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Abstract
A review on spectral and differential-geometric properties of Delsarte trans-
mutation operators in multi-dimension is given. Their differential geometrical
and topological structure in multi-dimension is analyzed, the relationships with
generalized De Rham-Hodge theory of differential complexes are stated. Some
applications to integrable dynamical systems theory in multi-dimension are pre-
sented.

1 Spectral Operators and Generalized Eigenfunctions
Expansions

1.1. Let H be a Hilbert space in which there is defined a linear closable operator L €

L(H) with a dense domain D(L) C H. Consider the standard quasi-nucleous Gelfand

rigging [12] of this Hilbert space H with corresponding positive H, and negative H_
Hilbert spaces as follows:

D(L)CHy CHCH_CD'(L), (1)
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which is suitable for the investigation of the spectral properties of the operator L in
‘H. We shall use below the following definition motivated by considerations from [12],
Section 5.

DEFINITION 1.1. An operator L € L(H) will be called spectral if for all Borel
subsets A C o(L) of the spectrum o(L) C C and for all pairs (u,v) € Hy x Hy there
are defined the following expressions:

L= / MO, () = /A (u, P(V)0)dps (M), 2)

where p, is some finite Borel measure on the spectrum o(L), E is some self-adjoint
projection operator measure on the spectrum o(L), such that E(A)E(A’) = E(AN
A') for any Borel subsets A A’ C o(L), and P(\) : Hy — H_, A € (L), is the
corresponding family of nucleous integral operators from H, into H_.

As a consequence of the expression (2) one can write down formally in the weak
topology of ‘H that

B(A) = /A P(\)dpo (A) 3)

for any Borel subset A C o(L).

Similar to (2) and (3) one can write down the corresponding expressions for the
adjoint spectral operator L* € L(H) whose domain D(L*) C H is also assumed to be
dense in ‘H :

(E*(A)u,v) = / (P*(MNu, v)dp; (A), (4)

A

B (A) = /A P (\dpi (M),

where E* is the corresponding projection spectral measure on Borel subsets A € o(L*),
P*(\) : H — H, A € o(L*), is the corresponding family of nucleous integral operators
in H and p% is some finite Borel measure on the spectrum o(L*). We will assume,
moreover, that the following conditions

P()(L — pl)o =0, P (A)(L* — Alju =0 (5)
hold for all u € D(L*), v € D(L), where A € o(L*), p € o(L). In particular, one

assumes also that o(L*) = 5(L).

1.2. We now proceed to a description of the generalized eigenfunctions correspond-
ing to operators L and L* via the approach devised in [12]. We shall say that an
operator L € L(H) with a dense domain D(L) allows a rigging continuation, if one can
find another dense in H . topological subspace D (L*) C D(L*), such that the adjoint
operator L* € L£(H) maps it continuously into H..

DEFINITION 1.2. A vector 9, € H_ is called a generalized eigenfunction of the
operator L € L(H) corresponding to an eigenvalue A € o(L) if

(L = A, ¢h2) = 0 (6)
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for all w € Dy (L*).

Tt is evident that in the case when iy € D(L), A € o(L), then Lipy = i) as usual.
The definition (6) is related [12] with some extension of the operator L : H — H. Since
the operator L* : D (L*) — H,4 is continuous one can define the adjoint operator
Legt := LT : H_ — D_(L*) with respect to the standard scalar product in H, that
is

(L*v,u) = (v, L*"u) (7)

for any v € Dy (L*) and v € H_ and coinciding with the operator L : H — H upon
D(L). Now the definition (6) of a generalized eigenfunction ¢y € H_ for A € o(L) is
equivalent to the standard expression

Lextq;[}/\ = >\¢>\ (8)
If we define the scalar product
(’LL, ’U) = (’LL, U)Jr + (L*ua L*U)+ (9)

on the dense subspace D (L*) C H, then this subspace can be transformed naturally
into the Hilbert space D (L*), whose adjoint “negative” space D/ (L*) := D_(L*) D
‘H_. Take now any generalized eigenfunction ¢y € Im P(\) C H_, X € o(L), of the
operator L : H — H. Then, as one can see from (5), L?,,ox = Apy for some function
ox € Im P*(\) € H_, A € o(L*), and L%, : H_ — D_(L) is the corresponding
extension of the adjoint operator L* : H — H by means of reducing, as above, the
domain D(L) to a new dense in Hy domain Dy (L) C D(L) on which the operator
L : D4 (L) — H4 is continuous.

2 Semi-linear Forms, Generalized Kernels and Con-
gruence of Operators

2.1. Let us consider any continuous semi-linear form K : H x ‘H — C in a Hilbert space
‘H. The following classical theorem holds.

THEOREM 2.1. (Schwartz [12]) Consider a standard Gelfand rigged chain of
Hilbert spaces (1) which is invariant under the complex involution C :— C*. Then
any continuous semi-linear form K : H x H — C can be written down by means of a
generalized kernel K € H_ ® H_ as follows:

Klu,v] = (K, v ® u)nen (10)
for any u,v € H; C H. The kernel K € H_ ® H_ allows the representation

K= (DeD)K,

where K € H® H is a usual kernel and D : H — H_ is the square root v/J* from a
positive operator J* : H — H_, being a Hilbert-Schmidt embedding of H into H
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with respect to the chain (1). Moreover, the related kernels (D® 1)K, (I®D)K € H xH
are the usual ones too.

Take now, as before, an operator L : H — H with a dense domain D(L) C H
allowing the Gelfand rigging continuation (1) introduced in the preceding Section.
Denote also by Dy (L*) C D(L*) the related dense in H subspace.

DEFINITION 2.2. A set of generalized kernels Zy ¢ H_®H_ for A € o(L)Na(L*)
will be called elementary concerning the operator L : H — H if for any A € o(L) N
a(L*), the norm ||Z||x_en_ < oo and

(Zx, (A= AD0) @u) =0, (Zx,v® (L* —ATu) =0 (11)

for all (u,v) € H_ @ H_.

2.2. Assume further, as above, that all our functional spaces are invariant with
respect to the involution C :— C* and put Dy := Dy (L*) = D4 (L) C H4. Then one
can build the corresponding extensions L., O L and L%,, D L*, being linear operators
continuously acting from H_ into D_ := D/,. The chain (1) is now extended to the
chain

DyCcHiCHCH-CD_ (12)

and is assumed also that the unity operator I : H_ — H_ C D_ is extended naturally
as the imbedding operator from H_ into D_. Then equalities (11) can be equivalently
written down [12] as follows:

(Leat ®1) Zn = My, (1@ L%y,) Zn = M2y (13)

for any A\ € o(L) N &(L*). Take now a kernel K € H_ ® H_ and suppose that the
following operator equality

(Lewt 1) K= (I® L},,) K (14)

holds. Since the equation (13) can be written down in the form

(I® L,,) Zx (15)

ext

(Lext & I) Zz\

for any A € o(L) N a(L*), the following characteristic theorem [12] holds.

THEOREM 2.3. (see Chapter 8, p.621 of [12]) Let a kernel K € H_ @ H_ satisfy
the condition (14). Then due to (15) there exists a finite Borel measure p, defined on
Borel subsets A C (L) Na(L*) such that the following weak spectral representation

K = / Zrdps(N) (16)
o(L)Ne (L)

holds. Moreover, due to (13) one can write down the following representation

Zy =P @ o,
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where Leyix = My, L 0x = Apx, (U, 0x) EHo_ xH__ and X € a(L) N &(L*),
where

Hiy CHL CHCH_CH__ (17)

is some appropriate nucleous rigging extension of the Hilbert space H.

PROOF. It is easy to see owing to (15) that the kernel (16) satisfies the equation
(14). Counsider now the Hilbert-Schmidt rigged chain (17) and construct a new Hilbert
space ‘Hk with the scalar product

(u,0)x = (K|, v ® u)nen (18)

for all u,v € Hy, where |[K| := VK*K € H_ ® H_ is a positive defined kernel. The

norm || - ||g in Hy is, evidently, weaker from the norm || - ||+ in H4 since for any
5 . . ]

u e Hy, ulli=(Klu® u)yey < K[-[lu®ulls = |[K[|-|[u]|3, thereby there

holds the embedding H C Hk. Introduce now a related with the Hilbert space Hk

rigged chain

Hiy C (H+) CHk CH- _x. (19)

and consider (see [12, 13]) the following expression

(u, B(A)v) 5 = /A dpy (N (1, POV, (20)

where A C C, u,v € Hi4, E:C—B(H;4) is a generalized unity spectral expansion
for our spectral operator L : H — H whose domain D(L) is reduced to H+4 C D(L),
P:C — By(Hy+; H- — k) is a Hilbert-Schmidt operator of generalized projecting and
po is some finite Borel measure on C. Assume now that our kernel Ke H_ @H_ allows
the following representation:

(K@) ez = (K, S80S 0),05 = (580, SEv) (21)

for all u,v € Hyy, where sﬁ? and Sg) € B(Hyy) are some appropriate bounded
operators in H4 . Then making use of (19) and (20) one finds that

Roowror= [ dp T PRS2

Since there exist [12, 13] two isometries Jx “H_ _x — Hyy and J : H_o_ — Hyy
related, respectively, with rigged chains (19) and (17), the scalar product on the right-
hand side of (22) can be transformed as

(SW M, POYSY o) = (Sg)’iluvJKP()\)SE)771U)++ (23)

for all u,v € Hyy, where JxkSkP(A) €B2(Hy4) as a product of the Hilbert-Schmidt
operator P(\) €Ba(Hiy; Ho — k), A € 0(L) N&(L*), and bounded operators Jk and
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Sk. Then owing to a simple corollary from the Schwartz Theorem 2.1 one gets easily
that there exists a kernel Qy € Hi4 ® Hyy for any A € o(L) N (L"), such that

(Sg)’flwJKP()\)SE)’A”)Jﬁ: (Q/\,v®u)H®H (24)

for all u,v € Hy. Defining now the kernel Z:= (J71®J71)Q)\ EH__Q@H__, A€
o(L) Na(L*), one finds finally from (22)-(24) that for all u,v € H44,

(Rwsu)ior = [ 4o (N (Za, ) (25)
o(L)N&(L*)

As the constructed kernel ZyeH__®@H_ _ satisfies, evidently, for every A € o(L)Na(L*)
the relationship (15), the theorem is proved.

