introduction

In this paper we consider a system of partial differential equations of the form

ut +
u2

2 x

=
�

2
uxx, vt + (uv)x =

�

2
vxx, wt +

v2

2
+ uw

x

=
�

2
wxx, (1)

in −∞ < x <∞, t > 0, supplemented with initial conditions at t = 0:
u(x, 0) = u0(x), v(x, 0) = v0(x), w(x, 0) = w0(x), (2)

where u0(x), v0(x), w0(x) are integrable functions and study the asymptotic behavior
of its solution as t goes to infinity. When v = 0, w = 0, (1) is reduced to the Burgers
equation

ut +
u2

2 x

=
�

2
uxx. (3)

Using Hopf-Cole transformation, Hopf in [2] linearized the equation (3) to the heat
equation and explicit solution of the initial value problem was found. Also he con-
structed explicit entropy weak solution to the inviscid Burgers equation

ut +
u2

2 x

= 0,

with initial data, by passing the viscosity parameter � to 0 in the explicit formula.
Then he studied the asymptotic behavior of the solution of (3), with fixed � > 0, as t
tends to infinity.
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104 A System of Viscous Conservation Laws

The purpose of this note is to extend Hopf’s analysis to the solution of (1) with
initial condition (2). Indeed the system (1) is the vanishing viscosity approximation of
the inviscid system of conservation laws,

ut +
u2

2 x

= 0, vt + (uv)x = 0, wt +
v2

2
+ uw

x

= 0. (4)

The system (4) is not strictly hyperbolic because the eigenvalues of the Jacobian matrix

of the flux function F (u, v, w) = (u
2

2 , uv,
v2

2 +uw) are all equal to u and so the classical
theory of conservation laws of Lax [5] does not apply here. Even for initial data of
Riemann type, (4) cannot be solved in the class of classical simple waves. When v = 0
in (4), the system reduces to

ut +
u2

2 x

= 0, wt + (uw)x = 0. (5)

Equations of the type (5) appear in the study of pressureless gas and was studied by
LeFloch [6] and Joseph [3] and many others and constructed solutions in the class of
Borel measures. But for the system (4), solutions cannot be found even in the class
of Borel measures. In the paper [4], Joseph constructed solutions for (4), with general
initial conditions, in a more singular class of function space, namely, in the class of
generalized functions of Colombeau [1]. The regularization required in the construction
of global solution was achieved by adding viscous terms to (4) and we arrived at the
system (1). As in Hopf [2], in this note, we study another aspect of solution of (1) and
(2), namely the large time behavior of the solution with fixed viscosity parameter � > 0.
For notational convenience we drop the explicit dependence of � on the solutions.

2 Explicit Formula and the Large Time Behavior of
the Solution

It was shown in [4], that the equation (1) can be linearized using a generalized form of
Hopf-Cole transformation. More precisely, we showed that

u = −�(log(a))x, v = −� b

a x

, w = � − c
a
+
b2

2a2 x

, (6)

is the solution of (1) with initial conditions (2) if a, b and c are solutions of the heat
equation

at =
�

2
axx, bt =

�

2
bxx, ct =

�

2
cxx (7)

with initial conditions

a(x, 0) = e−
U0(x)
� , b(x, 0) = −V0(x)

�
e−

U0(x)
� , c(x, 0) =

V0(x)
2

2�2
− W0(x)

�
e−

U0(x)
� (8)
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respectively, where

U0(x) =
x

0

u0(y)dy, V0(x) =
x

0

v0(y)dy,W0(x) =
x

0

w0(y)dy. (9)

Solving the heat equation (7) with initial conditions (8) we get a, b and c in the form

a(x, t) =
1√
2πt�

+∞

−∞
e−

1
� [U0(y)+

(x−y)2
2t ]dy, (10)

b(x, t) = − 1

�
√
2πt�

+∞

−∞
V0(y)e

− 1
� [U0(y)+

(x−y)2
2t ]dy, (11)

c(x, t) =
1√
2πt�

+∞

−∞

V0(y)
2

2�2
− W0(y)

�
e−

1
� [U0(y)+

(x−y)2
2t ]dy. (12)

