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Abstract

In this paper, improved Jacobi elliptic function method is used to construct
new exact doubly periodic wave solutions of the generalized shallow water wave
equation (GSWW). The method can also be applied to other nonlinear partial
differential equations (PDEs) or systems in mathematical physics.

1 Introduction

In recent years, the exact solutions of nonlinear PDEs have been investigated by many
workers who are interested in nonlinear physical phenomena. Many powerful methods
have been presented, such as the homogeneous balance method [1], the hyperbolic tan-
gent expansion method [2], the trial function method [3], the tanh method [4], the non-
linear transformation method [5], inverse scattering transformation [6], Backlund trans-
formation [7], Hirota’s bilinear method [8], the generalized Riccati equation method [9],
the Weierstrass elliptic function method [10], the theta function method [11], sine-cosine
method [12] and the Jacobi elliptic function expansion method [13, 14] and so on.

In this paper, we will use the improved Jacobi elliptic function method to construct
new doubly Jacobi periodic wave solutions of the generalized shallow water wave equa-
tion

Ugpat T AUz Uzt + 6uturc3c — Uzt — YUgz = 0, (1)

where subscripts indicate partial derivatives, u is a real scalar function of the two
independent variables x and ¢, while «, 3 and -y are all model parameters and they are
arbitrary, nonzero constants. This equation can be derived from the classical shallow
water theory in the so-called Boussinesq approximation [15]. Two special cases of (1)
have been discussed in the literature, « = 8 and o = 20 [15]. Hietarinta [16] discussed
the GSWW equation and he showed that it can be expressed in Hirota’ bilinear form [17]
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if and only if either & = 8 or @ = 2. Gao and Tian [18] obtained soliton like solutions
of (1) for « = 8 = —3 and v = 0 by the generalized tanh method. Yan and Zhang [19]
obtained new families of soliton like solutions of (1) for « = —4, 3 = —2 and v = 0,
which is named (2 4 1)-dimensional breaking soliton equation, by using computerized
symbolic computation. Recently, Elwakil et al. [20] presented solitary wave solutions of
(1) by using homogeneous balance method and auto-Bécklund transformation and they
also applied modified extented tanh-function method for obtaining new exact travelling
wave solutions.

2 Improved Jacobi Elliptic Function Method

For the partial differential equation

H (uy Uy, Uty Uy - .. ) = 0, (2)
we seek the formal travelling wave solutions of the form

u(z,t) =u(§), £ =x— At. (3)

Such a solution has important physical significance, where \ is constant to be deter-
mined later. The improved Jacobi elliptic function method is defined by Chen and
Zhang [21] in the following form. The main idea of this method is to take full advan-
tage of the equation that Jacobi elliptic functions satisfy and use its solutions F’ which
are sn&, cné, dng, cs¢ and tné. Let

(F')? = (1+¢eF?) (aF® +0), (4)

where ' = d/d¢, and a, b, ¢ are constants. The solutions of (1) can be expressed in the
form

u(et) = ulg) = Y ar, 6

where aq, ... ,a, are parameters to be determined.

Case I: ¢ = —1.
A. If a = —m? and b = 1, then (4) becomes

(F')? = (1= F?) (1-m’F?), (6)

which has solution sn€.
B. If a = m? and b = 1 — m?, then (4) becomes

(F')? = (1-F?) (m*F*+1-m?), (7)

which has solution cn€.
C.Ifa=1and b=m? — 1, then (4) becomes

(F')? = (1+F?) (F>+m®-1), (8)
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which has solution dné.
D.If a =0 and b = 1, then (4) becomes

(F') = (1+eF?), ©

which has solution sin & and cosé.

Case II: ¢ = 1.
A.Ifa=1and b=1—m?, then (4) becomes

(F'?=Q1+F*) (FP+1-m?), (10)

which has solution cs€.
B.Ifa=1—m? and b = 1, then (4) becomes

(F')? = (1+ F?) (1+ F? —m?F?), (11)

which has solution tn¢.

The functions sné, cné, dnf, cs and tn§ are Jacobi elliptic functions, which are
double periodic and possess the following properties:

en?¢ = 1—sin?¢, sn?6 4+ cen?¢ =1,

dn?¢ = 1—m’s?¢, d%sng = cnédné, (12)
d B d d B d d dné — 9
d—fsn& = cnédné, d—gcng = —snédné, d_f né = —m*snécné,

where m is the modulus 0 < m < 1. When m — 1, the Jacobi elliptic functions
degenerate to the hyperbolic functions, i.e.,

sné — tanh ¢ | cné — seché , dné — seché. (13)
When m — 0, the Jacobi functions degenerate to the triangular functions, i.e.,
snf — sin¢ , cn€ — cos¢ , dné — 1. (14)
The highest power order of u(§) is equal to n,
Ou(€)) = n, (15)

and the highest power order of du/d¢ can be taken as

0] (j—é‘) =n+1. (16)