The construction done above for a self-similar congruent kernel KeH ®©H_in
the form (16) related with a given operator L € L(H) appears to be very inspiring if
the condition self-similarity to replace by a simple similarity. This topic will be in part
discussed below.

3 Congruent Kernel Operators and Related Delsarte
Transmutation Mappings

3.1. Consider in a Hilbert space ‘H a pair of densely defined linear differential operators
L and L € L(H). The following definition will be useful.

Let a pair of kernels Ky € H_ @ H_, s = =+, satisfy the following congruence
relationships

(Lext ® 1)K = (1® L,y ) Ks (26)
for a given pair of the respectively extended linear operators L, Le L(H). Then the
kernels K, € H_ @ H_, s = =+, will be called congruent to this pair (L, i) of operators
in H.

Since not any pair of operators L, L € £(H) can be congruent, the natural problem
is how to describe the set of corresponding kernels K, e H_ ®H_, s = £, congruent to
a given pair (L, f/) of operators in H. The next question is that of existence of kernels
Ks € H.® H_, s = &+, congruent to this pair. The question has an evident answer
for the case when L = L and the congruence is then self-similar. The interesting case
when L # L appears to be nontrivial and can be treated more or less successfully if
there exist such suitably defined bounded and invertible operators Qg € L(H), s = =+,
that the transmutation conditions

L0, = QL (27)

hold.

DEFINITION 3.1. (Delsarte [1], Detsarte and Lions [2]) Let a pair of densely
defined differential closeable operators L, L € L(H) in a Hilbert space H is endowed
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with a pair of closed subspaces Ho, Ho C H_ subject to a rigged Hilbert spaces chain
(1). Then suitably defined and invertible operators Qs € L(H), s = =+, are called
Delsarte transmutations if the following conditions hold:

i) the operators (s and their inverse Q; !, s = +, are continuous;

i) the images Im Qgl3, = Ho,s = =;

iii) the relationships (27) are satisfied.

Suppose now that an operator pair (L, L) C £(H) is differential of the same order
n(L) € Z, that is, the following representations

n(L) gl ~ n(L) glel
L= lzoaa(x)%, L= Zl_:oaa(x)%, (28)

hold, where x € Q, Q C R™ is some open connected region in R™, the smooth coeffi-
cients aq, o € C*(Q; End CN) for all a € Z7, |a| = 0,n(L) and N € Z.. The differen-
tial expressions (28) are defined and closeable on the dense domains in the Hilbert space
H := Ly(Q; CN) domains D(L), D(L) C WS(L)(Q; CN) C H. This, in particular, means
that there exists the corresponding to (28) pair of adjoint operators L*, L* € L(H)
which are defined also on dense domains D(L*), D(L*) C W;(L)(Q; CN) C H.

Take now a pair of invertible bounded linear operators s € L(H), s = £, and
look at the following Delsarte transformed operators

Ly := QLO Y, (29)

s = %, which, by definition, must persist to be also differential. An additional natural
constraint involved on operators Qs € L(H), s = %, is the independence [9, 16] of dif-
ferential expressions for operators (29) on indices s = 4. The problem of constructing
such Delsarte transmutation operators Qs € L(H), s = £, appeared to be very compli-
cated and in the same time dramatic as one could observe from special results obtained
in [9, 21] for two-dimensional Dirac and three-dimensional Laplace type operators.

3.2. Before proceeding to setting up our approach to treating the problem men-
tioned above, let us consider some formal generalizations of the results described before

in Section 2. Take an elementary kernel Z, € H_ ® H_ satisfying the conditions gen-
eralizing (13):

(Lewt 1) Zy = M2y,  (I®LE,,) Zx = Ay (30)

ext

for A € o(L) N a(L*), being, evidently, well suitable for treating the equation (26).
Then one sees that an elementary kernel Zy € H_ @ H_ for any A € o(L) N o(L*)
solves the equation (26), that is

(Lept 1) Zy = (1® LZ,;) Za. (31)

Thereby one can expect that for kernels Ko € H_ ® H_, s = =+, there exist the similar
to (18) spectral representations

K, = / i Zadpy (M), (32)
o
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s = &, with finite spectral measures p, s, s = =£, localized upon the Borel subsets of the
common spectrum o(L)N&(L*). Based of the spectral representation like (17) applied
separately to operators L € L(H) and L* € L(H) one states similarly as before the
following theorem.

THEOREM 3.2. The equations (30) are compatible for any A € o(L) N&(L*) and,

moreover, for kernels Kg € H_ @ H_, s = +, satisfying the congruence condition (26)
there exists a kernel Zy € H_ _ ® H_ _ for a suitably Gelfand rigged Hilbert spaces
chain (20), such that the spectral representations (32) hold.

Now we will be interested in the inverse problem of constructing kernels K, €
H-®@H_, s ==, like (32) a priori satisfying the congruence conditions (26) subject
to the same pair (L, L) of differential operators in H and related via the Delsarte
transmutation condition (27). In some sense we shall state that only for such Delsarte
related operator pairs (L,L) in H one can construct a dual pair {K; € H_ ® H_
: s = £} of the corresponding congruent kernels satisfying the conditions like (26),
that is

(Lewt ®1) Ki =Ko (1® L,,). (33)

3.3. Suppose now that there exists another pair of Delsarte transmutation operators
Qg and QP € L(H), s = =+, satisfying condition ii) of Definition 3.2 subject to the
corresponding two pairs of differential operators (L, L) and (L*,L*) C L(H). This
means, in particular, that there exists an additional pair of closed subspace Hg‘) and
HS C 'H_ such that

Im Q?|HU® =HS (34)

s = =, for the Delsarte transmutation operator Q¥ € L(H), s = =+, satisfying the
obvious conditions

L* Q92 =Q%. 1" (35)
s = +, involving the adjoint operators L*, L* € L(H) defined before and given by the
following from (28) usual differential expressions:

n(L) n(L)

l _ ol
L= YRS ), L= Y ()RS @) 66)

|er|=0 x| =0

for all x € Q C R™.
Construct now the following [22, 23] Delsarte transmutation operators of Volterra

type
Q=1 +K4(9), (37)

corresponding to some two different kernels K+ and K_ € H_®@H_, of integral Volter-
rian operators K () and K_(Q) related with them in the following way:

(u, K (Q)0) := (u x(S{Y), Kev) (38)
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for all (u,v) € Hi x H4, where X(Sa(c”l)) are some characteristic functions of two m-
dimensional smooth hypersurfaces S;WQ and Sa(:ni) € K(Q) from a singular simplicial

complex K(Q) of the open set Q C R™, chosen such that the boundary 8(59(;1) US;@) =
0Q. In the case when @ := R™, it is assumed naturally that OR"”™ = @. Making use of
the Delsarte operators (37) and relationship like (27) one can construct the following
differential operator expressions:

Li—L=Ki(Q)L - LiKL(Q). (39)

Since the left-hand sides of (39) are, by definition, purely differential expressions, one
follows right away that the local kernel relationships like (32) hold:

(Eewt,i & 1) Ki = (1 & L:xt) K:t- (40)

The expressions (39) define, in general, two different differential expressions L, €
L(H) depending respectively both on the kernels Ki € H_ ® H_ and on the chosen
m)

hypersurfaces Sg(ci € K(Q). As will be stated later, the following important theorem
holds.

THEOREM 3.3. Let smooth hypersurfaces Sa(;nl) € K(Q) be chosen in such a

way that 8(59(;2 U Sg(cni)) = 0Q and 85&2 = o™V ¢ 0;1171), where o™ and

aéz'_l) are some homological subject to the homology group H,,—1(Q;C) simplicial

chains, parametrized, respectively, by a running point = € Q and fixed points x4+ € 0Q
and satisfying the following homotopy condition: lim,_,, ai’”‘l) = F0,,. Then the

operator equalities

Ly =0, L0 '=L=0. L~ :=L_ (41)
are satisfied if the following commutation property
Q' QL] =0 (42)
or, equivalently, kernel relationship
(Leat ® DO+ = (1@ Lz, )03 + Qo (43)

hold.

REMARK 3.4. Tt is noted here that special degenerate cases of Theorem 3.3 have
been proved in works [9, 21] for two-dimensional Dirac and three-dimensional Laplace
type differential operators. The constructions and tools devised there appeared to be
instructive and motivative for the approach developed here by us in the general case.

3.4. Consider now a pair (€, Q_) of Delsarte transmutation operators being in the
form (37) and respecting all of the conditions from Theorem 3.4. Then the following
lemma is true.

