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Abstract

In this paper, improved Jacobi elliptic function method is used to construct
new exact doubly periodic wave solutions of the generalized shallow water wave
equation (GSWW). The method can also be applied to other nonlinear partial
differential equations (PDEs) or systems in mathematical physics.

1 Introduction

In recent years, the exact solutions of nonlinear PDEs have been investigated by many
workers who are interested in nonlinear physical phenomena. Many powerful methods
have been presented, such as the homogeneous balance method [1], the hyperbolic tan-
gent expansion method [2], the trial function method [3], the tanh method [4], the non-
linear transformation method [5], inverse scattering transformation [6], Bäcklund trans-
formation [7], Hirota’s bilinear method [8], the generalized Riccati equation method [9],
theWeierstrass elliptic function method [10], the theta function method [11], sine-cosine
method [12] and the Jacobi elliptic function expansion method [13, 14] and so on.
In this paper, we will use the improved Jacobi elliptic function method to construct

new doubly Jacobi periodic wave solutions of the generalized shallow water wave equa-
tion

uxxxt + αuxuxt + βutuxx − uxt − γuxx = 0, (1)

where subscripts indicate partial derivatives, u is a real scalar function of the two
independent variables x and t, while α, β and γ are all model parameters and they are
arbitrary, nonzero constants. This equation can be derived from the classical shallow
water theory in the so-called Boussinesq approximation [15]. Two special cases of (1)
have been discussed in the literature, α = β and α = 2β [15]. Hietarinta [16] discussed
the GSWW equation and he showed that it can be expressed in Hirota’ bilinear form [17]
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if and only if either α = β or α = 2β. Gao and Tian [18] obtained soliton like solutions
of (1) for α = β = −3 and γ = 0 by the generalized tanh method. Yan and Zhang [19]
obtained new families of soliton like solutions of (1) for α = −4, β = −2 and γ = 0,
which is named (2 + 1)-dimensional breaking soliton equation, by using computerized
symbolic computation. Recently, Elwakil et al. [20] presented solitary wave solutions of
(1) by using homogeneous balance method and auto-Bäcklund transformation and they
also applied modified extented tanh-function method for obtaining new exact travelling
wave solutions.

2 Improved Jacobi Elliptic Function Method

For the partial differential equation

H (u, ux, ut, uxx, . . . ) = 0, (2)

we seek the formal travelling wave solutions of the form

u (x, t) = u(ξ), ξ = x− λt. (3)

Such a solution has important physical significance, where λ is constant to be deter-
mined later. The improved Jacobi elliptic function method is defined by Chen and
Zhang [21] in the following form. The main idea of this method is to take full advan-
tage of the equation that Jacobi elliptic functions satisfy and use its solutions F which
are snξ, cnξ, dnξ, csξ and tnξ. Let

(F 3)2 = 1 + εF 2 aF 2 + b , (4)

where 3 = d/dξ, and a, b, ε are constants. The solutions of (1) can be expressed in the
form

u (x, t) = u(ξ) =
n

i=0

aiF
i, (5)

where a0, . . . , an are parameters to be determined.

Case I: ε = −1.
A. If a = −m2 and b = 1, then (4) becomes

(F 3)2 = 1− F 2 1−m2F 2 , (6)

which has solution snξ.
B. If a = m2 and b = 1−m2, then (4) becomes

(F 3)2 = 1− F 2 m2F 2 + 1−m2 , (7)

which has solution cnξ.
C. If a = 1 and b = m2 − 1, then (4) becomes

(F 3)2 = 1 + F 2 F 2 +m2 − 1 , (8)
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which has solution dnξ.
D. If a = 0 and b = 1, then (4) becomes

(F 3)2 = 1 + εF 2 , (9)

which has solution sin ξ and cos ξ.

Case II: ε = 1.
A. If a = 1 and b = 1−m2, then (4) becomes

(F 3)2 = 1 + F 2 F 2 + 1−m2 , (10)

which has solution csξ.
B. If a = 1−m2 and b = 1, then (4) becomes

(F )2 = 1 + F 2 1 + F 2 −m2F 2 , (11)

which has solution tnξ.