We introduce the variable ξ = x/
√
t� and the functions which appear in the asymp-

totic form of the solution, namely

A(ξ) = e−
U0(∞)

�

ξ

−∞
e−y

2/2dy + e−
U0(−∞)

�

∞

ξ

e−y
2/2dy. (13)

B(ξ) = −V0(∞)
�

e
−U0(∞)

�

ξ

−∞
e−y

2/2dy − V0(−∞)
�

e
−U0(−∞)

�

∞

ξ

e−y
2/2dy. (14)

C(ξ) =
V 20 (∞)
2�2

− W0(∞)
�

e
−U0(∞)

�

ξ

−∞
e−y

2/2dy

+
V 20 (−∞)
2�2

− W0(−∞)
�

e
−U0(−∞)

�

∞

ξ

e−y
2/2dy. (15)

With these notations, we shall prove the following theorem.

THEOREM 1. Assume that the initial data u0(x), v0(x), w0(x) are integrable, then
the solution (u(x, t), v(x, t), w(x, t)) of (1) and (2) has the following asymptotic behavior
as t tends to infinity:

lim
t→∞ t/�u(x, t) = −A

3(ξ)
A(ξ)

, (16)

lim
t→∞ t/�v(x, t) = −B

3(ξ)
A(ξ)

+
B(ξ)

A(ξ)

A3(ξ)
A(ξ)

, (17)

lim
t→∞ t/�w(x, t) = −C

3(ξ)
A(ξ)

+
C(ξ)

A(ξ)

A3(ξ)
A(ξ)

+
B(ξ)

A(ξ)

B3(ξ)
A(ξ)

− B(ξ)
A(ξ)

B(ξ)

A(ξ)

A3(ξ)
A(ξ)

, (18)
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uniformly with respect to the variable ξ = x√
t�
.

PROOF. To prove this theorem, we write the formula (6) for the solution in a
convenient way:

u(x, t) = −�ax
a
, (19)

v(x, t) = −�bx
a
+ �

b

a

ax
a
, (20)

w(x, t) = −�cx
a
+ �

c

a

ax
a
+ �

b

a

bx
a
− �

b

a

b

a

ax
a
. (21)

Note that typical terms in these expressions are of the form

φ(x, t) =
1√
2πt�

∞

−∞
φ0(y)e

− 1
� [U0(y)+

(x−y)2
2t ]dy (22)

and its derivatives, where φ0 has a finite limit as x tends to +∞ and −∞. So we first
study the asymptotic behavior of φ(x, t) and φx(x, t).
We study the asymptotic behavior of these functions keeping the variable ξ = x/

√
�t

fixed. We make a change of variable z =
√
�tξ−y√
�t

and renaming z as y, we get

φ(x, t) =
1√
2π

∞

−∞
φ0(
√
�t(ξ − y)e−[U0(

√
�t(ξ−y)
� +y2/2]dy. (23)

Now we split the integral in (23) in the following fashion

(2π)φ(x, t) =
ξ−δ

−∞
φ0(
√
�t(ξ − y))e−[ 1�U0(

√
�t(ξ−y)+y2/2]dy

+
∞

ξ+δ

φ0(
√
�t(ξ − y))e−[ 1�U0(

√
�t(ξ−y)+y2/2]dy

+
ξ+δ

ξ−δ
φ0(
√
�t(ξ − y))e−[ 1�U0(

√
�t(ξ−y)+y2/2]dy. (24)

Now we fix δ > 0 and study each of these integrals as t tends to infinity, we get

lim
t→∞

ξ−δ

−∞
φ0(
√
�t(ξ − y)e−[ 1�U0(

√
�t(ξ−y)+y2/2]dy = e−

U0(∞)
� φ0(∞)

ξ−δ

−∞
e−y

2/2dy,

lim
t→∞

∞

ξ+δ

φ0(
√
�t(ξ − y)e−[ 1�U0(

√
�t(ξ−y)+y2/2]dy = e−

U0(−∞)
� φ0(−∞)

∞

ξ+δ

e−y
2/2dy,

lim sup
t→∞

ξ+δ

ξ−δ
φ0(
√
�t(ξ − y)e− 1

� [U0(
√
�t(ξ−y)+y2/2]dy = O(δ),
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uniformly with respect to ξ. Now first let t tends to infinity and then δ tends to 0, in
(24) we get

lim
t→∞

√
2πφ(x, t) = e

−U0(∞)
� φ0(∞)

ξ

−∞
e−y

2/2dy + e
−U0(−∞)

� φ0(−∞)
∞

ξ

e−y
2/2dy.