LEMMA 3.5. Let an invertible Fredholm operator Q := 1 + ® € B(H)NAut(H)
with ® € B (H) allow the factorized representation

Q=070 (44)
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by means of two Delsarte operators Q, and Q_ € L(H) in the form (37). Then
there exists the unique operator kernel ® € H_ ® H_ corresponding naturally to the
compact operator ®(Q) € By (H) and satisfying the following self-similar congruence
commutation condition:

(Lemt by 1) (i) = (1 ® L:m) <i>, (45)

related to the properties (42 and (43).
JFrom the equality (45) and Theorem 2.2 one gets the following corollary easily.

COROLLARY 3.6. There exists a finite Borel measure p, defined on the Borel
subsets of o(L) N&(L*) such that the following weak equality

b= / Zadps (M) (46)
o(L)Ne(L*)

holds.

Concerning the differential expression L € L£(H) and the corresponding Volterra
type Delsarte transmutation operators Q4 € L(H) the conditions (42) and (45) are
equivalent to the operator equation

[@(©2), L] = 0. (47)
Really, since equalities (41) hold, one gets easily that
L(1+®(Q) = LQ7'Q)=07"(Q4L07H0
= Q;l(Q_LQ_)Q_ = Q;lQ_L =(1+P(Q))L, (48)

meaning exactly (47).

Suppose also that, first, for another Fredholm operator Q® = 1+ ®®(Q) € L(H)
with ®®(Q) € Bo(H), there exist two Delsarte transmutation Volterra type operators
0% € L(H) in the form

0f =1+KE(Q) (49)

with Volterrian [22] integral operators K (£2) related naturally with some kernels K+ €
H_ ® H_, and, second, the factorization condition

14+0%(Q) =0 0% (50)

is satisfied, then the following theorem holds.

THEOREM 3.7. Let a pair of hypersurfaces Siﬁ) C K(Q) satisfy all of the con-

ditions from Theorem 3.2. Then the Delsarte transformed operators L% € L£(H) are
differential and equal, that is

Ly =090 09 = L* =020 = I, (51)
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iff the following commutation condition
[@®(Q), L] =0 (52)

holds.

PROOF. A proof of this theorem is stated by reasonings similar to those done before
when analyzing the congruence condition for a given pair (L, L) C L(H) of differential
operators and their adjoint ones in H.

By means of the Delsarte transmutation from the differential operators L and L* €
L(H) we have obtained above two differential operators

L=0.007 [*=090°097 ", (53)

which must be compatible and, thereby, related as

(L)" = (L*). (54)

The condition (54) due to (53) gives rise to the following additional commutation
expressions for kernels Qf and Q% € L(H):

[L*, 4 0%] =0, (55)
being equivalent, obviously, to such a commutation relationship:
[L,Q97Q.] =0. (56)

As a result of representations (56) one can formulate the following corollary.

COROLLARY 3.8. There exist finite Borel measures p,+ localized upon the
common spectrum o (L) N &(L*), such that the following weak kernel representations

00 = [ Bdpra(h 1)
o(L)NG(L*)

hold, where Qi’* and Q4 € H_ ®H_ are the corresponding kernels of integral Volter-
rian operators Q7 and Q4 € L(H).

3.5. The integral operators of Volterra type (37) constructed above by means of
kernels in the form (32) are, as well known [17, 11, 9, 15, 14], very important for
studying many problems of spectral analysis and related integrable nonlinear dynami-
cal systems [16, 15, 10, 21, 30, 29] on functional manifolds. In particular, they serve
as factorizing operators for a class of Fredholm operators entering the fundamental
Gelfand-Levitan-Marchenko operator equations [17, 15, 16] whose solutions are exactly
kernels of Delsarte transmutation operators of Volterra type, related with the corre-
sponding congruent kernels subject to given pairs of closeable differential operators in a
Hilbert space H. Thereby it is natural to try to learn more of their structure properties
subject to their representations both in the form (32), (37), and in the dual form within
the general Gokhberg-Krein theory [22, 16, 23] of Volterra type operators.
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To proceed further we need to introduce some additional notions and definitions
from [22, 14] which are important for what will follow below. Define a set P of
projectors P?2 = P : H — H which is called a projector chain if for any pair Py, Py €
P, Py # Py, one has either Py < Py or Py < Py, and P1Py = min(Py, P3). The ordering
P1 < Py above means, as usual, that PyH C PoH, PyH # PoH. If PyH C PoH, then
one writes P; < Py. The closure P of a chain P means, by definition, that set of all
operators being weak limits of sequences from P. The inclusion relationship P; C Ps of
any two sets of projector chains possesses obviously the transitivity property allowing
to consider the set of all projector chains as a partially ordered set. A chain P is called
maximal if it cannot be extended. It is evident that a maximal chain is closed and
contains zero 0 € P and unity 1 € P operators. A pair of projectors (P~,P*) C P
is called a break of the chain P if P_ < P, and for all P € P either P < P~ or
PT < P. A closed chain is called continuous if for any pair of projectors P;,Py C P
there exist a projector P € P, such that P; < P < P3. A maximal chain P will
be called complete if it is continuous. A strongly ascending with respect to inclusion
projector valued function P : Q > A — P is called a parametrization of a chain
P, if the chain P = Im(P : Q > A — P). Such a parametrization of the self-adjoint
chain P is called smooth, if for any u € H the positive value measure A — (u, P(A)u)
is absolutely continuous. It is well known [22, 23, 16] that every complete projector
chain allows a smooth parametrization. In what follows a projector chain P will be
self-adjoint, complete and endowed with a fixed smooth parametrization with respect
to an operator valued function F : P — B(H), the expressions like [, F(P)dP and
J» dPF(P) will be used for the corresponding [22] Riemann-Stiltjes integrals subject
to the corresponding projector chain. Take now a linear compact operator K €B..(H)
acting in a separable Hilbert space H endowed with a projector chain P. A chain P is
also called proper subject to an operator K € B (H) if PKP = KP for any projector
P € P, meaning obviously that subspace PH is invariant with respect to the operator
K = Boo(H) for any P € P. As before we denote by o(K) the spectrum of any well
defined operator K € L(H).

DEFINITION 3.9. An operator K € B, (H) is called Volterrian if o(K) = {0}.

As can be shown [22], a Volterrian operator K € B, (H) possesses the maximal
proper projector chain P such that for any break (P~,P~) the following relationship

(PT—P)K (PT—P7) =0 (58)

holds. Since integral operators (37) constructed before are of Volterra type and con-
gruent to a pair (L, E) of closeable differential operators in H, we will be interested
in their properties with respect to the definition given above and to the corresponding
proper maximal projector chains P(Q).

3.6. Suppose we are given a Fredholm operator Q € B(H)NAut(H) self-congruent
to a closeable differential operator L € L(H). As we are also given with an elementary
kernel (15) in the spectral form (16), our present task will be a description of elementary
kernels Zyx, A € o(L)N&(L*), by means of some smooth and complete parametrization
suitable for them. For treating this problem we will make use of very interesting recent
results obtained in [23] devoted to the factorization problem of Fredholm operators. As
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a partial case this work contains some aspects of our factorization problem for Delsarte
transmutation operators € (L£(H)) in the form (37).

Let us formulate now some preliminary results from [22, 23] suitable for the problem
under regard. As before, we will denote by B(H) the Banach algebra of all linear
and continuous operators in H, and also by Bu(H) the Banach algebra of all compact
operators from B(H) and by By (H) the linear subspace of all finite dimensional operator
from By (H). Put also, by definition,

B~ (H)={KeB(H):(1-P)KP =0, Pe P},

B*(H) = {K € B(H) : PK(1-P) =0, P € P}, (59)

and call an operator K € BT, (K € B™) up-triangle (respectively down-triangle)
with respect to the projector chain P. Denote also by B,(H), p € [1,00], the so called
Neumann-Shattin ideals and put

BL(H) == Boo(H) N B (H), B (H) = B(H) N B~ (H). (60)

Subject to Definition 3.4 Banach subspaces (60) are Volterrian, being closed in Boo (H)
and satisfying the condition

BL(H)NBL(H) = 2. (61)
Denote also by P (P~) the corresponding projectors of the linear space
Buoo(H) = BL(H) & B (W) € Buc(H)

upon B (H) (B (H)), and call them after [22] by transformators of a triangle

o0
shear. The transformators P and P~ are known [22] to be continuous operators in

ideals B,(H), p € [1,00]. From definitions above one gets that
PHE)+P (&) =@, PH(®)=1PT7(®) (62)

for any ® € B(H), where 7 : B,(H) — B,y(H) is the standard involution in B,(H)
acting as 7(®) := ¢*.

REMARK 3.10. It is clear and important that transformators P and P~ strongly
depend on a fixed projector chain P.

Put now, by definition,
Vi={1+Ks: Ky € BE(H)} (63)
and
Vp={Q7' Q- Q1 e VFL (64)

It is easy to check that Vf+ and VJT are subgroups of invertible operators from L£(H)
and, moreover, Vf+ ny, = {1}. Consider also the following two operator sets:

W= {® € Boo(H) : Ker(1+POP) = {0}, Pe P},

Wi ={® € Boo(H): Q:=1+0¢c Vy}, (65)
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which are characterized by the following (see [22, 23]) theorem.

THEOREM 3.11. (Gokhberg and Krein [22]) The following conditions hold:

i) We CW;

ii) B,(H) N W C Wy where B,,(H) C B(H) is the so called Macaev ideal;

iii) for any ® € Wy it is necessary and sufficient that at least one of the integrals

Ki(Q) = —/de<I>P(1 +POP) ! or 1+K_(Q) ' —1= —/7)(1 + P®P) " 'PodP
(66)

is convergent in the uniform operator topology, and, moreover, if one integral of (49)
is convergent then the another one is convergent too;
iv) the factorization representation

Q=1+0=1+K () '1+K_(Q) (67)
for ® € Wy is satisfied.

