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Abstract
Two-body problem of classical electrodynamics is considered. The equations
of motion form a nonlinear neutral system with delays depending on the unknown
trajectories. It is shown that a sequence of successive approximations for a global
solution cannot be constructed.

1 Introduction

In 1940, J. L. Synge [1] formulates for the first time two-body problem of classical
electrodynamics using retarded Lineard-Wiechert potentials and the relativistic form
of the Lorenz force derived by Pauli [2]. In the same paper [1] Synge proposes a method
of successive approximations for solving the system of equations of motion. His method
is only heuristic because there is no proof of convergence. The main difficulty is caused
by the presence of delays which are not defined explicitly in [1]. In view of the particular
type of the system Synge constructs a sequence of successive approximations in such
a way that on every step one has to solve a system of ordinary differential equations.
On every next step this solution is replaced in another group of equations so that one
obtains again an ordinary differential system. Synge assumes implicitly that the system
possesses a global solution on (—o0,00). In the present paper we show that even as
early as the second step (which is a Kepler problem) one cannot obtain a solution of
the system existing on (—o0,tg], where ty is the initial point. Therefore, one cannot
define the next approximation. Thus, we conclude that not only a convergence theorem
cannot be proved, but even a sequence of successive approximations does not exist. An
immediate consequence is that a correct formulation of the initial value problem for
electromagnetic two-body problem is given in [3] for 1-dimensional case and later for
3-dimensional case in [4], [5].

2 Synge’s Equations of Motion

As in [1] we denote by 2 = (xgp) (t),xép)(t),frgp) (t),xflp)(t) = ict), p = 1,2, where

i? = —1, the space-time coordinates of the moving particles, by m,, their proper masses,
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164 Synge Electromagnetic Problem

by e, their charges and c the speed of light. The coordinates of the velocity vectors are

uP) = (ug )( t), (p)( t), é )(t))7 p = 1,2. The coordinates of the unit tangent vectors
to the world-lines are (cf. [2], [3]):

() (p) :
t) ic
AP = Bl O St ,a=1,2,3;A =iy, = — (1)
c A, 4 PTA,

where
13 -3 3 3
o= (1= F0p0r) o (- Suor)
a=1 a=1
It follows v, = ¢/A,,.
By (.,.), we denote the scalar product in the Minkowski space, while by (.,.) the

scalar product in 3-dimensional Euclidean subspace. The equations of motion modelling
the interaction of two moving charged particles are the following (cf. [1], [6]):

A
dsp

where the elements of proper time are ds, = Vidt = Apdt, p=1,2. Recall that in (2)

my—— = i—’iFéﬁuﬁfk r=1,2,3,4, (2)

there is a summation in n for n = 1,2,3. The elements F,gg) of the electromagnetic
ep)\(P)

tensors are derived by the retarded Lienard-Wiechert potentials AS” ) = — N £y

r=1,2,3,4, that is, ) = 240, 248
Oz, oz

[4], [5])

S(Pq) = ($(1p) (t) (Q)(t TpQ(t)),xgp)( ) (q) (t T, Q(t))al’gp)(t) ((1) (t qu(t)),iCqu(t))

where (€9 ¢@:9), =0 or

By ¢(P9) we denote the isotropic vectors (cf.

NI

() = = | SEP0) ~ 290~ 70 | () = (12),21) 3)

B=1

Calculating F%) as in [1] and [4] we write equations from (2) in the form:

AP _ Q g((qu)o\(p),)\(q)h_)\gq)<)\(p)75(pq)>4 14 e d\(@ N
dsp c? (M) ¢pa))3 dsq

1 AN d>\
- - (p) ¢(pa) « )
T @, o3 [“ S, <g ]

fora =1,2,3 and

d/\flp) @ {gi”@@\(p),/\(q)h —Aflq)(A(p),f(pQ)>4 [ <£(pq) d\ q)> ]

ds, T2 (\@), g(pq)>3

1 d)\ d)\
+ (@) £pa))2 [@\(p) €PQ> dsq <€ pq) ]
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where Q, = ejea/m,, for p = 1,2. Further on we denote u(? = u(? (t — 7,,),

