Algal Competition in a water column with
excessive dioxide in the atmosphere

Hua Nie* - Sze-Bi Hsu' - J.P. Grover?

Abstract This paper deals with a resource competition model of two algal species in a
water column with excessive dioxide in the atmosphere. First, the uniqueness of positive
steady state solutions to the single-species model with two resources is established by the
application of the degree theory and the strong maximum principle for the cooperative
system. Second, some asymptotic behavior of the single-species model is given by com-
parison principle and uniform persistence theory. Third, the coexistence solutions to the
competition system of two species with two substitutable resources are obtained by global
bifurcation theory, various estimates and the strong maximum principle for the cooperative
system. Numerical simulations are used to illustrate the outcomes of coexistence and
competitive exclusion.
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1 Introduction

Some of the most profound challenges in understanding the global environment involve the con-
nection between phytoplankton and carbon. As photosynthetic organisms, the algae of oceans and
lakes consume inorganic carbon and produce organic matter. Atmospheric carbon dioxide (CO3)
is the ultimate source of the carbon consumed by phytoplankton, and the organic matter they
produce either fuels aquatic food webs (whence most of it is returned to the atmosphere as COs),
or is transported to deep water and sediments by sinking algae. This sinking flux potentially in-
fluences whether the world’s ocean can absorb enough of the CO5 produced by burning fossil fuels
to retard the expected warming of the earth (Siegenthaler and Sarmiento 1993; Sabine et al. 2004;
Riebesell et al. 2007).

Understanding the role of phytoplankton in global carbon dynamics is complicated by many
factors, including the biochemistry of carbon acquisition by algae and the geochemistry of inorganic
carbon in aquatic systems. Algae acquire inorganic carbon from COg dissolved in the water,
assimilating it into photosynthesis via the Rubisco enzyme (Kaplan and Reihnold 1999; Badger et
al. 2006). Many species possess various adaptations (called carbon concentrating mechanisms) to
increase the concentration of COy at the active site of this enzyme, including active transport of
CO4 and of bicarbonate, an ionic form of inorganic carbon, which is converted enzymatically to
CO4 (Raven 1970; Martin and Tortell 2008; Maberly et al. 2009). This biochemical capability to
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use bicarbonate can be important where, as in ocean water, the bicarbonate concentration greatly
exceeds that of COy (Rost et al. 2008). Geochemically, CO diffuses across the air water interface,
and is produced biochemically by the respiration and decomposition of organic matter. Once
dissolved in water, CO5 hydrates with water molecules to form carbonic acid. This acid can lose
one proton to become the bicarbonate ion, which can in turn lose another to become the carbonate
ion. Both of these ionic forms of inorganic carbon can enter aquatic systems through dissolution
from sediments and surrounding rocks and soils, so that inland and coastal waters display greater
variability of inorganic carbon concentrations than does the open ocean. The availability of COq
and bicarbonate to algae thus depends on multiple sources of supply and the kinetics of several
chemical reactions, diffusive transport across the surface of the water, and on transport within the
water by turbulent diffusion in deep or poorly mixed systems.

Two important quantities in aquatic chemistry strongly influence the kinetics of reactions in-
volving inorganic carbon: pH and alkalinity. The pH is a measure of proton (or HT ion) concen-
tration in water, on a negative log;, scale, and measures the difference between the concentration
of ions that can absorb protons and the concentration of proton donors (Wolf-Gladrow et al.
2007). Although alkalinity potentially depends on the concentrations of many dissolved ions, it is
strongly related to the concentrations of bicarbonate and carbonate ions. Both pH and alkalinity
of the world’s waters are influenced by human processes. The increasing COs concentration of
the atmosphere supplies inorganic carbon to water and lowers its pH, increasing its proton con-
centration (Orr et al. 2005). Atmospheric sulfur and nitrogen oxides, which are also produced by
fossil fuel combustion, convert to acids, and when deposited in receiving waters they reduce both
pH and alkalinity (Rice and Herman 2012). Alkalinity can also be altered by changes in erosion
and weathering of rocks and soils accompanying various geological processes and human activities.
Thus the relationship between inorganic carbon and the algae of oceans and lakes connects many
environmental problems of global scale.