The theorem above is still abstract since it does not take into account the crucial
relationship (47) relating the operators representation (67) with a given differential
operator L € L(H). Thus, it is necessary to satisfy the condition (47). If this condition
is, due to (26) and (41) satisfied, the following crucial equalities

(1I+Ki(Q)LA+K () ' =L=0+K_(Q)LA+K_(Q)! (68)

in H and the corresponding congruence relationships

~

(Lewy ® VK1 = (1® LZ,,)Ky (69)

in Hy ® M, hold. Here by Ky € H_ ® H_ we mean the corresponding kernels
of Volterra operators K4 (Q) € BE (H). Since the factorization (67) is unique, the
corresponding kernels must a priori satisfy the conditions (68) and (69). Thereby the
self-similar congruence condition must be solved with respect to a kernel deH_OH_
corresponding to the integral operator ® € B, (H), and next, must be found the
corresponding unique factorization (67), satisfying a priori condition (68) and (69).

3.7 To realize this scheme, define preliminarily a unique positive Borel finite measure
on the Borel subsets A C Q of the open set Q C R™, satisfying for any projector
P, € P, of a chain P,, marked by a running point = € Q, the following condition

(wPo (@)= [ (ualy)e)dpr. ) (70)
ACQ

for all u,v € H4, where X, : Q — Ba(H4,H-) is for any € Q a measurable with

respect to some Borel measure pup, on Borel subsets of QQ operator-valued mapping of

Hilbert-Schmidt type. The representation (70) follows due to the reasoning similar to

that in [12], based on the standard Radon-Nikodym theorem [12, 37]. This means in

particular, that in the weak sense

P,(A) = /A X, (0)dpp, (1) (71)
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for any Borel set A € Q and a running point x € Q Making use now of the weak
representation (71) the integral expression like Iy 4 ( fp P,)dP.g(P,), z € Q,
for any continuous mappings f, g : P — B(H) can be 0bv10usly, represented as

e / f(P Ja(PW))dup, (1), (72)

Thereby for the Volterrian operators (66) one can get the following expressions:

Ky () = — o1+ Po(y) 8P () Puy)Pdir, , (1), -
(1 +K4+:(2) ' =1~ [qdup, , ) ®P.(y)(1 + P, (y)PP.(y)) "

for some Borel measure up, . on Q and a given operator ® € By, (H). The first expres-

x,+
sion of (73) can be written down for the corresponding kernels K ,(y) € H_ ® H_ as

follows
Kyaly) = - / oot (Na(@) ® @2 (1), (74)
(L)Na(L*)

where, due to the representation (46) and Theorem 2.2. we put for any running points
z,y and 2’ € Q the following convolution of two kernels:

((1+ P (@) P (2)) ) * (da(a”) @ pa(y)) = a(2) @ a(y). (75)

for A € o(L) N &(L*) and some 95 € H_ . Taking now into account the representation
(32) at s = “+7, from (74) one gets easily that the elementary congruent kernel

~

Zy = Ur @ o (76)

satisfies the important conditions ( ext @ 1)
A € o(L)Na(L*). Now for the operator K (2
representation

1)Zx = My and (1 ® L*)Zy = M\Zy for any
) € BL (H) one finds the following integral

/S<m> / dpa+(/\)%( )& Y)(), (77)

satisfying, evidently the congruence condition (26), where we put, by definition,
dHPx,Jr (y) = ngrmz) dyv (78)

with x St being the characteristic function of the support of the measure dup,, that

is supp pp,, =S +m1 € K(Q). Completely similar reasonings can be applied for
describing the structure of the second factorizing operator K_(2) € B (H) :

_/m) dy/ _ dpe (VA @)R (W) (), (79)
S, o(L)Na(L*)
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m)

where, by definition, S(_yx C Q, r € Q, is, as before, the support suppup, _ = S(_mx) €
K(Q) of the corresponding to the operator (79) finite Borel measure pp, _ defined on
the Borel subsets of QC R™.

It is natural to put now = € BS(;ZC) 085(:2 , being an intrinsic point of the boundary
8522\8@ = —8S(_7T2\8Q =™V € K(Q), where K(Q) is, as before, some singular
simplicial complex generated by the open set Q C R™. Thus, for our Fredholm operator
:=14® € V; the corresponding factorization is written down as

Q=1+K4(Q) ' (1+K_(Q):=07'Q_, (80)

where integral operators K4 (Q) € BZL(H) are given by expression (77) and (79)
parametrized by a running intrinsic point = € Q.

4 The Differential-Geometric Structure of a Lagrangian
Identity and Related Delsarte Transmutation Op-
erators

4.1. In Section 3 above we have studied in detail the spectral structure of Delsarte
transmutation Volterrian operators Q1 € L(H) factorizing some Fredholm operator
Q= erlQ, and stated their relationships with the approach suggested in [22, 23].
In particular, we demonstrated the existence of some Borel measures up, . localized

m)

upon hypersurfaces S(i@ € K(Q) and related naturally with the corresponding integral

operators K4 (€2), whose kernels K4 () € H_ @ H_ are congruent to a pair of given
differential operators (L,L) C L(H), satisfying the relationships (37). In what will
follow below we shall study some differential-geometric properties of the Lagrange
identity naturally associated with two Delsarte related differential operators L and L
in H and describe by means of some specially constructed integral operator kernels the
corresponding Delsarte transmutation operators exactly in the same spectral form as
it was studied in Section 3 above.

Let a multi-dimensional linear differential operator L : H — H of order n(L) € Z
be of the form

L) glal
L(z[0) = ) o (1) 53—, (81)

|ar]=0

and defined on a dense domain D(L) C H, where, as usual, a € Z7 is a multi-
index, z € R™, and for brevity one assumes that coefficients a, € S(R™; EndC"),
a € 7. Consider the following easily derivable generalized Lagrangian identity for the
differential expression (81):

m

. 0
<L'@, 0> — <, Lp >= ;—1)”18—%&[%% (82)
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where (p, %) € H* x H, mappings Z; : H* x H — C, ¢ = 1,m, are semilinear due to
the construction and L* : H* — H* is the corresponding formally conjugated to (81)
differential expression, that is

n(L) | ‘8‘04
* L al =
L*(z]0) := zl:o(—l) e al (z).
By multiplying the identity (82) by the usual oriented Lebesgue measure dx = A j=Tmdz;,
we get
<L, > da— < o, Ly > da = dZ™ V[, 9] (83)

for all (p,1) € H* x H, where

Z(m=1) [o, ] = Z dxy Ndzg A o Ndxzi—q A Zi[p,)dzigq Ao N dX, (84)

=1

is a (m — 1)-differential form on R™.

4.2. Consider now all such pairs (o(A), ¥ (1)) € Hy x Ho C H- X H_, \,u € &,
where as before

Hy CHCH- (85)

is the usual Gelfand triple of Hilbert spaces [12, 13] related with our Hilbert-Schmidt
rigged Hilbert space ‘H, ¥ € CP, p € Z, is some fixed measurable space of parameters
endowed with a finite Borel measure p, that the differential form (84) is exact, that
is there exists a set of (m — 2)-differential forms Q=2 [p()\), ¥ ()] € A" 2(R™;C),
A, € X on R™ satisfying the condition

200, ()] = A p(A), v(p)]. (86)

A way to realize this condition is to take some closed subspaces Hj and Ho C H_
as solutions to the corresponding linear differential equations under some boundary
conditions:

Ho @ ={w\) € Ho :Lp(\) =0, ¥(N)|wer =0, A € B},
My 0 o= {p(\) € HE L*o(\) =0, o(\)|wer =0, A € 1.

The triple (85) allows us to determine properly a set of generalized eigenfunctions for
extended operators L ,L* : H_ — H_,if T' C R™ is taken as some (n— 1)-dimensional
piecewise smooth hypersurface embedded into the configuration space R". There can
exist, evidently, situations [17, 11, 9] when boundary conditions are not necessary.
Let now Sy (Uém_m, U:(ET_m) € Cp—1(M; C) denote some two non-intersecting (m—
1)-dimensional piecewise smooth hypersurfaces from the singular simplicial chain group
Cm_1(M;C) C K(M) of some topological compactification M := R™, such that their

(m—2) (m-2) O_(m—Z)
zo

boundaries are the same, that is 9S+(oz , U;T_2)> = 0 and,
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additionally, 9(S. ("2, ol U S_(0{™? 6\ ?Y)) = &, where o™ and
0‘7(0?_2) € Cp—2(R™; C) are some (m — 2)-dimensional homological cycles from a suit-
able chain complex K(M) parametrized yet formally by means of two points x,zg € M
and related in some way with the above chosen hypersurface I' C M. Then from (86)

based on the general Stokes theorem [31, 32, 35, 33], one respectively gets easily that

/ 20, ()] = / QD) ()
Sy (o™= olm=) 881 (o™ o lm=2))

x

= /m_g) Q=2 o(N), ()] —/(M) Q=2 [o(N), ()]

=Q, (/\7 H) - on ()‘7 H),

Lo o 2 o000 = | Q2T (), $(10)
St (o Oxg )

951 (ol =2

P

= [ 2T w0~ [ T, v

= Q?O" :u) - Qz®g (/\’ M)

for the set of functions (p(N), ¥(u)) € HExHo, A, v € X, with operator kernels Q, (A, u),
Q2(\, p) and Qo (A p), Q2(N\, u), \,u € ¥, acting naturally in the Hilbert space
Lép )(Z; C). These kernels are assumed further to be nondegenerate in Lép (3 C) and
satisfying the homotopy conditions

lim O (A, p) = Qg (A, 1), lim Q?()‘vﬂ) = Q?{) (A, ).