2@ = ('quugln/cv ”quuéq)/ca ”quui(aq)/ca Ypq) = (ugq)/qua ugq)/qu,u:(f)/qu,ic/qu)

where
13 -3
Tpqg = (1 T2 Z[u((xq (t— qu(t)]2> )
a=1
3 2
Dpg = ( — > W@t -7, <t>>]2>
a=1
and
(P) (e, P) d(“(”p)) (»)
dXa _ (Lug”) _ Ay Lugp) + ui<u(p),u(p)>, a=1,2,3,
ds, Ldt Apdt A2 A2
Tp P P

d)\‘(lp) = dlin) _ iCd(ALP) _ le u(p)>

ds,  £dt Ayt _Ag<“

where the dot means a dlfferentiation in ¢.
In order to calculate o we need the derivative dt

lated from the relation

= D, which should be calcu-

3 3
1
t—tpg =~ (Z{x((lp) (t) — x((lq) (tpq)F)
¢ a=1
where t,q < t;t — Tpq(t) = tpq by assumption. So we have
dt [l (1) = o (1)) [ud (O — ui? (1)
1= I ~
& ¢ (oo (t) =2 ()

Since (3) has a unique solution (cf. [4], [5]) we can Solve the above equation with
1 _d

! . _ ECrpg— (P ul?) o4 — —
respect to Dpg: Dpq = —TRM DI We have also Ty = ~2—. Then -+ ds( =3-d- =
1 _d d _ Dpod.
By Bty 0~ By 400
w(@) uqu)
ap _deed) d(5) ) 4(5)
= = Pq
dsq T; dtpq Apqdtpg Apqdipg

1 W@
u( 4+ — < (Q) (Q)> ’a:1’273;

= Pn AQ qu

(u®) (D) — ¢

g _ e P9 (D) 4(@); (AP \(@)y, T :
pP=pq

ds, AL

pq
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(AP gy, = (u®, gpa)) — g c(A@) gpa)y, (u®, D) — C2qu;
Ap Apq
dX\? wa) 1) — 27

<§(pq)7g>4 =D, [AZ <§(pq) )> + ( Az Pq< (Q) wla )>} :
q Pq
dA? Dy, (u®) ul) — c?

(Aw 2y, = {< ®) 4@y 4 ’ <u(q)’u(q)>] )

dsq A, A Az

We note that in the above expressions £ is 4-dimensional vector in the left-
hand sides, while in the right-hand sides €9 is 3-dimensional part of the first three
coordinates.

Replacing the above expressions in (4) and (5) and performing some obvious trans-
formations we obtain for (pg) = (12), (21), and a = 1,2,3:

(p) utl’ ® 4@
_uap + _< p U >
p AP

_ @ { [ = (u®, uePD — (7, — () P ug

c? [€27pq — (ul®), {Pa))3

qu + Dpy [A2 (€9 (D)) 4 ((£P) (2 — C2qu)<u(q)7a(q)>]
" A2,
(), £09) — Erpgllia? +ug (u'®, 4D/ AY |

s [Py — (W €00
[(u®), 0@ + ((u®),u@) — ) /A2, (@) RACUYS el
P [27pg — (ul®), £(P))]2 , ©)
%W’)vﬂ(”))

Qp [ (u®,£rD) — 7 (u®), u(®)
— { [27pg — (ulD), £(Pa))]3
X [A2, 4 Dy (€09, 4@) + (€0, ul®) — 1)@, D) /A2))] +
(uP) PDY (,(D 4,(D) rpq<u<F),um>7qu<u<1’),u<q>><u(q),a<q>>
= _

qu A%q
+ Dy [CQqu _ <u(‘1), f(pq)>]2 (7)

