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Abstract

Generalizations of Ostrowski integral inequality are derived. Applications in
numerical integration are also given.

1 Introduction

In 1938, A. Ostrowski ([8] or [7, p. 468]) proved the following integral inequality:

THEOREM 1. Let f: I — R, where I C R is an interval, be a mapping differ-
entiable in the interior I° of I, and let a,b € I° with a < b. If |f'(z)] < M for all
x € [a, b], then

L@@t/ zela
) o (b—a)M, Vrelad]. (1)

b
|ﬂﬂg%a/f@ﬁ

In recent years a number of authors have generalized the above inequality, for
example see [2], [3] and [9]. These generalizations can be applied to special means, in
numerical integration (for quadrature formulas) etc.

In [1] the authors gave various estimates of the next 3-point quadrature rule:

b
R(fiabo) = [ f0dt - 31w~ af(@) + - af@) + b= 0f @], (@)

where x € [a,b] and f: I C R — R is a differentiable function in I°, a,b € I°, a < b.
They also suppose that f' € Li(a,b) and v < f'(t) <T, t € [a,b], where 7,T" € R are
constants. For example, in [1] we can find the following estimates

Rifiaba) < =2 |
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and

|R(f;a,b,7)| <

o2 o

1
4 2 2

[(b-;)? +<xa;—b)2

where S = (f(b) — f(a))/(b—a). In [2] we can find the estimate:

I—~
B(f30,b,2)] < —— [( - a)® + (b —x)?]. (6)

In this paper we establish some new estimates of (2). We also use a completely new
way of estimation (Theorem 3). Finally, we give applications in numerical integration.

2 Inequalities of Ostrowski Type

Let g : [a,b] — R be an absolutely continuous function. Let 7, T be real numbers such
that v < ¢'(t) < T, t € [a,b] (a.e.). If ¢’(to) does not exist, for some ty € [a, ], then we
set ¢'(to) = (I'+7)/2, by definition. This restriction does not affect the validity of the
results obtained in this paper. That is, we consider such types of problems that the
above restriction has no practical importance. It is only important from a theoretical
point of view.

THEOREM 2. Let f : [a,b] — R be an absolutely continuous function. If there
exist constants v, ' € R such that v < f/(¢t) <T, t € [a,b] (a.e.), then we have

1 b
5[($—a)f(a)+(b—a)f($)+(b—w)f(b)}—/ ft)at
S — —a a+b
< Try(b—a)[ T-— H (7)
and
e =0/ (@) + 0 @) + 0~ 210) - [ s
r-s b—a a+b
< T(ba)[ 5 T-— H, (8)

where S = (f(b) — f(a))/(b— a) and z € [a, b].
PROOF. Let us define the function

t— 2tz t ¢ la, ]
2, t) = N ’ 9
p(z,1) {t#,te(x,b] (9)

Integrating by parts, we have

b
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- /: (t a;$> f’(t)dt+/: (t x;b> f(e)dt

1 b
= ;lle—a)f(a)+(—a)f(z)+(-2)f(0)] - / ft)dt. (10)

We also have

/abp(x,t)dt_/; (ta;rx) dH/: <t$;b> = "

If C € R is a constant then we have

b b
[ veorwie= [ o (e - ol (12)
If we choose C' =« in (12) then we have
b b
[ o010 =l at] < maxp(e.0)] [ 170) =]t (13)
where max is taken for ¢ € [a, b].
We also have
—a b— 1[b— b
maxp(a:,t)|:max{x2a, 2”“’}:5[ 2“+’x—“; H (14)
and
/|f —Aldt = F(b) — (@)~ 7(b—a) = (S — )b — ). (15)

From (10), (12) and (13)-(15) we easily get (7). If we choose C' =T in (12), then we
get

IN

b
maxmmawy/ (1)~ Tt

-8 b—a a+b
5 (b—a){ 5 +‘x— 5 H

/pwﬂW@—Nﬁ

This completes the proof.