The goal of this paper is to construct a model of algal growth and competition between species
in relation to the supply inorganic carbon, simplifying the complex processes involved to a point
of analytical tractability. We begin with a simplification introduced by Van de Waal et al. (2011),
who proposed to represent dissolved CO5 and carbonic acid as one resource and bicarbonate and
carbonate ions as another. For shorthand we denote the first resource as ”CQO5” and the second
as ”CARB”, denoting their concentrations ( umolm~3) as R(z,t) and S(z,t), respectively. These
resources are substitutable (Tilman 1982) in their effects on algal growth. In a well-mixed system
in contact with the atmosphere but containing no algae or additional external sources of inorganic
carbon, the kinetics of R and S (taken independent of z), follow the linear system:

4B — —a(R(t) = R) +w,S(t) — w,R(1),
flif = —wS(t) + wR(t), v

where « is the rate of CO4 gas exchange between air and water, Ris the thermodynamic equilibrium
concentration of COy in water, w, is the rate at which carbonic acid loses a proton to become
bicarbonate, and w, the rate of the reverse reaction. All of these parameters vary with the physical
and chemical conditions of natural waters, including in particular temperature, pH and alkalinity.
The parameter R also depends directly on the atmospheric COs concentration, which is currently
increasing due to fossil fuel combustion. If the parameters of the linear system are taken as
constants, then it has a stable equilibrium in which R(t) approaches R, and S (t) approaches a
value Rw, Jws. Additional processes, such as consumption of CO2 and CARB by algae, displace the
system from this equilibrium. Van de Waal et al. (2011) introduced terms for this consumption,
and additional computations of feedbacks that arise from changes in pH and alkalinity during
algal growth and thus alter the parameters of the linear system. For the purposes of this study,
we ignore these latter feedbacks, treating the parameters of the linear system as constant. An
additional simplification used here is that the cellular carbon content (or quota) is constant.

These simplifications are intended to retain analytical tractability while coupling the assumed
linear dynamics of COy and CARB to consumption and growth of algae, and embedding these



dynamics in a spatially extended system, representing the vertical water column of an ocean or
lake. For this water column, atmospheric exchange occurs at the surface and is thus represented in
the upper boundary conditions (depth = 0). Additional sources of both CO2 and CARB arise in
the lower boundary (depth « = L), as a result of decomposition of organic matter and weathering
of sediments, respectively. Turbulent diffusion transports all constituents between these boundary
points, but produces only incomplete mixing.

Because algal species differ in their relative abilities to consume CO and CARB (Badger et al.
2006; Martin and Tortell 2008; Maberly et al. 2009), we include two competing species, taking the
first to be more proficient than the second at consuming COs, and the second to be more proficient
at consuming CARB. Both resources are substitutable to both species. The conventional graphical
analysis of competition between two species for two substitutable resources (Tilman 1982; Grover
1997) leads to the expectation that competition outcomes should depend on the relative supplies of
CO5 and CARB. Relatively high COs supply should produce dominance by the better consumer of
COa, relatively high CARB supply should produce dominance by the better consumer of CARB,
and intermediate supplies could allow coexistence. Additional results are possible if one of the
resources cannot support growth of one of the competitors (Ballyk and Wolkowicz 1993; Ballyk
et al. 2005). In the model studied here there are further complications that have received little
attention in the literature on substitutable resources: conversion between the resources such as
represented by the linear system (1), recycling of one resource (COs) through respiration, and
the spatial structure of a water column. Owur goal is to address such resource conversion in a
water-column model representing algal growth and competition in relation to inorganic carbon.
Our model complements similar models representing competition for other inorganic nutrients and
light in a water column (e.g. Huisman et al. 1999; Klausmeier and Litchman 2001; Yoshiyama et
al. 2009; Grover 2009, 2011; Blasius and Ryabov 2011; Kerimoglu et al. 2012). From a practical
standpoint, we wish to know whether different algal species win the competition, depending on
the geochemical parameters governing inorganic carbon, which are currently impacted by human
alteration. Because different algal species have different edibility to consumer animals, for example,
such knowledge lays the foundation to understand the food web and ecosystem impacts of human
alteration of the aquatic carbon cycle.