One can prove (as in [5]) that (7) is a consequence of (6). Indeed, multiplying (6)
by u,, , summing up in « and dividing into ¢® we obtain (7). Therefore we can consider
a system consisting of the 15,27 374 5th gth and 7t* equations. The last equations
form a nonlinear functional differential system of neutral type (cf. [7], [8]) with respect

to the unknown velocities. The delays 7,4, depend on the unknown trajectories by the
relations (3).
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Let us formulate the initial value problem for (6) in the following way: to find
unknown velocities ¥ (t), p =1,2;a =1,2,3, for t > 0 satisfying equations (8), (9)

of motion (written in details below):

1 ual)
A_u(()}) + Fw(l), a(1)>
1 1
Q1 [ [ — u®,u®)el® — [Py — (D, £09)]ul
@ (712 — (u® )P
x[Al, + D12AL (€12, ﬂ(2)> (<§(12) u®@) = 1) (W, 0] /AL, +
(u®,02)y — ¢ 72) — (u®, u(2)>£(12) (uM M)~ CAm) ulP (),
12
+D12 (2712 — (u®, EOD)]2
(2 = (u®, u®Nel® (@, a®) /A3,
[027-12 _ <’U4(2),€(12)>}2 )

ﬂ(2)>

+ D12

(8)

Recall that in the above equations u(") = v (¢),u? = u® (t — 115). We also have

Lo U8, 5 )
—Uy’ + —=(u,u
(u?, u(l))]f((fl) — [?T21 — (u@),f(ﬂ))}ug})

2 (s = (D, B0
< ([A3) + Dy A3, (€D a1y + (€D, ull) — Prog ) (M, )] /A,
((u®, D)y — 62721)ug1) (u®, (1)>§(21) (u®,£CD)— CATgl) ulD (™ aM)
[C2T21 _ <U(1),£(21)>}2

(€ — ), uW)E w®, i) /A3,
[627'21 _ < 1)’5(21)”2 ’

21

+ Doy 9)

Recall that in the above equations u(?) = 4 (¢), u() = uM(t — 751). We note the
delay functions 7,,(t) satisfy functional equations (3) for t € R*. For t <0, uP (t) are
prescribed functions @ P (t), i.e.

ut(lp) (t) = ﬂ((xp) (t)a t<0,

where )
p
7P (1) = df‘zlt(t), t<0. (10)

This means that for prescribed trajectories (f(ll)(t),fél)(t),fgl) (t)), ($52)( t), fg)(t),
T:(,,Q)(t)) for ¢ < 0 one has to ﬁnd trajectories, satisfying the above system of equations

for t > 0. (We recall, 2% (t) = 28] + [y u )(s)ds where z%) are the coordinates of the
initial positions).
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In what follows we consider the Kepler problem for equations (8), (9), (10), p = 1,2;
a=1,2,3;(pq) = (12), (21). We suppose that the first particle P; is fixed at the origin
0(0,0,0), that is,

It follows by necessity

Wy — o

1

%(t) =0 . (11)
3 0

For the velocities and accelerations of the particles we obtain

ui’ () =0 wi(t) =
u%;(t) =0 , w%ii(t) =0 . (12)
Ug (t> =0 Wg (t) =

Replacing coordinates velocities and acceleration from (11) and (12) in (8) we obtain
a system of three equations containing z? (t — 112) (respectively ul? (t — 712) and
w? (t — 712)). In other words the unknown functions have arguments ¢ — 715(t). After
the same replacing of (11) and (12) in (9) we obtain again a system of 3-equations but
the unknown functions z? (t) (respectively ul? w? (t);a = 1,2, 3) are taken at the
instant ¢, i.e. their argument is ¢. Let us fix arbitrarily an initial point tg € (—00, 00).
Since we have already assumed that there is no collision between moving particles for
t < to one can suppose that 712(t) > 79 > 0 or —712(t) < —79 < 0. But for every
t € (—oo,tp] we have t — T2(t) <t — 79 < tg — 79. Therefore t; = sup{t — m2(t) : t €
(—o0,tg]} < to—To < to, i.e. the interval [ts, to] has a non-empty interior. This implies
that even if the system (8) possesses any solution on (—oo,ts], it has no influence
on the solution of (9) on [tg, 00) through [ts,tg]. Consequently one can disregard the
system (8) and consider (9) as a “local” system on [tg,00). Saying “local” we mean a
system with described initial conditions at the point ¢, (without taking into account
the history for ¢ < #3). Thus to the Kepler problem one can assign the system (9)
on [tg,00) and the delays vanish. This can be explained by the fact that a charged
particle at rest (at the origin point in our case) does not generate an electromagnetic
field. Let us recall that 7,,(t) is generated by the finite velocity of propagation of the
electromagnetic field (cf.[2], [1], [6], [3]).