T—x0 z2—xo

4.3. Define now actions of the following two linear Delsarte permutations operators
Qi : H — H and QF : H* — H* still upon a fixed set of functions (¢(\),¥(u)) €
HSXHU,)\,/LGZZ

DN = Qe (W(N) =[5 dp(n) [ dp(u)w(m)S0 " (1, 1), (11, N), (87)
P(N) = Q2(p(N) =[x dp(n) [5 dp(i)p(mQE " (11, mQS, (A, 1)

Making use of the expressions (87), based on arbitrariness of the chosen set of functions
(M), ¥(n) € Hy x Ho, A, p € 3, we can easily retrieve the corresponding operator
expressions for operators Q4 and QY : H_— H_, forcing the kernels Q,,(\, 1) and
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Q2 (A, 1), A\, p € X, to variate:
) = / ap(i) / dp() () (0, 1) (1 )
— / dp(n) / dp(p) () (n, 1] %
> >
« /S P Z0m V() (V)
= () / dp(i) / dp(p) / ap(v) / dp(E)b (9 (n, v) %
X (1, )1, 1) / 207D (1), (V)]

S (o™ 0ly ™)

= () - / dp() / dp(u) P () (7, ) / 200D (1), (V)]

St (ot ol ™)

= (1- /E dp(n) /E dp(p) () (1, 1) x

(m—1) _
: /Mo—y”’,a;’;‘”) Z (), (1) (A
= Qx - YP(N);

e

) = /E dp(1) /E dp() ()9S (1 )OS (A, 1)
_ =1 7(m—1),T
J vt [antanaz = [ 200
= ) - / dp(1) / dp(v) / dp(€) / dp()p ()91 (E,m) X

<O (1,05 (1,0) / ZmDT (0, ()]

St (o™ oly ™)

= = [Ldotn) [ an(pmas; )

~(m—1),71/
. /Si(o—;mz)’géronz)) Z T[( )a q/J(M)]) 90()\)

where, by definition,

Qi =1— [ dp(n) [ dp(p) () (0, 1) [ 52 (02 gm0y Z (m=Dlo(w), ()],
QL :=1— [sdp(n) [ dp(m)@MQE; (1) [, (pim-2 yim-2y 2 DT[(), ()]
(88)

are of Volterra type multidimensional integral operators. It is to be noted here that
now elements (p(N), ¥(n)) € HE x Ho and (@(A), ¥ (u)) € HE x Ho, A, u € X, inside
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the operator expressions (88) are not arbitrary but now fixed. Therefore, the operators
(88) realize an extension of their actions (87) on a fixed pair of functions (o(A\), ¥ () €
H§ x Ho, A, p € X, upon the whole functional space H* x H.

4.4. Due to the symmetry of expressions (87) and (88) with respect to two sets of
functions (@(\), (1)) € H x Ho and (P(N), 9 (1)) € HE x Ho, A\, i € B, it is very easy
to state the following lemma.

LEMMA 4.1. Operators (88) are bounded and invertible of Volterra type expres-
sions in H* X ‘H whose inverse are given as follows:

Q' =1 fudp(n) fx dp(y Q) 001) [, (im-2 g2y 20V 1E(0), ()]
O i=1- [dp(n) [y dp(u)@(n)ﬂf?o (1 1) Js, o) =2y 270D, 90
(89)

where two sets of functions (p(\),1(n)) € HE x Ho and (G(N), 9 (n)) € HE x Ho,
A, i € X, are taken arbitrary but fixed.

For the expressions (89) to be compatible with mappings (87) the following actions
must hold:

where for any two sets of functions (p(N), ¥(u)) € HE X Ho and (p(N), zZNJ(,u)) € HE x Ho,
A, i € X, the next relationship is satisfied:

(SLGN), () > = < (N), Lo (w) >)da = d(ZV]p(N), & (w))),

20D p(N), ()] = A2 [B(N), D) (o)

when
L:=0.L07Y L :=02L09 (92)

Moreover, the expressions above for L : H — H and L* : H* — H* do not depend on
the choice of the indexes below of operators 2, or 2_ and are in the result differential.
Since the last condition determines properly Delsarte transmutation operators (89), we
need to state the following theorem.

THEOREM 4.2. The pair (I:, I:*) of operator expressions L := Q.LLOL" and

L* .= Q®L*Q®’_1 acting in the space H x H* is purely differential for any suitably
chosen hyper-surfaces Si(oy (m=2) aé? 2)) € Cpp—1(M;C) from the homology group

C—1(M;C).

PROOF. For proving the theorem it is necessary to show that the formal pseudo-
differential expressions corresponding to operators L and L* contain no integral ele-
ments. Making use of an idea devised in [27, 21], one can formulate such a lemma.
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LEMMA 4.3. A pseudo-differential operator L : H — H is purely differential iff the
following equality

lex] o]
(h (LE2)eh) = (hLa o) (98)

holds for any |a| € Z4 and all (h, f) € H* x H, that is the condition (93) is equivalent
to the equality L = L, where, as usual, the sign “(...)” means the purely differential
part of the corresponding expression inside the bracket.

Based now on this Lemma and exact expressions of operators (88), similar to the
calculations done in [27], one shows right away that operators L and L*, depending

respectively only both on the homological cycles a(m 2),09(52" 2 ¢ Cp—2(M;C) from
a simplicial chain complex (M), marked by points z,79 € R™, and on two sets of
functions (@(\),¥(p)) € Hi x Ho and (G(N), () € Hi x Ho, A\, pp € X, are purely
differential thereby finishing the proof.

The differential-geometric construction suggested above can be nontrivially general-
ized for the case of m € Z, commuting to each other differential operators in a Hilbert
space ‘H giving rise to a new look at theory of Delsarte transmutation operators based
on differential-geometric and topological de Rham-Hodge techniques. These aspects
will be discussed in detail in the next two Sections.

5 The General Differential-Geometric and Topolog-
ical Structure of Delsarte Transmutation Opera-
tors: the Generalized De Rham-Hodge Theory

5.1. Below we shall explain the corresponding differential-geometric and topological
nature of these spectral related results obtained above and generalize them to a set
L of commuting differential operators Delsarte related with another commuting set L
of differential operators in H. These results are deeply based on the generalized De
Rham-Hodge theory [33, 34, 32, 3, 35] of special differential complexes giving rise to
effective analytical expressions for the corresponding Delsarte transmutation Volterra
type operators in a given Hilbert space H. As a by-product one obtains the integral
operator structure of Delsarte transmutation operators for polynomial pencils of differ-
ential operators in ‘H having many applications both in spectral theory of such multi-
dimensional operator pencils [25, 26, 28, 38] and in soliton theory [21, 16, 10, 30, 15]
of multidimensional integrable dynamical systems on functional manifolds, being very
important for diverse applications in modern mathematical physics.

Let M := R™ denote as before a suitably compactified metric space of dimen-
sion m = dimM € Z; (without boundary) and define some finite set £ of smooth
commuting to each other linear differential operators

n(Ly)

L;(z|0) == Z aP) (2)01! j oz~ (94)

|a|=0
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with respect to x € M, having smooth enough coefficients o) € S(M; EndCN),

la| = 0,n(L;), n(L;) € Zy, j = 1,m, and acting in the Hilbert space H := Lo(M;CV).

It is assumed also that domains D(L;) := D(L) C ‘H, j = 1,m, are dense in H.
Consider now a generalized external anti-differentiation operator

dre : A(M;H) =A(M;H)

acting in the Grassmann algebra A(M;H) as follows: for any %) € A*(M;H), k =
07 m’

de ) = Zdl’j AL;j(x]0)8") € AFF (M H). (95)

=1

It is easy to see that the operation (95) in the case L;(z|d) := 9/dx;, j = 1,m,
coincides exactly with the standard external differentiation d = Z;n:1 dz; A 0/0x; on
the Grassmann algebra A(M;H). Making use of the operation (95) on A(M;H), one
can construct the following generalized de Rham co-chain complex

H— A°(M;H) 25 AL (M H) 95 .95 A (A H) %5 o, (96)
The following important property concerning the complex (96) holds.
LEMMA 5.1. The co-chain complex (96) is exact.
It follows easily from the equality dsds = 0 holding due to the commutation of
operators (94).

5.2. Below we will follow the ideas developed before in [3, 34]. A differential form
B € A(M;H) will be called dz-closed if dz 3 = 0, and a form v € A(M;H) will be called
d-homological to zero if there exists on M such a form w € A(M;H) that v = d w.
Consider now the standard algebraic Hodge star-operation

*: AR(M;H) =A™ R (M H), (97)

k =0,m, as follows [8, 33, 34, 35]: if 3 € A*(M;H), then the form x3 € A™*(M;H)
is such that:

i) (m — k)-dimensional volume | x (| of the form %3 equals k-dimensional volume
|8| of the form 3;

ii) the m-dimensional measure 3T A x3 > 0 under the fixed orientation on M.