2 The Mathematical Model and Main Results

We consider a resource competition model of two species in a water column with excessive dioxide
in the atmosphere

Ri = DRy, + wsS — wrR+ £ B1+Q*B2*fl( ) 17f2(R)BQ7 IG(O,L),t>0,

Sy = DSy —wsS +w,. R — 91(5)31 g2(S) Bo, z € (0,L),t >0,

(B = D(Bi)os ~ 1(Bu)a + (B4 0(5) - 3 ~mulBr,  ze@L)e>0, @

(Bg)t = D(BQ)Il — VQ(BQ),; + [fQ(R) + 92(5) — 52; — mQ]BQ, T € (O7 L),t > 0,

with boundary conditions

R.(0,t) = a(R(0,t) — R), R(L,t)=R°, t>0,
( ): ) S(Lat):SOa t>0, (3)
( z) (0 ) ( )_0 D(Bl)z(L t)_ViBi(Lat):Ov i:1727t>01

)
and nonnegative initial conditions, where R(z,t),S(x,t), Bi(z,t), B2(z,t) are the concentrations
of “COy”, “CARB” and the two algal species. oz,f%,ws,wr > 0 are constants, whose biological
meaning can be found in Introduction. D > 0 is the vertical turbulent diffusion coeflicient, v; is
the sinking velocity (v; > 0) or the buoyant velocity (v; < 0) of species i(i = 1,2). my,7;, QF are
the death rate, respiration rate and Carbon quota of species i(i = 1,2), respectively. R°, S° > 0
are the source concentration of COy and CARB at the bottom of the water column, respectively.



Here for S, R > 0,
/u/isS
ais + S

NirR

filR) = air + R

and  g;(S) =

with i = 1,2, p;, ttis > 0 are the maximum growth/uptake rates of species i(i = 1,2) in relation to
CO5 and CARB respectively, and a;,., a;s > 0 are the half-saturation constants for growth/uptake
of species i(i = 1,2) in relation to COy and CARB respectively. For S, R < 0, we take the response
functions f;(R) = 0 and ¢;(S) =0 with i = 1,2.

For simplicity by suitable scaling, we may assume L = 1. Let 7; =

T

Q"

Then the original
system (2)-(3) becomes

Rt = DR:c:c +WSS - WTR+ 7AlBl +7"2B2 - fl(R)Bl - fQ(R)B27 (07 1)at > 07
St = DSpp — wsS + wr R — g1(S)B1 — g2(5)Ba, € (0,1),t >0, (@)
(B1)t = D(B1)zx — vi(B1)z + [f1(R) + g1(S) — r1 — ma] B, z € (0,1),t >0,
(B2)t = D(B2)yx — v2(B2)z + [f2(R) + g2(S) — r2 — m2] Ba, (0,1),t >0,

with the boundary conditions

R.(0,t) = a(R(0,t) — R), R(1,t)=R°, t>0,
S.(0,t) =0, S(1,t) =5° t>0, (5)
t) —v;Bi(0,t) =0, D(B;)e(1,t) —1;Bi(1,t) =0, i=1,2,t>0

and nonnegative initial conditions. Here we denote 7; by r; (i = 1,2) for the sake of simplicity.
The steady-state system of (4)-(5) is

