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Abstract

We consider semilinear difference equations in a Banach space. It is assumed
that the nonlinearities of the considered equations satisfy the local Lipschitz con-
dition. By virtue of the recent estimates for the norm of functions of quasi-
Hermitian operators, explicit stability and boundedness conditions are given. Ap-
plications to infinite dimensional difference systems are discussed.

1 Introduction and Statement of the Main Result

Abstract nonlinear difference equations were considered in the papers by Agarwal et al.
[1], Gil’ [2], Gonzalez and Jimenez-Melado [5], Medina [6], Rodriguez [7], Rodriguez and
Sweet [8], etc. But in these papers either boundary value problems were investigated
or it is assumed that the nonlinear parts have the global Lipschitz properties.

In this paper, we consider the Cauchy problem for abstract nonlinear difference
equations in a Banach space, whose nonlinear parts satisfy the local Lipschitz condi-
tions. Solution estimates are established. They give us explicit stability and bound-
edness conditions. In Section 3, applications to infinite dimensional difference systems
are also discussed. Our main tool in Section 3 is the recent estimates for the norm of
functions of quasi-Hermitian operators.

Let X be a Banach space with norm ||.||y, and Y a Banach space with norm |||,
imbedded in X; ky is the imbedding constant:

Il x < Ey ]y vevY.
For a positive r < oo, put

Q. (X) = {he X+ [hlly <r}.
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Consider in X the nonlinear difference equation
Tp1 = Az + Fr (z), k=0,1,2, ..., (1)

where A is a bounded linear operator in Y and Fj, : Q,.(X)NY — Y is continuous for
each k£ > 0. In addition, there are nonnegative constants ¢ and & such that

1E: (Mly < qllhlly +& heQp(X);k=0,1,2,.... (2)

THEOREM 1. Suppose the condition (2) holds. Suppose further that

M := sup ||A-7||Y < o0, (3)
j
0= |47, < (4)
7=0
and
M 0
k‘y”lv%ng <r,vey. (5)

Then any solution {4} -, of (1) with the initial condition z¢ = v, satisfies the relations

M |[olly +6¢

E=1,2,.... 6
17(]0 9 )< ()

leklly <

The proof of this theorem is presented in the next section.

2 Proof of the Theorem 1

We begin with a lemma.

LEMMA 1. Suppose condition (2) holds with » = oo. Then, under conditions
(3) and (4), any solution {xy},-, of (1), with the initial condition zy = v , satisfies
inequality (6).

PROOF. It is well known that the general solution of (1) is given by

k—1
T = AkI’o + ZAkijile ($J) , k= 1,2, coe s
7=0

Hence,

k—1

lzklly < M llzolly + Y |A¥771F ()], -
j=0
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Now, condition (2) implies

k—1
lzklly < Mllzolly + > (|47l (gllajlly +€) -
=0
Hence, it follows that
k—1 4 k—1 4
Sl}lp ||37k||y < M HUHY + qSl]ip H33kr||y Z ||Ak—1—1HY +§Z ||Ak—j—1HY
j=0 j=0
<

M |jv|ly +qs1;p”33k||y 0+ &6.

Thus, condition (4) yields
sup [l lly < (1= g0) ™" [M |[vlly +£0].

Hence the required result follows.

Proof of Theorem 1. If r = oo, then the required result follows from Lemma 1.
It remains to prove the statement in the case r < co. Define the functions

= _ Fy (x), Hxllx <r
Fi (@) = { 0, [[|lx >

for k=0,1,2,... . Since

[P, <alvly +& vevik=0,12.,
then the sequence {Zy},- , defined by

To = 20; The1 = AT + Fr (1) k=1,2, ...,
satisfies the inequality

17l < Ry (M [lzo]ly +0€) (1= q0) " <,

provided that (5) holds. But FJ (z) and Fj (z) coincide on the ball Q, (X). From
this we infer that z; = Ty for K = 0, 1,2, ... and therefore (6) is satisfied, concluding
the proof.

3 Infinite Dimensional Systems of Difference Equa-
tions

As usual, [? is the Hilbert space of number sequences equipped with the norm

2]l = [Z hkﬁ] , h=(hg) € ?

k=1



M. Gil’ and R. Medina 13

and ¢g is the Banach space of number sequences equipped with the norm

IR, = sup \hi|, h= () € co.

Everywhere in this section
A= (ajk)}),okd
is an infinite matrix with real entries. It is assumed that
I o |
J(A) = E[Z > ok —an;P’)? < oo (7)
J=1 k=1,k#j
In this section, we take Y = [? and X = ¢ and ky = 1. So, (2) takes the form
1% (M2 < qllhllz + & (R € Qr(c0)) - (8)

Assume that the spectral radius p(A) of A satisfies the inequality

p(A) < 1. (9)
Set,
b () = sup 3 A T (A)
T A k)
and

) V2 J2(4) >

1 p(a) P ((1 —p(A))?

Below we check that under (9), ¥(A) < .
THEOREM 2. Under conditions (7)-(9), let

gy (A) <1

and

Y (A) vl +v (A€
1—qv(A)

Then any solution {xz;};—, of (1), with the initial condition zy = v , satisfies the
relations

<r, vel

lzalle < (@ (A) [olle +7 (A€ (1 —gv(A) ", k=1,2,....

PROOF. We need the following result: under condition (7), the inequality

m | ym—k k
A, < 32 A C
k=0 (m—k)(k!)>
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is valid, where

=

g1 (A) = |2N* (A1) =2) [ Im (A ()| < T (4),
k=1

Ar = AETA*, N (.) is the Hilbert-Schmidt norm and A, (A) are the eigenvalues of A
(see [4, Theorem 7.10.1]). Thus, M < ¢(A) and

© J i1pi =k (A A
= ZIIAIIPSZZ” “””-

jOko(J )

o

But

o J o7k (A) gk (A > gh (A) |
szp 1(%) _ 291’(%230] ’k'

S G- R 2

Hence it follows that 1(A) < co. By the Schwarz inequality we get

g5 (
>

j=0 (k

2

()™ < VB (1= p (AN exp g (4) (1 - p ()7

~—
=

Thus, § < v (A). Now by Theorem 1, we conclude that Theorem 2 is valid.
REMARK. Estimates for p (4) can be found in [3].
Let us give an example of A = (a;,,) and F, that satisty conditions (7)-(9). Take

1
Ajm = ———=, J<m
7 m(1+7) J

and
ajm =0, 7 >m.

Then

1 1
p(A) = supla;;| = sup = — = —
(4) ; |, WP T 2

cf. [3]. Moreover,
> > ; <o,
J=1 k= j+1 1+‘7

So conditions (7) and (9) are satisfied. Furthermore, take

Fr.(v) = (fr;(v))521
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with
oo
Jrj(v) = dji Z vl ki =1,2, 50 = (v) €1%,p> 2,
m=1
where d;i, are real constants with
oo
q1 = Sl]ip[z \djk\2]1/2 < 0.
Jj=1

Then
15 )72 < D 1Py ol < @072 Y Jowl1, olle, <
j=1 m=1 m=1
So condition (8) also holds with ¢ = gor?~2,& = 0.
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