The functions snξ, cnξ, dnξ, csξ and tnξ are Jacobi elliptic functions, which are
double periodic and possess the following properties:

cn2ξ = 1− sin2 ξ, sn2ξ + cn2ξ = 1,
dn2ξ = 1−m2sn2ξ,

d

dξ
snξ = cnξdnξ, (12)

d

dξ
snξ = cnξdnξ,

d

dξ
cnξ = −snξdnξ, d

dξ
dnξ = −m2snξcnξ,

where m is the modulus 0 < m < 1. When m → 1, the Jacobi elliptic functions
degenerate to the hyperbolic functions, i.e.,

snξ → tanh ξ , cnξ → sechξ , dnξ → sechξ. (13)

When m→ 0, the Jacobi functions degenerate to the triangular functions, i.e.,

snξ → sin ξ , cnξ → cos ξ , dnξ → 1. (14)

The highest power order of u(ξ) is equal to n,

O(u(ξ)) = n, (15)

and the highest power order of du/dξ can be taken as

O
du

dξ
= n+ 1. (16)

We have

O
dpu

dξp
= n+ p, p = 1, 2, 3, . . . , (17)
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and

O uq
dpu

dξp
= (q + 1)n+ p, q = 0, 1, 2, . . . (18)

Substituting (3) into (1), we have

λ (u3333 + αu3u33 + βu3u33 − u33) + γu33 = 0. (19)

Integrating (19) once and setting integration constant to zero, we have

λ u333 +
1

2
α(u3)2 +

1

2
β (u3)2 − u3 + γu3 = 0. (20)

Balancing u333 with (u3)2 yields n = 2. Therefore, we use

u = a0 + a1F + a2F
2. (21)

Substituting (20) into (19) and making use of (4), with the help of Mathematica, we
get a system of algebraic equations for a0, a1 and λ :

1

2
λba21 (α+ β) + λa1 (a+ εb− 1) = 0,

4λ (a+ εb) a2 + 4ba1a2 − λa2 = 0,

6λεaa1 +
1

2
λαaa21 +

1

2
λαεb+ 8ba22 +

1

2
λβaa21 +

1

2
λβbεa21 = 0,

3λεaa2 + 3λεaa
2
2 + 2aa1a2 + 2bεa1a2 = 0,

1

2
λαaε+

1

2
λβaεa21 + 8aa

2
2 + 8bεa

2
2 = 0,

8aε2a1a2 = 0,

8aεa22 = 0.

From which, we obtain:

Case I. a2 = 0, a1 =
λ
b

1
4 − (a+ εb) , λ = − 8(a+εb−1)1−4(a+εb) ,

Case II. a2 = 0, a1 = ∓ α
β , where λ = − E

αb
2 (α+

1
β )+
√

α
β [(a+εb)−1]

,

Case III. a2 = 0, a1 = − 3λεa
2(a+εb) , if E = 0, then λ = 4(a+εb)(a+εb−1)

3εab(α+β) ,

Case IV. a2 = 0, a1 =
−6εa∓

√
36ε2a2−αεβab−βε2b2
β(a+εb) .

If ε = −1, a = −m2, b = 1, then we obtain the exact periodic solution of (1)

u1 =
2m2

(α+ β)
sn x− 4 1 +m2

3 (α+ β)
t . (22)

If m = 1, then (22) degenerates and become

u31 =
2

(α+ β)
tanh x− 8

3 (α+ β)
t . (23)
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If ε = −1, a = m2, b = 1−m2, then we obtain the following wave solution of (11)

u2 =
2

(α+ β)
cn x− 4 2m2 − 1

3m2 (α+ β)
t . (24)

If m = 1, then (24) becomes the solitary wave solution of (1)

u32 =
2

(α+ β)
sech x− 4

3 (α+ β)
t . (25)

If ε = −1, a = 1, b = m2 − 1, then we obtain the other exact periodic solution of (1)

u3 =
2

(α+ β)
dn x− 4 2−m2

3m2 (α+ β)
t . (26)

If ε = 1, a = 1, b = 1−m2, then we obtain another exact solution of (1)

u4 = − 2

(α+ β)
cs x− 4 2−m2

3 (α+ β)
t . (27)

If m = 1, then (27) become the other solitary wave solution of (1)

u34 = −
2

(α+ β)
csch x− 4

3 (α+ β)
t . (27)

If ε = 1, a = 1−m2, b = 1, then we obtain another exact periodic solution of (1)

u5 = −
2 1−m2

(α+ β)
tn x− 4 2−m2

3 (α+ β)
t . (28)

Remark. If we consider Case I, II and IV, then other new periodic wave solutions
can be obtained for equation (1). For simplicity, we omit them here.
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Figure 1. The surfaces show the double periodic wave solutions of (1), where α = 1 and
β = 0.5.