DR,y +wsS —w,.R+1r1By +1r9By — f1(R)Bl — fg(R)Bg =0, =x¢€ (0, 1),
DSpr — wsS 4w R — g1(S)B1 — g2(S) B2 = 0, z e (0,1), (©)
D(B1)ew —vi(B1)z + [f1(R) + g1(S) — 1 — ma1|B1 =0, z € (0,1),
D(B3)yw — v2(B2)z + [f2(R) + g2(S) — r2 — m2| B2 =0, z € (0,1),

with the boundary conditions

R.(0) = a(R(0) — R), R(1)=R", S,(0)=0, S(1)=5°, 7)
D(Bz)w(O — VZBZ(O) = O, D(Bz)w(l) — VZBZ(l) = 07 7, = 1, 2,

The nonnegative steady state solutions of (4)-(5) can be divided into three types:

(i) washout solutions (namely trivial solutions) (R, S,0,0);

(ii) semi-trivial solutions (R, S, By,0) and (R, S,0, Bs);

(iii) positive solutions (R, S, By, B2) with Bi(z) > 0 and By(z) > 0 on [0, 1].

We begin with determining the washout solutions to (4)-(5). If By = By = 0, we have

R = DR,y + wsS —w,R, z€(0,1),t>0,

St =DSyp —wsS+w.R, € (0,1),t>0,

Ry (0,t) = a(R(0,t) — R), R(1,t) = R°, (8)
S.(0,t) =0, S(1,t) = SY,

R(z,0) = Ro(z) >0, S(x,0) = Sp(z)>0

Theorem 2.1 (8) has a unique steady state solution (R*(z), S
Moreover, the solution (R(x,t),S(z,t)) of (8) satisfies (R(x

)
It follows from Theorem 2.1 that the steady state system (6
rium solution (R*, S$*,0,0). Here R* = R*(z),S* = S*(x),0 < x

(x)) with R*(x), S*(x) > 0 on [0,1].

S(xz,t)) — (R*,S*) as t = +o0.
(7) has a unique washout equilib-
< 1. Let

)-

my = —Ai(=f1(R") — 91(57),v1) — r1 and m3 := —Ai (= f2(R") — g2(57), v2) — 72,



where A (—f;(R*) — ¢:(S*),v;)(i = 1,2) is the smallest eigenvalue corresponding to the linear
eigenvalue problem (39) (or (38) equivalently) with ¢(z) = —f;(R*) — ¢;(S*) and v = v;. Suppose
fi(R*) > ri(i =1,2). Then —f;(R*) — ¢;(S*) < —r;. It follows from Lemma D.1 that

M (=fi(R*) = gi(S™),vi) < M(=rivi) = =1,
which implies m} > 0(i = 1,2) provided that f;(R*) > r;(i = 1,2).
Theorem 2.2 Suppose f;(R*) > r;(i = 1,2). Then the unique washout equilibrium solution
(R*,5*,0,0) of (6)-(7) is linearly stable provided my > mj,ma > mi; and unstable provided
my < mj or mg < ms.

Next, we study the single population system

R =DR,, +wsS —w.R+rB— f(R)B, z € (0,1),t >0,

Sy = DSz —wsS +w,.R—g(S)B, xz € (0,1),t >0,

By = DB,y —vB, + [f(R) 4+ g(S) —r —m]B, z € (0,1),t >0,
R.(0,t) = a(R(0,t) — R), R(1,t) = R°, t>0, (9)
S.(0,t) =0, S(1,t)=25°, t>0,

DB, (0,t) —vB(0,t) =0, DB,(1,t) —vB(1,t) = 0, t>0,

R(z,0) = Ro(z) > 0, 5(x,0) = So(z) > 0, B(x,0) = Bo(x) > 0,#0,

where f(R),g(S),r,v have exactly the same meaning as the associated parameters or variables
with subscript ¢ = 1 or 2. The corresponding steady state problem is

DR,z + wsS —w,R+rB— f(R)B =0, x € (0,1),
DSyr — wsS +wr-R—g(S)B =0, x € (0,1), (10)
DBy, —vB, +[f(R)+g(S)—r—m]B=0, =ze€(0,1),

with the boundary conditions

52(0) =0, S(1) = 5°, (11)
DB,(0) —vB(0) =0, DB,(1) - vB(1) = 0.