We have

dPu
— )= =1,2,3,... 1
O(dgp) n+p p=123,..., (17)
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and

qdpu

Substituting (3) into (1), we have
A(u//// +aulu// +ﬁulu// _ u//) +7u// — 0- (19)

Integrating (19) once and setting integration constant to zero, we have

A <u/// + %O[(UI)Q + %6 (u/)2 — u/) + ’yu’ =0. (20)

Balancing u”’ with (u/)* yields n = 2. Therefore, we use
u=ag+ aF+ a2 (21)

Substituting (20) into (19) and making use of (4), with the help of Mathematica, we
get a system of algebraic equations for ag,a; and \ :

1
iAba% (a+B8)+ Mg (a+eb—1) = 0,
4X\ (a +eb) ag + 4bajas — Aay = 0,
1 1 1 1
6Aeaay + iAaaaf + iAasb + 8ba3 + aAﬂaaf + a)ﬁbsa% = 0,
3leaas + 3)\5aa§ + 2aaias + 2beajas = 0,
1 1
5)\04(15 + 5/\ﬁasa% + 8aa3 + 8beas = 0,
8aclaias = 0,
8acai = 0.
From which, we obtain:
a+eb—
CaseI.az=0,a1 =2 [+ —(a+eb)], A= 7%,
_ — a = _ L
Case Il. ay =0, a1 = F 3 where \ F (0t 2 )ry/Blaten) 1]’
Case IIL ay = 0, a; = —522%, if B =0, then \ = 2af=late ),
Case IV. ay = 0, ay = —=2EV/3020" _ocfeb P,
If e = —1,a = —m?,b = 1, then we obtain the exact periodic solution of (1)
2m? 4 (14 m?)
up = snlz— | ——=1|1t]. 22
e ( (3(a+6) 22

If m =1, then (22) degenerates and become

i (o (550, -
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If e = —1,a = m?,b=1—m?, then we obtain the following wave solution of (11)
2 4(2m? —1)
= - —=X|t). 24
“ T ar ™ (‘” <3m2(a+6) @9
If m =1, then (24) becomes the solitary wave solution of (1)
2 4
uh = sech <x — <—> t) ) 25
*= 0+ D) 3@+ ) 25)
If e = —1,a = 1,b = m? — 1, then we obtain the other exact periodic solution of (1)
2 4(2—m?)
o= ——4d — ——|t]. 26
. n<m (sz(am (26)
Ife=1,a=1,b=1—m?, then we obtain another exact solution of (1)
2 4(2—m?)
= - — —_——— t . 27
“ (cHﬁ)CS(m <3<a+m 27
If m =1, then (27) become the other solitary wave solution of (1)
2 4
uly = —————csch (a: - (—> t) ) 27
RN E) 3ath) 7
Ife=1,a=1-m?b=1, then we obtain another exact periodic solution of (1)
2(1—m?) 4(2—m?)
= 7% -l = t]. 28
T ar ) “(m (3(a+6) 2)

Remark. If we consider Case I, IT and IV, then other new periodic wave solutions
can be obtained for equation (1). For simplicity, we omit them here.
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Figure 1. The surfaces show the double periodic wave solutions of (1), where o = 1 and

3=0.5.

’

’

Uy and u, respectively,

’

Uy,

)

Figure 2. The surfaces show the solitary wave solutions of (1)

—8=1

where o
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3 Conclusions

In this paper, the Improved Jacobi elliptic function expansion method is applied to the
generalized shallow water wave equation. The aim to obtain Jacobi doubly periodic-
wave and solitary wave solutions of the GSWW equation by using this method has
been achieved. Some of the behaviors of the solutions can be inferred from Figures 1
and 2. The physical relevance of soliton solutions and periodic solutions is clear to us.
We can also see that some solutions obtained in this paper develop a singularity at a
finite point, i.e. for any fixed ¢t = #g, there exist xg at which these solutions blow up.
There is much current interest in the formation of so-called “hot spots” or “blow up”
of solutions [22,23]. It appears that these singular solutions will model these physical
phenomena. It is clear that all the obtained solutions are valid for all values of a and
0 except for a # .

The present method provides a reliable technique that requires less work if compared
with the Jacobi elliptic function method. The method is relatively easy when applied
to nonlinear differential equations and differential systems. The method avoids the
difficulties and massive computational work that usually arise from inverse scattering
method, the homogeneous balance method, the hyperbolic tangent expansion method
and the Jacobi elliptic function method.
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