REMARK 1. If we set * = a or x = b in the above theorem then we get corre-
sponding trapezoid inequalities.
REMARK 2. If we choose C = (I' +)/2 in (12) then we have

b
/ (@, 1) [f’(t) - #} dt| < max ”7 "o Od (16)
From (16) and
T I —
max | (1) - —2| < =L, tela], (17)
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b o — atb)2
) \p(a:,t)\dtZ% %Jr((b_i;);] (b—a)? (18)
we get
1
5 1@ =) fa) + (b= a) () + | s
'—~ 11 ( *aTer)Q 2
< T |1t o ](b‘“)’ (19)

where x € [a,b]. The same result is obtained in [2] under different conditions.

We now define the functional

/f dt_—/ f(t dt/ (t)dt
II‘Ifllg/f / g(t)T(t)dt,

where U is a given square integrable function such that f; U(t)dt =0, f,g € La(a,b)
and ||-||, is the usual norm in Ly (a,b).

Some properties of such a functional are established in [10].

THEOREM 3. Let f : [a,b] — R be an absolutely continuous function such that
f' € La(a,b). Then we have

e —a)f(@) + 00 @)+ 0 20) - [ o

S L= [EUSE R (20)

where z € [a,b] and

a+x @

53c(;i—b te (.T ac—2|—b] . (21)
—sre (52

Proof. Let p(z,t) be defined by (9). Then we have

t— 5a+w t c a-gw
t— “*6” te E

t—
t

U(t) =

b
/ p(z, )W (t)dt

(at+z)/2 z
_ / (t_a+x)(t_5a+z)dt+/ (t_a+x)(t_a+5x)dt
a (

2 6 a+m)/2 2 6
+/ (t T+ )t 5x + )dt+/ (t T+ ) x+5)dt
. 2 6 (x-+b)/2 2 6
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From (10), (11) and (22) it follows

b 1
Sup.f) = [ vl it - [ pwoi [ o

[ s [ foue

On the other hand, we have ([10]),

1Sw(p, )| < Sw(p,p)2Su(f', f)H/2. (24)

We also have

, . b 2 ) b 2
Sulp.p) = 'pibm( / p(x,wdt) M( | ety <>dt>

D [(x —a)* + (b— 3:)3]

b1—2a [(1)—4@2 3 a+b)2] |

(25)

From (23)-(25) we easily get (20).
REMARK 3. Estimate (20) is better than (4). This is a consequence of the fact
that Sw(g,9) < (b—a)T(g,g), where T(.,.) is the Chebyshev functional - see [10].
COROLLARY 1. Under the assumptions of Theorem 3 we have

a /2
|—f( L0y [ o] < suisr e (26)
and
/2
‘f()+2f(4 t) + f(b) /f D] < so (g, pry2 =0 4f) -

PROOF. We set © = a and © = (a +b)/2 in (20) to get (26) and (27), respectively.

3 Applications in Numerical Integration

THEOREM 4. Let the assumptions of Theorem 2 hold. f r = {zg =a <z < -+ < xp
is a given subdivision of the interval [a, b] then we have

/ F(0)dt = A(f,€.7) + R(f,&.7). (25)

b}
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where
n—1
A(f, & m) = % (& — @) f(@i) + hif (&) + (@iv1 — &) f(wiv1)] (29)
=0
and n—1 x;i+x; 2
REm < 2y §+¥] 2, (30)
i=0 ?

for hZ = Tij4+1 — T4, Xy S gl S Tit1, 1= 0, 1,2, ey — 1.

PROOF. We apply (19) to the intervals [x;,z;41], ¢ = 0,1,2,...,n — 1 and sum.
Then the triangle inequality gives the proof.

COROLLARY 2. Under the assumptions of Theorem 4 we have

b
[ #dt = An(f.m) + Ra(r,m), (31)
where
1 n—1
Ap(f,m) = B [f(zi) + f(@ig1)] hi (32)
i=0
and .
Br(fm) < —L > b (33)
i=0

Indeed, we only need to apply Theorem 4 with & = x; for i =0,1,2,...,n — 1.
COROLLARY 3. Under the assumptions of Theorem 4 we have

[ 0 = astr.m + st en
where -
As(fm) = 3 [ o)+ 202 o o) | (39)
and o .
[Rs(f.m)| < —~ > M (36)

Indeed, we only need to apply Theorem 4 with &; = (z;+x;41)/2fori =0,1,2,...,n—
1.