Theorem 2.3 Let m* := =\ (—f(R*)—g(S*),v)—r and assume f(R*) > r. Then (10) —(11) has
a unique positive solution if m € (0,m*) and it has no positive solution if m > m*. Moreover, the
unique positive solution (R, S, B) is continuous in (0,m*) with respect to m. Here \j(—f(R*) —
g(S*),v) is the smallest eigenvalue corresponding to the linear eigenvalue problem (39) (or (38)
equivalently) with q(x) = —f(R*) — g(S™*).
Theorem 2.4 Let m* := =\ (—f(R*) — g(5%),v) — r and suppose f(R*) > r. Then

(i) the solution (R(x,t),S(x,t), B(x,t)) of (9) converges to the washout steady state (R*,S*,0)
as t — oo uniformly on [0,1] provided m > m*.

(i) the system (9) is uniformly persistent (i.e. there exists g > 0 such that the solution
(R(z,t), S(x,t), B(x,t)) of (9) satisfies litrginfB(-,t) > €g) provided 0 < m < m*.

o

Remark 2.5 Theorems 2.3 and 2.4 indicate that m* is a critical death rate. Namely, the species
goes extinct if the death rate m > m™*; the species survives if the death rate m < m™*.

Now, we state the results on the two species system (4)-(5). It follows from Theorem 2.3 that
the steady-state system (6)-(7) has two semi-trivial solutions, denoted by
(Rl(mla ')a gl(mh ')7 Bl(ml7 ')7 O) and (R2(m27 ')a g?(mQa ')7 0) B2(m27 ))

provided that m; € (0,m]) and my € (0,m3). From now on, we denote the two semi-trivial
solutions by omitting the spacial variable x or the parameters m;(i = 1,2) for simplicity. Define
the following two semi-trivial branches

Iy = {(m2, R1(m1), S1(m1), B1(m1),0) : ma € (0,400)}



and - - -
FQ = {(m2,R2(m2),SQ(m2)7O,BQ(mQ)) i € (O,m;)}

Next, we treat mg as the bifurcation parameter to construct positive solutions to (6)-(7) from the
semi-trivial branch I';. We assume 0 < m; < mj,0 < ms < mj and use the global bifurcation
theorem (see Theorem 2.1 of (Du 1996)) to find sufficient conditions for the existence of positive
solutions to (6)-(7).

Theorem 2.6 Suppose f;(R;) > r; withi=1,2,j=1,2. Then for fized m; € (0,m}), (6)-(7) has
a positive solution (R, S, By, Ba) if ma lies between mo and mo. Moreover, there exists a branch
of positive solutions T' = {(m2, R, S, B1,Bs)} C (0,400) x C([0,1],R%) which bifurcates from
the semi-trivial solution branch Ty at (s, Ry, 51, By, 0) and meets the other semi-trivial solution
branch Ty precisely at (o, Ry, S2,0, Bs). Here iy = —\i(—f2(R1) — g2(S1),v2) — 72 and 1y is
determined by my = — A1 (= f1(R2(m2)) — 91(S2(m2)), v1) — 71.

3 Numerical results

3.1 Competitive outcomes in relation to parameter values

To illustrate the dynamics of equation system (2)-(3) numerically, a default parameter set was
assigned in Table 1. The biological parameters are similar to those used by Van de Waal et al.
(2011), based on cyanobacteria that are common in inland waters. With the assigned values, both
competing species consume CARB more effectively than COg, but species 1 is better than species
2 at consuming COs, while species 2 is better than species 1 at consuming CARB. The physical
and geochemical parameters are assigned to represent CO, and CARB concentrations typical of
thermally stratified inland waters of moderate to high alkalinity. If other nutrients are sufficient,
lakes with these characteristics commonly contain cyanobacteria, and under these conditions CO,
is at relatively low concentration, while CARB is relatively high. Under these default conditions,
there is coexistence of the two competitors.