Define also on the space A(M;H) the following natural scalar product: for any
B,7 € A¥(M;H), k=0,m,

(8,7) := /M BT A (98)

Subject to the scalar product (98) we can naturally construct the corresponding Hilbert
space
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well suitable for our further consideration. Notice also here that the Hodge star -
operation satisfies the following easily verifiable property: for any 3,7 € HX (M),
k=0,m,

(B,7) = (xB,xv), (99)

that is, the Hodge operation * : Ha(M)— Ha (M) is isometry and its standard adjoint
with respect to the scalar product (98) operation satisfies the condition (x) = (%)~
Denote by d/. the formally adjoint expression to the external weak differential oper-
ation dz : Ha(M)— Ha(M) in the Hilbert space Ha (M ). Making use of the operations
'~ and dz in Ha (M) one can naturally define [8, 34, 35] the generalized Laplace-Hodge
operator Az : Ha(M) — Ha(M) as

Ap = dlgdﬁ + dgd/[:. (100)
Take a form 3 € Hp (M) satisfying the equality
A5 =0. (101)

Such a form is called harmonic. One can also verify that a harmonic form 8 € Hx (M)
satisfies simultaneously the following two adjoint conditions:

dpf=0, def=0, (102)

easily stemming from (100) and (102).
It is not hard to check that the following differential operation in Ha (M)

A o= wdlp (%) ! (103)

defines also a usual [31, 32, 33] external anti-differential operation in Hu(M). The
corresponding dual to (96) co-chain complex

H— A H) S A s H) %5 B Ao ) % o (104)

is evidently exact too, as the property drd; = 0 holds due to the definition (103).
5.3. Denote further by H’f\( L)(M ), k = 0,m, the cohomology groups of d -closed
and by Hf\( L*)(M ), k = 0,m, the cohomology groups of d}-closed differential forms,
respectively, and by Hﬁ( I L)(M ), k = 0, m, the abelian groups of harmonic differential
forms from the Hilbert sub-spaces H% (M), k = 0, m. Before formulating next results,

define the standard Hilbert-Schmidt rigged chain [12] of positive and negative Hilbert
spaces of differential forms

Hi 4+ (M) € HE(M) C HE (M), (105)
the corresponding rigged chains of Hilbert sub-spaces for harmonic forms

Hf\(c*c)7+(M) - Hi(c*c) (M) C Hi(ﬁ*ﬁ),—(M) (106)
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and cohomology groups:

ng)#(M) C HE ) (M) € HE gy _ (M),

107
Mooy (M) € S ey (M) € HE oy (M) (o)

for any k = 0, m. Assume also that the Laplace-Hodge operator (100) is elliptic in
HQ (M). Now by reasonings similar to those in [8, 32, 33, 35] one can formulate the
following generalized de Rham-Hodge theorem.

THEOREM 5.2. The groups of harmonic forms H’X(L*L) _(M), k = 0,m, are,

respectively, isomorphic to the cohomology groups (H*(M;C))*!, k = 0,m, where

H¥(M;C) is the k-th cohomology group of the manifold M with complex coefficients,
Y CCPp€Zy, X :=card %, is a set of suitable “spectral” parameters marking the
linear space of independent d}.-closed O-forms from H%( ), (M) and, moreover, the
following direct sum decompositions

)

= M (eor),— (M) & deHYH (M) @ dHE (M)

H]X(L*L),—(M)@AH]X,—(M) = Hi_(M)

hold for any k£ = 0, m.

Another variant of the statement similar to that above was formulated in [3, 4, 5, 6]
and reads as the following generalized De Rham-Hodge theorem.

THEOREM 5.3. (Skrypnik [3]) The generalized cohomology groups H}f\( 0) (M),

k = 0,m, are isomorphic, respectively, to the cohomology groups (H*(M;C)®l k=
0, m.

A proof of this theorem is based on some special sequence [3] of differential Lagrange
type identities.

Define the following closed subspace

Hy o= {p O (\) € HY ooy (M) : dpg®@(N) =0, 9O (N)|r =0, A€ X} (108)

for some smooth (m — 1)-dimensional hypersurface I' C M and ¥ C (o(£) N7 (L*)) X
Yo C CP, where H%(L*)ﬁ(M) is, as above, a suitable Hilbert-Schmidt rigged [12, 13]
zero-order cohomology group space from the co-chain given by (107), o(£) and o(L*)
are, respectively, mutual spectra of the sets of commuting operators £ and £* in H.
Thereby the dimension dim Hg = card ¥ is assumed to be known. The next lemma
stated by Skrypnik being fundamental for the proof holds.

LEMMA 5.4. (Skrypnik [3, 4, 5, 6]) There exists a set of differential (k + 1)-forms
ZFEED[OV(N), dpyp®)] € A1 (M; C), k = 0, m, and a set of k-forms ZF) [p(O) (), ()]
€ A*(M;C), k =0, m, parametrized by a set ¥ 3 X and semilinear in (@ (\),*)) €
Hg x HE _(M), such that

ZED O (N, dpyp®] = dZE [ O (N), p®)] (109)

forall k=0,m and A\ € X.
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PROOF. A proof is based on the following generalized Lagrange type identity hold-
ing for any pair (0@ (\),®*)) € H x HK_(M) :

0 = <dip®(\), WM AF) >
b =<xdp ()T OO ), x (P A7) >
= <d ()W), W AF >=< ()T O N),deyp® AT >
+ZFFD O N, dep®] A5
< (07O, dev™ Ay > +dZP [0 (), pP] A7, (110)

where

Z* O (N, deyp®] € AM(M;C), k=0,m,

and

Z® [N, "] e AFH(M;C), k=0,m,

are some semilinear differential forms parametrized by a parameter A € X, and 5 €
A™=F=1(M;C) is arbitrary constant (m — k — 1)-form. Thereby, the semilinear dif-
ferential (k + 1)-forms Z*+D [0 (X)), dypF)] € AR+ (M;C), k = 0,m, and k-forms
Z® [ (X),p®] € A¥(M;C), k = 0,m, A € ¥, constructed above exactly constitute
those searched for in the Lemma.

Based now on this ?? one can construct the cohomology group isomorphism claimed
in Theorem 3.2 formulated above. Namely, following [3, 4, 6, 5, 7], let us take some
singular simplicial [32, 33, 35, 19] complex K(M) of the manifold M and introduce
linear mappings Bg\k) : Hll‘{,_(M) — Cr(M;C)), k = 0,m, A € ¥, where Cj(M;C),
k = 0,m, are as before free abelian groups over the field C generated, respectively,
by all k-chains of simplexes S®*) € Cy(M;C), k = 0,m, from the singular simplicial
complex K(M), as follows:

BUIw®) = 3 s [ 20006 (111)

Sk ey, (M;C))

with ¢ (*) e H;‘;’_ (M), k = 0, m. The following theorem based on mappings (111) holds.

THEOREM 5.5. (Skrypnik [3] ) The set of operations (111) parametrized by A € ¥
realizes the cohomology groups isomorphism formulated in Theorem 5.3.

PROOF. A proof of this theorem one can get passing over in (111) to the corre-
sponding cohomology fo( L)ﬁ(M ) and homology Hy(M;C) groups of M for every
k =0, m. If we take an element ) := (*) (1) € Hi (o), (M), k =0, m, solving the
equation dgw(k)(u) = 0 with p € ¥j being some set of the related “spectral” parame-
ters marking elements of the subspace H’X( £),— (M), then we find easily from (111) and

the identity (110) that

dZ® @), v ® ()] =0 (112)
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for all pairs (A, u) € ¥ x X, k = 0,m. This, in particular, means due to the Poincare
lemma [31, 32, 35, 33] that there exist differential (k—1)-forms Q=D [0 (X), 9 *) (1)] €
A*=Y(M;C), k = 0,m, such that

ZW O (), 0" ()] = dQ* DO (), ") ()] (113)

for all pairs (0 (\), ") (1)) € H x Hﬁ(£)7_(M) parametrized by (A, p) € ¥ x Xy,
k = 0,m. As a result of passing on the right-hand side of (111) to the homology groups
Hy(M;C), k =0, m, one gets due to the standard Stokes theorem [31, 35, 33, 32] that
the mappings

B K o) (M) = Hy(M;C) (114)

are isomorphisms for every A € 3 and \ € ¥. Making further use of the Poincare duality
[32, 33, 35, 19] between the homology groups Hy(M;C), k = 0,m, and the cohomology
groups H¥(M;C), k = 0, m, respectively, one obtains finally the statement claimed in
Theorem 5.3, that is Hf\(ﬂ)7_(M) ~ (H*(M;C))>.

5.4. Assume that M := T" xR®, dimM = s+r € Z,,and H := Ly(T"; Ly(R*; CN)),
where T" :=[]’_, T;, T; :=[0,T;) C R4, j = 1,7, and put

J=1
dr = Zdtj AL;(t;2|0), Lj(t; |0) :== 0/0t; — L;(t; x|0), (115)
Jj=1
with
n(Ly)
Liltald) = Y af (k)0 /0s, (116)
|| =0

j = 1,7, being differential operations parametrically dependent on ¢t € T" and defined
on dense subspaces D(L;) = D(L) C Ly(R%CY), j = T,7. It is assumed also that
operators L; : H — H, j= 1,7, are commuting to each other.