Figure 2. The surfaces show the solitary wave solutions of (1), u1, u2 and u4 respectively,
where α = β = 1.
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3 Conclusions

In this paper, the Improved Jacobi elliptic function expansion method is applied to the
generalized shallow water wave equation. The aim to obtain Jacobi doubly periodic-
wave and solitary wave solutions of the GSWW equation by using this method has
been achieved. Some of the behaviors of the solutions can be inferred from Figures 1
and 2. The physical relevance of soliton solutions and periodic solutions is clear to us.
We can also see that some solutions obtained in this paper develop a singularity at a
finite point, i.e. for any fixed t = t0, there exist x0 at which these solutions blow up.
There is much current interest in the formation of so-called “hot spots” or “blow up”
of solutions [22,23]. It appears that these singular solutions will model these physical
phenomena. It is clear that all the obtained solutions are valid for all values of α and
β except for α 9= β.
The present method provides a reliable technique that requires less work if compared

with the Jacobi elliptic function method. The method is relatively easy when applied
to nonlinear differential equations and differential systems. The method avoids the
difficulties and massive computational work that usually arise from inverse scattering
method, the homogeneous balance method, the hyperbolic tangent expansion method
and the Jacobi elliptic function method.
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[7] M. R. Miura, Bäcklund Transformation, Springer-Verlag, Berlin, 1978.

[8] R. Hirota and J. Satsuma, Soliton solutions of a coupled Korteweg-de Vries equa-
tion, Phys. Lett. A, 85(1981), 407—408.

[9] Z. Yan and H. Q. Zhang, New explicit solitary wave solutions and periodic wave
solutions for Whitham-Broer-Kaup equation in shallow water, Phys. Lett. A,
285(2001), 355—362.



96 Periodic Wave Solutions

[10] A. V. Porubov, Periodical solution to the nonlinear dissipative equation for surface
waves in a convecting liquid layer, Phys. Lett. A, 221(1996), 391—394.

[11] K. W. Chow, A class of exact, periodic solutions of nonlinear envelope equations,
J. Math. Phys., 36(1995), 4125—4137.

[12] Z. Yan and H. Q. Zhang, New explicit and exact travelling wave solutions for a
system of variant Boussinesq equations in mathematical physics, Phys. Lett. A,
252(1999), 291—296.

[13] M. Inc and D. J. Evans, On travelling wave solutions of some nonlinear evolution
equations, Intern. J. Computer Math. 81(2004), 191—202.

[14] E. G. Fan, Multiple travelling wave solutions of nonlinear evolution equations
using a unified algebraic method, J. Phys. A, 35(2002), 6853—6872.

[15] G. B. Whitham, Linear and Nonlinear Waves, New York: Wiley, 1974.

[16] J. Hietarinta, Partially Integrable Evolution Equations in Physics, Dordrecht:
Kluwer, 1990.

[17] R. Hirota, Solitons, Springer: Berlin, 1980.

[18] Y. T. Gao and B. Tian, Generalized tanh method with symbolic computation and
generalized shallow water wave equation, Computers Math. Applic., 33(1997),
115—118.

[19] Z. Yan and H. Q. Zhang, Constructing families of soliton-like solutions to a (2+1)-
dimensional breaking soliton equation using symbolic computation, Computers
Math. Applic., 44(2002), 1439—1444.

[20] S. A. Elwakil, S. K. El-labany, M. A. Zahran and R. Sabry, Exact travelling wave
solutions for the generalized shallow water wave equation, Chaos, Solitons and
Fractals, 17(2003), 121—126.

[21] H. Chen and H. Q. Zhang, Improved jacobi elliptic function method and its ap-
plications, Chaos, Solitons and Fractals, 15(2003), 585—591.

[22] P. A. Clarksonz and E. L. Mansfield, Symmetry reductions and exact solutions of
a class of nonlinear heat equations, Physica D, 70(1993), 250—288.

[23] E. G. Fan, Travelling wave solutions for two generalized Hirota-Satsuma KdV
systems, Z. Naturforsch, 56(2001), 312—318.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee575284e8e9ad88d2891cf76845370524d6253537030028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f0030028fd94e9b8bbe7f6e89816c425d4c51655b574f533002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c9069752865bc9ad854c18cea76845370524d521753703002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f300290194e9b8a2d5b9a89816c425d4c51655b57578b3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