In a similar way we can apply the rest of results obtained in Section 2 to establish
some new approximations of integrals.

THEOREM 5. Let the assumptions of Theorem 4 hold. Then we have

b
/ F(8)dt = A(f.€,7) + Ro(f,€,m), (37)
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where A(f,&, ) is defined in Theorem 4,

n—1
Si—v, [l Ti + Tit1
< L — PR
a6 < 3 2 [+ e = (39)
or )
—TI- S; h; T; + x4
Rolf.&ml < Y 5 54 Je - 2| (39)

and S; = (f(zi41) — f(z:))/h; for i =0,1,2,...,n — 1.
PROOF. We apply (7) to the interval [z;, x;11] to get

36— 0 ) 41l (€) + (oes — 0] - [ 0] (10
Si—v, |hi T+ Tigy
< 5 h; |:? + & — S — ] .
We also have
316 = 20 (@) + hf(€) + (a — €0 (wn)] = [ )

N /Ii+1 P& ) [f'(t) =l dt,

where e
t— %715 € [xivgi}

i TTit1 (41)
t— HT_Fat € <£i7$i+1}

p(gi’ t) = {
If we sum the above relation over ¢ from 0 to n — 1 then we get (37). If we now
apply the triangle inequality and (40) then we get (38).
In a similar way we can prove that (39) holds.
COROLLARY 4. Under the assumptions of Theorem 5 we have

b
| #dt = Ar(s.m) + B3, (42)
where Ap(f, ) is defined in Corollary 2 and
n—1 S
|[Ri(fm)| < 3 F (43)
=0
or )
—I-8
S < “hZ. 44
| B2 ,w)i_; 5 i (44)

PROOF. We set §; = x; in (37) to obtain (42) and set & = z; in (38) and (39) to
obtain (43) and (44), respectively.
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COROLLARY 5. Under the assumptions of Theorem 5 we have

/a " fe)dt = As(f,m) + RS, (45)
where Ag(f, ) is defined in Corollary 3 and
nlg
[RE(s,m)] < > = (46)
o n—1
837 < 3 e, (47)
i=0

PROOF. We set & = (x; +x;41)/2 in (37) to obtain (45) and set & = (x; +2441)/2
in (38) and (39) to obtain (46) and (47), respectively.

Finally, let us compare the results obtained in this section. From the practical
point of view, the most interesting results are contained in Corollary 3 and Corollary
5. Thus, we restrict our considerations to the mentioned corollaries.

In [3] we can find the following estimate

/ n—1
rs(.m) < e 52 (48)
1=0

where Rg(f, ) is defined in Corollary 3. If we choose v = inf | f/(t)| and I = sup | f/(¢)],
t € [a,b] then (T' —~)/16 < || f'||,, /8. Thus, the estimation (36) is better than the
estimation (48). In fact, these two estimations are equal if and only if T' = —y. The
last mentioned case is very rare in practice.

Hence, we have seen that the result obtained in Corollary 3 is generally better than
the corresponding result obtained in [3]. On the other hand, the results obtained in
Corollary 5 can be (much) better than the result of Corollary 3. We now give the
following example to illustrate the last fact.

EXAMPLE 1. For the sake of simplicity we choose x; = a + ih, h = (b — a)/n,
i=0,1,2,....,n —1, &, = b. Let us consider the integral f; et”=164t. We here have
f(t) = e"=16, f/(t) = 2tet” 16, @ = 0, b = 4 such that v = 0, I' = 8, f(a) = e 1,
f(b) = 1. Then (36) becomes

T'—~ 2 8
\Rs(fﬂ”ﬁﬁ(b*a) = (49)
and (46) becomes
—a)? — fla
!Rg(f,w)] < G 4n) {f(b;_i( ) v} < % (50)

It is obvious that (50) is better than (49). (Note that Rs(f,7) = Rg (f,7).)
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REMARK 4. The results obtained in Corollary 5 are not always better than the

result obtained in Corollary 3. For example, if we consider the monomial t*, X € (1,4),
t €10,0] (b > 0), then we easily find that the estimate (36) is better than the estimate
(46). Thus, both results have their fields of applicability.
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