Table 1: Default Parameters

Quantity Value Quantity Value
D 3m2d! L 10m
«@ 0.05d! R 10% pmol Cm =3
RV 10% gmol Cm =3 S0 10% gmol Cm =3
Wy 3000d 1 W 204!
V1 0.5md T Vo 0.2md T
L1y 0.2d7! Lo 0.1847!
[i1s 1.6d71 Los 3d7T
air, 1000 gmol Cm =3 aoy 2000 ymol Cm >
a1s 2 x 10° pmol Cm =3 Qo 7.5 x 10* yumol Cm =3
rl 50 x 1079 ymol Ccell T d 1 T 50 x 10~ gmol Ccell T d~!
¥ 2500 x 10~ ymol C cell T 5 3000 x 109 ymol C cell !
my 0.1d7 ! Mo 0.44d71

With the other parameters fixed at their default values, selected parameters were varied though
biologically realistic ranges, and bifurcations related to competitive exclusion and coexistence were
summarized by calculating the total biomasses of each species (as L! norms), and then the propor-
tion of biomass represented by species 2, the CARB specialist. These calculations were done after
the system reached its asymptotic state. Thus competitive exclusion of species 1 is associated with



a biomass proportion of one, competitive exclusion of species 2 with a biomass proportion of zero,
and coexistence by values between zero and one.

The theorems in section 2 address how the competitive outcomes of exclusion and coexistence
are related to the semitrivial and positive solutions of the system (2)-(3), when mortality rates
are taken as bifurcation parameters. As expected from these theorems, and in agreement with
biological intuition, low values for the mortality rate of species 1 (m1) enable it to exclude species
2, intermediate values allow coexistence, while high values produce exclusion of species 1 (Fig.
la). Similarly, low values for the mortality rate of species 2 (ms2) enable it to exclude species 1,
intermediate values allow coexistence, while high values produce exclusion of species 2 (Fig. 1b).

Sinking out of the water column can represent a loss process for planktonic algae, and thus
variations in sinking rate might intuitively be expected to produce competitive outcomes similar
to those seen in relation to mortality rate. This is not the case, however. For the default values of
v1 =0.5md ! and v, = 0.2md ™" there is coexistence. Reducing the sinking rate for one species
alone leads to its competitive exclusion. That is, reducing v; produces exclusion for species 1 (Fig.
2a), and reducing v» leads to exclusion of species 2 (Fig. 2b). Conversely, raising the sinking rate
for one species alone leads to its dominance and exclusion of the other species (species 1 - Fig. 2a;
species 2 - Fig. 2b). Throughout most of the water column, COs is depleted to near zero (some
illustrations are presented in section 3.3), but it rises sharply near the bottom due to the non-zero
value of R°. Apparently, both species can benefit from the supply of COs at the bottom of the
water column and within the range of sinking rates explored, higher rates bring a larger proportion
of their populations into the vicinity of this source.

Another counterintuitive result arises from bifurcations in relation to R, the thermodynamic
equilibrium concentration of COy. This parameter depends directly on the atmospheric CO9
concentration, which is currently rising. Although the increased supply of CO5 from the atmosphere
might be expected to favor the COq specialist (species 1), the result instead is that an increase of
R favors dominance by species 2 (the CARB specialist), and eventually the exclusion of species
1 (Fig. 3). For the parameters assigned, the conversion of CO5 to CARB is very rapid, so that
as the atmospheric supply of COs increases, the water column experiences an effective increase in
CARB.

The parameters governing conversion between CO2 and CARB also affect competitive out-
comes, though more intuitively. As w, increases, conversion of COs to CARB becomes more rapid,
increasing the effective supply of CARB relative to CO5. Accordingly, low values of w, produce
exclusion of the CARB specialist (species 2), intermediate values produce coexistence, and high
values produce exclusion of the COq specialist (species 1) (Fig. 4a). Similarly, as w; increases,
conversion of CARB to COz becomes more rapid, increasing the effective supply of CO4 relative to
CARB. Low values of ws produce exclusion of the CO4 specialist (species 1), intermediate values
produce coexistence, and high values produce exclusion of the CARB specialist (species 2) (Fig.
4b).