Take now such a fixed pair (¢ (), y© (u)dz) € Hy x H3 (), (M), parametrized
by elements (A, i) € ¥ x X, for which due to both Theorem 5.5 and the Stokes theorem
[31, 32, 35, 33, 19] the following equality

Bgs)(q/}(o)(u)dx) = 5((;21;)/ . Q<S—1)[som)(A),w(O)(u)dw} (117)
TJasg
holds, where 5’ (S ) € Cs(M;C) is some fixed element parametrized by an arbitrarily

chosen point (t, 3:) eMn S(t;w)' Consider the next integral expressions

Q) (A, ) f65< 2 DO (N), v O (u)da],
Qtg0) (A 1) fasw DO (N), (O (p)dz],

(to Io)

(118)
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with a point (tp;x9) € M N S((tso);mo) being taken fixed, A, 4 € 3, and interpret them as
the corresponding kernels [12] of the integral invertible operators of Hilbert-Schmidt
type Q) Ltoszo) Lép)(E;(C) — Lgp)(E;(C), where p is some finite Borel measure

on the parameter set Y. It assumes also above that the boundaries 85((;)1,) = agts;)l )
and 858 o) = agfn_;;z) are taken homological to each other as (t;x) — (to;z0) € M.

Define now the expressions

Qx 1O (n) = PO (n) (119)
for ) (n)dx € Hi(e),— (M), n € X, and some PO (n)dx € HA,_ (M), where, by
definition, for any n € X

9O ) = 000 9L Uy = [ ) [ €0 1) (10,60 €1
(120)

being motivated by the expression (117). Suppose now that the elements (120) are ones

being related to some another Delsarte transformed cohomology group H} () (M)

that is the following condition
4z (n)dz = 0 (121)

for (0 (n)dz € Hf\(ﬁ) (M), n € ¥, and some new external anti-differentiation opera-
tion in Hp,— (M)

ds == dea AL;(t; 2|9), L;(t;2|0) == 8/dt; — L;(t;2]0) (122)

holds, where expressions

n(L;)
Li(t;x|0) = Y ai) (t;2)01 f9ze, (123)
|ar]=0

=T, 7, are differential operations in Ly(R*; C") parametrically dependent on ¢ € T".
5.5. Put

L; = Q41,07 (124)

for each j = 1,7, where Q4 : H —H are the corresponding Delsarte transmutation

operators related with some elements Sy (o (; t)l ), JE;O_?)) € C4(M;C) related naturally

with homological to each other boundaries 85((5?t = O'ES tl) and 85( p= agsfi)).
w, x; Zo;to) Zosito

Since all of operators L; : H —H, j = 1,7, were taken commuting, the same property
also holds for the transformed operators (124), that is [L;,Ls] = 0, k,j = 0,m. The
latter is, evidently, equivalent due to (124) to the following general expression:

dﬁ = Qidggil. (125)
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For the condition (125) and (121) to be satisfied, let us consider the corresponding to
(117) expressions

BY @O (n)dz) = S{;), Qriay (A, ), (126)

related with the corresponding external differentiation (125), where S((f,)x) € Cs(M;C)
and (A, 7) € & x 3. Assume further that there are also defined mappings

Q% : o) =500 (127)

with QF : H*— H* being some operators associated (but not necessary adjoint!) with
the corresponding Delsarte transmutation operators 1 : H — H and satisfying the
standard relationships L} := QiL;Q(i’fl, j = 1,r. The proper Delsarte type operators
Oy - H%( £ (M) — H%( £ (M) are related with two different realizations of the

action (120) under the necessary conditions
A (n)de =0, dzp () =0, (128)

needed to be satisfied and meaning that the embeddings (9 ()\) € H?\(L " (M), A e X,
and (%) (n)dzx € Hf\(c‘) (M), n € 3, are satisfied. Now we need to formulate a lemma
being important for the conditions (128) to hold.

LEMMA 5.6. The following invariance property
7(s) — Q(fo -20) Q(t 2) Q(t ) Q(to o) (129)

holds for any (¢;x) and (to;xo) € M.

As a result of (129) and the symmetry invariance between cohomology spaces
HR( ) _ (M) and ‘H® (M) one obtains the following pairs of related mappings:

A(L),~
TO)H-1 & ®,
Yo =g Q(tlm Utgimys " = Q%“" Mgy (130)
77/1(0) = 1/J Q(t x)Q(to;wo)’ 90(0) 90(0 Q(t z) Q(to;xo)’
where the integral operator kernels from L (E C)® Ly (0 )(E C) are defined as
Q (; z)(A M f (S) Q(s 2) [QO(O)( )a 1;(0) (/,L)dl’],
~2),1 (131)

Q(“) (A, 1) f @ (2O (A), $© () da]

for all (A, u) € ¥ x X, giving rise to finding proper Delsarte transmutation operators
ensuring the pure differential nature of the transformed expressions (124).
Note here also that due to (129) and (130) the following operator property

Q(tO:ZO)Q(_t J)Q(tO;ZO) + Q(tO;IO)Q(_t ac)Q(tO;IO) =0 (132)

holds for any (¢o.zo) and (¢;x) € M meaning that Q(to;wo) = —Qtg,20)-
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5.6. One can now define similar to (108) the additional closed and dense in H} _ (M)
three subspaces

Ho = {9 (k) € HY (), (M) : d () =0, O (w)|r =0, pe X},
Ho = {0 () € HY 7 (M) :dgd® () =0, dO()lp =0, peS},  (133)
Hy = {¢O () € MY f) (M) 1 d5)O(n) =0, ¢O(n)]z =0, ne s},

where I' and T' C M are some smooth (s —1)-dimensional hypersurfaces, and construct
the actions

O w( _ 1#(0) _ qp(o)Q Q(m Qi . (p(o) - @(0) = <p 0)®:— 1Q®

(t;z) " "(tosxo) (134)
on arbitrary but fixed pairs of elements (¢(*)(X), (1)) € Hg x Ho, parametrized by
the set ¥, where by definition, one needs that all obtained pairs (G ()), 4 (u)dz),
A, i € X, belong to H?\(i*) (M) x Hf\(c) (M). Note also that related operator prop-
erty (132) can be compactly written down as follows:

by = Utos0) Vo) Utosze) = —Ltoren) U

(t;w) Qto;0)- (135)

(t;z)

Construct now from the expressions (134) the following operator kernels from the
Hilbert space Lgp)(Z; C)® Lé")(z; C):

sy s 1) = Dtoig) A1) = /83<s) QDO (N), ¢ (1) da]
(t72)

[ RO, )]
a8,

(to;zg)
- 40D [ O (1), O (1) da]
/Sf(aé: 2 T
- / 29O (A), ® (u)da], (136)
S (5= D) Glo=1)
(t x) 77 (tgszg)

and, similarly,

UMt = g ot) = [ DT 0), 00y

(t;2)

[ AT, 00 ]

(to;zo)

(D gl )

- /. 40T (3), p(O) (1)da]
Sy (o

T (5 (toszo)

-/ Z6=D7 50 (1), () (1) daf 137)
S(b') (J(S.*l) , (s—1) )
+ (tiz) % (tgizq)
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where A\, € ¥, and by definition, s-dimensional surfaces SSF (agfz)l ),agf[;;g)) and

S(s)( (s=1) ags_l) ) C Cs_1(M) are spanned smoothly without self-intersection be-

(tz) 77 (to;zo)
tween two homological cycles O’E; )1 = 9S%  and agts ; ) 85(:0) o) € Cs_1(M;C)

(t;x)

in such a way that the boundary 8(S$)(a( < O'( ) S(S (o (s—1) (s—1) ) = ©.

(t;x) * 7 (to; a:g) (t;x) 77 (toszo)
Since the integral operator expressions Q(to%l’o)’ng;zo) : 2 (Z,(C) — Léﬂ)@:;c) are
at a fixed point (to;x9) € M, evidently, constant and assumed to be invertible, for
extending the actions given (134) on the whole Hilbert space H X H* one can apply to
them the classical constants variation approach, making use of the expression (137).
As a result, we obtain easily the following Delsarte transmutation integral operator

expressions

Qi = 1— [5 5 dp(§)dp(n)i(a;€), (to,m) fsm (=1 (=) )Z(s)[sﬁ(o)(ﬁ)a'h

T(ti2) I (tosw0) _
0% = 1 o o) ) (6 M sz ety 20Tl 90 (©)da]
(138)

for fixed pairs ((©(€),4( (n)) € Hg x Ho and (3O (N), PO (1)) € Hi x Ho, A\, p € %,
being bounded invertible integral operators of Volterra type on the whole space H x H*.
Applying the same arguments as in Section 1, one can show also that respectively
transformed sets of operators I:j = QiLij, j = 1,7, and I:,f: = QiLZQi’_l,
k =T1,r, prove to be purely differential too. Thereby, one can formulate the following
final theorem.

THEOREM 5.7. The expressions (138) are bounded invertible Delsarte transmu-
tation integral operators of Volterra type onto H x H*, transforming, respectively,
given commuting sets of operators L;, j = 1,7, and their formally adjoint ones Lj,
k = 1,7, into the pure differential sets of operators L = QiLjQil, j = 1,7, and
L,*; = Q®L*Q®’ , k = 1,7r. Moreover, the suitably constructed closed subspaces
Ho CH and 7:[0 C H, such that the operator 2 € £(H) depend strongly on the topo-

logical structure of the generalized cohomology groups HY (), (M) and H?\( £ (M),
being parametrized by elements S(S)( Ef x)l),agfo ;0)) € Cs(M;C).