In order to discuss the method of successive approximations heuristically proposed
by Synge [1], we have to write down the equations of motion (8), (9) in the following
way:

diM(t)  ejes dii® (t — 113)
— A2 E a2 R 2(2) 4 _ el G ) 1
o p— (5 LA (), 0 (t — T12), p (13)
di®(t)  ejes did™ (t — 131)
= 225 (2D 5@ W+ — ki G2 V) 14
dt Mo (§ ) U (t)vu (t TQl)a dt ( )
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where
@0(t) = [ul” (0), (1), uP 1), p =12,

étpq) _ {ggpq)7£épq)7£§pq)] . (p.q) = (12), (21).

The above system (13), (14) consists of six equations because we have already proved
in [5] the 4-th and 8-th equations from the original system (4), (5) are consequences of
the rest ones (that is, (5) is a consequence of (4)).

Let us briefly recall the original reasonings from [1]. Denote by LMW and L@ the
world-lines for the two particles. Let A and A® be any two events in space-time
and let ()\7(})) A, (/\5«2)) A be time-like unit tangent vectors arbitrarily assigned at
these events. The problem is to find world-lines L™) and L) such that (13) and (14)
are satisfied and L(Y) has to pass through A(Y) with the direction (As,l))Au) and L(?
- through A® with the direction (,\$2))A<2). The condition, L™, p = 1,2, to pass
through A® with the direction ()\Sp )) A, Plays the role of an initial condition.

As a basic approximation for L), Synge chooses L(()l) - the world-line which passes
through A" in the direction (/\9))A<1) and satisfies (13) with the right-hand side
replaced by zero, i.e. L(()l) is a geodesic.

Then he finds Lé2) to pass through A with the direction (/\9)),40) and to satisfy

(14), in which the field is taken to be that due to Lél). Obviously L(()2) is the orbit of

the Kepler problem discussed above.

Further on, he finds Lgl) to pass through A(Y) with the direction ()\7(«1))A<1> and to
satisfy (13) and so on. Thus he gets a sequence of world-lines

L((Jl) — L(()Q) — Lgl) — LgQ) — Lgl) — L(22) — ... — Lgll) — LS?) — ...

The idea becomes more clear if we notice that the system (13)-(14) is a particular

case of a general neutral system of functional differential equations (cf. [7], [8]). Indeed
—(1 (2

(13) does not contain W while (14) does not contain W. Therefore

following the Synge method [1] we replace in (14) the solution of (13) with F = 0 and
thus we obtain an ordinary differential system

d’lj@) (t) _ 6162F»
dt meo

—(1
(5'121)7 @@ ), @V (t — 1), M) 7

dt
gD (¢
because @M (t — 75;) and W taking a part in the right-hand sides of the last

system are already known functions. Solving the last system we can replace () (t—712)

22 (4
and W in (13) and again (13) becomes an ordinary differential system without

delays and so on.

Our main goal is already obvious. The process just describing cannot be continued
beyond L(()Q). Indeed since L(()z) is the Kepler problem we have already established
that it can be solved only on an interval of the type [tg,c0), that is, we do not know
what happens to the left from ¢y and therefore we cannot obtain (replacing in (13))
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an ordinary differential system. The last reasonings warrant the correctness of the
considerations in [3]-[5].
As a final remark, in the original paper [1] the system (13), (14) is presented in the

TAS i7(2)
form 4T 0 — _ykF and 200 = _kF, where p = M2k = — 4% (4 is a small

parametef). In view of the above exposition this fact does not play an essential role.
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