(25)

This limit is valid uniformly for ξ ∈ R1 and for the x-derivative we have
lim
t→∞

√
2π�tφx(x, t) = (φ(∞)e

−U0(∞)
� − φ(−∞)e−U0(−∞)

� )e−ξ
2/2. (26)

Using (25) and (26) in (10)-(12), we get

lim
t→∞

√
2πa(x, t) = e

−U0(∞)
�

ξ

−∞
e−y

2/2dy + e
−U0(−∞)

�

∞

ξ

e−y
2/2dy = A(ξ), (27)

lim
t→∞

√
2π�tax(x, t) = (e

−U0(∞)
� − e−U0(−∞)

� )e−ξ
2/2 = A3(ξ), (28)

lim
t→∞

√
2πb(x, t) = −1

�
e
−U0(∞)

� V0(∞)
ξ

−∞
e−y

2/2dy

−1
�
e
−U0(−∞)

� V0(−∞)
∞

ξ

e−y
2/2dy

= B(ξ), (29)

lim
t→∞

√
2π�t.bx(x, t) = −1

�
V0(∞)e

−U0(∞)
� − V0(−∞)e

−U0(−∞)
� e−ξ

2/2 = B3(ξ), (30)

lim
t→∞

√
2πc(x, t) =

V 20 (∞)
2�2

− W0(∞)
�

e
−U0(∞)

�

ξ

−∞
e−y

2/2dy

+
V 20 (−∞)
2�2

− W0(−∞)
�

e
−U0(−∞)

�

∞

ξ

e−y
2/2dy

= C(ξ), (31)

lim
t→∞

√
2π�tcx(x, t) =

V 20 (∞)
2�2

− W0(∞)
�

e−
U0(∞)

� e−ξ
2/2

− V 20 (−∞)
2�2

− W0(−∞)
�

e
−U0(−∞)

� )e−ξ
2/2

= C3(ξ). (32)

These limits are valid uniformly for ξ ∈ R1. We observe that A(ξ) > 0 and hence
letting t tends to infinity in (19)-(21) and using (27)-(32) we get the asymptotic form
(16)-(18). The proof of the theorem is complete.

Acknowledgments. This work is supported by a grant (number 2601-2) from the
Indo-French Centre for the promotion of advanced Research, IFCPAR (Centre Franco-
Indien pour la promotion de la Recherche Avancee, CEFIPRA), New Delhi.



108 A System of Viscous Conservation Laws

References

[1] J. F. Colombeau, New Generalized Functions and Multiplication of Distributions,
North Holland, Amsterdam, 1984.

[2] E. Hopf, The partial differential equation ut + uux = �uxx, Comm. Pure Appl.
Math., 3(1950), 201—230.

[3] K. T. Joseph, A Riemann problem whose viscosity solution contains δ-measures,
Asym. Anal., 7(1993), 105—120.

[4] K. T. Joseph, Explicit generalized solutions to a system of conservation laws, Proc.
Indian Acad. Sci. (Math. Sci.), 109(1999), 401—409.

[5] P. D. Lax, Hyperbolic systems of conservation laws II, Comm. Pure Appl. Math.,
10(1957), 537—566.

[6] P. G. LeFloch, An existence and uniqueness result for two nonstrictly hyperbolic
systems, in Nonlinear Evolution Equations that Change Type, (eds) Barbara Lee
Keyfitz and Michael Shearer, IMA, Springer-Verlag, 27(1990), 126—139.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee575284e8e9ad88d2891cf76845370524d6253537030028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f0030028fd94e9b8bbe7f6e89816c425d4c51655b574f533002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c9069752865bc9ad854c18cea76845370524d521753703002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f300290194e9b8a2d5b9a89816c425d4c51655b57578b3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