5.7. Suppose now that all differential operators L; := L;(z|9), j = 1, r, considered
above donnot depend on the variable ¢ € T" C R’.. Then, evidently, one can take

Ho = {P(€) € Lo, (R*;CN) : Ljw V(&) = np0(), j=T,r,
w;(,LO)(f)|F = 0, p:= (Mlﬂ "'7“7“) € U(‘C) mU(‘C*)v §€ 20}7
Ho : ={0P() € Lo (RSCN): Lig(D (&) = 0 D(€), j=T,r,

wLO)(€>|f = 0, M= (Mlv ---aﬂr) € O'(L:) N U(E*)’ S ZU};

Hy o = {0 € Lo (R CY): 150l () = X0l (),
Al = 0, A= (1,0 A) €0(£)NF(L7), 0 € Bo},

Il
—
=
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Hy o ={¢0() € Lo R%CN) : L0 () = N (m), §=To7,
VMl = 0, A= (A, M) € 0(£)NE(LY), nE Sy}

and construct the corresponding Delsarte transmutation operators

0, - 1- / ) / dps, (€)dps, (n)
(£ (L) S XS,

x / e e, T O ENF T (139)
and

1— / 5 dpg (\) / dps, (§)dps, (1)
~(0) AT —1(y. 7(0),
x /S(s)(g(s 1) (s 1>) d (g)ngo) (Avfﬂﬁ X zﬁ/\ T(n>(.)’ (140)

acting already in the Hilbert space Ly(R*;CVN), where for any (\;&,1) € (o(£) N
F(L*)) x ¥2 kernels

% &) = [0 QU (€), 4 (m)dal,

141
QP (X&) : f<s 0 QDT (€), 1 (3)da] tay

belong to Lép) (35;C) x Lép) (265 C) for every A € o(£) N&(L*) considered as a pa-

rameter. Moreover, as 00+ /0t; = 0, j = 1,7, one gets easily the set of differential
expressions

R(E) i= {L;(2]0) = Qu Ly(2|0)05 : j = T}, (142)

being a ring of commuting to each other differential operators acting in Ly (R%; CV),
generated by the corresponding initial ring R(L).

Thus we have described above a ring R(lj) of commuting to each other multi-
dimensional differential operators, generated by an initial ring R(L). This problem in
the one-dimensional case was treated before in detail and effectively solved in [10, 20] by
means of algebro-geometric and inverse spectral transform techniques. Our approach
gives another look at this problem in multidimension and is of special interest due to
its clear and readable dependence on dimension of differential operators.

6 A Special Case: Soliton Theory

6.1. Consider our de Rham-Hodge theory of a commuting set £ of two differential
operators in a Hilbert space H := Lo (T%;, H), H := Ly(R%;C"), for the special case
when M :=T? x R*® and

L= {LJ = 8/8@ — L](t,x|8) : tj c Tj = [O,TJ) C R+, j = 1,2},
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where, by definition, T? := Ty x T,
n(Ly)
L;(t;z|0) == Z aP (t; 2)01l ) oz (143)
|ar]=0

with coefficients a$f) € C1(T%; S(R®; EndCN)), a € 72, |a| = 0,n(Lj), j = 1,2. The
corresponding scalar product is given now as

(¢, 9) :=/ dt/ dr <, > (144)
T2 El
for any pair (¢, ¥) € H x H and the generalized external differential
2
de =Y dt; ALy, (145)
j=1

where one assumes that for all t € T? and x € R® the commutator

[L1,Lg] = 0. (146)
This means, obviously, that the corresponding generalized De Rham-Hodge co-chain
complexes

LAY M H) S S A H) S0

A H) S A ) 5 o

_%
08) and (133) the closed subspaces Hy and Ho C H_
Am) € A(L ),— (M) such that

H— AY(M;H) =5

(147)
H — A°(M;H)

.l& .lrS”

are exact. Define now due to (1
as follows: Hy is the set of 1(©)(

O (Nm)fot; = Li(t;2l0) @ (Nm), j=T,
VON =y = Ualn) € Hoy, vONn)lr =
(AMm) € XC(a(L)na(L)) x X
and H{ is the set of (O (\;n) € H} (), (M) such that
02O\ /ot; = Li(t2|9)e @ (\m), j=T12,
CONi=te = ex(m) € H-, ¢V (Nm)r =0,
(Nn) € ZC(o(L)yna(LY)) x Ty,
for some hypersurface I' C M and a “spectral” degeneration set X, € CP~!. By

means of subspaces Hp and H{, one can now proceed to construction of Delsarte
transmutation operators x : H < H in the general form like (140) with kernels

Qitgree) (N Em) € Lép)(EU;(C) ® Lép)(Zg; C) for every A € o(£) N&(L*), being defined
as

U056 = Iy 2050 6 0], -
Q%o;mo)()‘;g’n) f (s—1) Q- I)T[SD(O)()‘ 5) ¢ ()‘ ﬁ)dx] ( )

7 (tg;z0)
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for all (\;&,n) € (0(L£)NG(L*))x X2. As a result one gets for the corresponding product
p = po © ps2 such integral expressions:

0 - 1- / dps (V) / dps, (€)dpx, (1)
o (L)Ne(L*) S, X5,

<oy dTONOAL L NEDEO T, (149)
S (o Y

7 (tg52)°% (tg3w0)

0F = 1_/ dpg()\)/ dps, (§)dps, (1)
(LY)NG(L*) DIFP I

~(0 , 0),7 )
S i GO O ) x G070, (150)

(g (io z0)

where S(S ( (e 1)) Ugsfl))) € Cs(M; C) is some smooth s-dimensional surface spanned

t() x to;wo
between two homological cycles Ugf ;; and 0'(5 1) ) € K(M) and 5 (O'Ef;;)) , UEZ;;Z)) €

Cs(M;C) is its smooth counterpart such that
1 1 (s—1 —1
R N e STl e )

(tosz) > 9 (to3o) I (tosz) > ? (toszo

Concerning the related results of Section 3 one can construct from (149) and (150) the
corresponding factorized Fredholm operators 2 and Q® : H — H, H = Ly(R; CV), as
follows:

Q:=07'0., 0¥=077'0°% (151)

It is also important to notice here that kernels K () and K+(Q®) € H_ @ H_ satisfy
exactly the generalized [12] determining equations in the following tensor form

(‘Ceﬁff ® 1) ( ) = (1®‘Ce:ct) (Q)a

(Li @ 1D)K4(Q9) = (10Lewt) K1 (Q9). (152)

Since, evidently, suppK () NsuppK_(Q) = @ and suppK . (Q®)NsuppK_(Q®) = @
one derives from results [23, 26, 25] that corresponding Gelfand-Levitan-Marchenko
equations

)+K(Q) x &(2) =K (),
QP)+K(Q) « 2(Q%) =K_(Q°),

K. (Q)
K, (08

+d
'+ (153)

(Q
®(
where, by definition, Q: = 1+ (), 0% =1+ $(0®), can be solved [23, 22] in the
space BE (H) for kernels K1 () and K+(Q®) € H_ ® H_ depending parametrically
on t € T2 Thereby, Delsarte transformed differential operators L; : H — H, j =

1,2, will be, evidently, commuting to each other too, satisfying the following operator
relationships:

L; = 0/0t; — QL L' — (094 /0t))Q1" = 0/dt; — L;, (154)
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where operator expressions for Ej € L(H), j = 1,2, prove to be purely differential.
The latter property makes it possible to construct some nonlinear in general partial
differential equations on coefficients of differential operators (154) and solve them by
means of the standard procedures either of inverse spectral [10, 15, 17, 11] or the
Darboux-Backlund [18, 24, 28] transforms, producing a wide class of exact soliton like
solutions. Another not simple and very interesting aspect of the approach devised
in this paper concerns regular algorithms of treating differential operator expressions
depending on a “spectral” parameter A € C, which was recently discussed in [26, 25].

7 Conclusion

The review done above presents recent results devoted to the development of the gen-
eralized De Rham-Hodge theory [33, 34, 32, 3, 35] of special differential complexes
which give rise to effective analytical expressions for the corresponding Delsarte trans-
mutation Volterra type operators in a given Hilbert space H. In particular, it was
shown that they can be effectively applied to studying the integral operator structure
of Delsarte transmutation operators for polynomial pencils of differential operators in
‘H having many applications both in spectral theory of such multidimensional operator
pencils and in soliton theory [21, 16, 10, 26, 30] of multidimensional integrable dynam-
ical systems on functional manifolds, being very important for diverse applications in
modern mathematical physics. If one considers a differential operator L : H — H,
by means of the general form of the Delsarte transmutation operators described in
Sections 4 and 5, one can construct a new and more complicated differential opera-
tor L := QiLQf in ‘H, such that its spectrum is related with that of the operator
L : ' H — H. Thereby these Delsarte transformed operators can be effectively used
for both studying generalized spectral properties of differential operators and operator
pencils [12, 9, 15, 17, 13, 37, 36] and constructing a wide class of nontrivial differential
operators with a prescribed spectrum as it was done [15, 10, 38] in one dimension.

As it was shown before in [9, 21] for the two-dimensional Dirac and three-dimensional
perturbed Laplace operators, the kernels of the corresponding Delsarte transmuta-
tion operator satisfy some special Fredholm type linear integral equations called the
Gelfand-Levitan-Marchenko ones, which are of very importance for solving the cor-
responding inverse spectral problem and having many applications in modern math-
ematical physics. Such equations can be easily constructed for our multidimensional
case too, thereby making it possible to pose the corresponding inverse spectral problem
for describing a wide class of multidimensional operators with a priori given spectral
characteristics. Also, similar to [21, 30, 10, 15], one can use such results for studying so
called completely integrable nonlinear evolution equations, especially for constructing
by means of special Darboux type transformations [18, 24, 28] their exact solutions like
solitons and many others. Such an activity is now in progress and the corresponding
results will be published later.
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