The parameters representing sources of COo and CARB at the bottom of the water column (R°
and S°) also affect competitive outcomes, although in counterintuitive ways. The default value
of RY, produces coexistence. But, both higher and lower values produce exclusion of species 1,
the CO4 specialist when other parameters are at their default settings (Fig. 5a). Both species
consume CARB more effectively than COs, and the CO5 introduced at the bottom of the water
column when R is high is mostly converted geochemically to CARB. This conversion benefits
species 2 because it is a better competitor for CARB. A wide range of values for S° was explored
because natural waters vary greatly in geochemical sources of CARB. Against intuition, raising S°
to high values above the default value produces exclusion of species 2, the CARB specialist (Fig.
5b). For sufficiently low values of S°(< about 400 umol Cm~3, not displayed on Fig. 5b), species
1 is excluded. Increasing S° through this very low range appears to produce coexistence and then
exclusion of species 2, but for these lower values of S° dynamics are complex and do not approach
equilibrium quickly.
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Figure 1: Bifurcation diagrams of positive steady state solutions to (2)-(3) with the bifurcation
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Figure 2: Bifurcation diagram of positive steady state solutions to (2)-(3). For (a), the bifurcation

parameter vy ranging from 0.2md ! to 0.8 md~!, and the other parameters are fixed as above. For
(b), the bifurcation parameter v, ranging from 0.05md~! to 0.65md~!, and the other parameters

. o Ba(-,t)|l ;1 . 1
re fix 5 ve. Th rtical axis is still I L where || - is the L* norm an
are fixed as above e vertical axis is still sy, Where |- 1lz: is the orm and
t = 1000d.
2 4 6 8 10 12 14
R x 10*

Figure 3: Bifurcation diagram of positive steady state solutions to (2)-(3) with the bifurcation

parameter R ranging from 0.5 x 10* ygmol Cm™3 to 1.5 x 10° umol Cm™3. The other parameters
; o 1B2(t)ll 1

are fixed as above. The vertical axis is also B O +1B2(0) 1

t =1000d.

where || - ||z: is the L! norm and



1 1
—,08 —, 081
o o
¥ 06 + 06
o o
= 04 = 0.4f
2 o2 £ o2y
9 ‘ ‘ o ‘ ‘ ‘
2000 2500 3000 3500 4000 15 17 19 21 23 25

@ ()
r s

(a) (b)

Figure 4: Bifurcation diagram of positive steady state solutions to (2)-(3). For (a), the bifurcation
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For (b), the bifurcation parameter w, ranging from 15d~! to 25d~!, and the other parameters are
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Figure 5: Bifurcation diagram of positive steady state solutions to (2)-(3). For (a), the bifurca-
tion parameter R’ ranging from 5000 ymol Cm™2 to 3 x 10* yumol Cm~3, and the other parame-
ters are fixed as above. For (b), the bifurcation parameter S° ranging from 1 x 10* ymol Cm~3
to 2 x 10% ygmol Cm~3, and the other parameters are fixed as above. The vertical axis is also
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Figure 6: Bifurcation diagrams of positive steady state solutions to (2)-(3) with the bifurcation
parameters mso ranging from 0.4d~! to 0.5d~!. In these figures, the vertical axis denote the L'
norm of R(-,t), S(-,t), B1(-,t), B2(-,t) at t = 1000 d, respectively.

3.2 Carbon stocks in relation to mortality

By varying the mortality rate of species 2, competitive outcomes vary from dominance by species
2, to coexistence, to dominance by species 1, when other parameters are at default values (Fig.
1b). Throughout these changes, the depth-integrated stock of CARB greatly exceeds that of CO4
(Fig. 6a, b). As my increases through the low range where species 2 is dominant, stocks of both
CO4 and CARB rise, as expected from Theorem 2.6 (Fig. 6b). When my is low and the CARB
specialist (species 2) dominates, its depth-integrated biomass is lower than the CARB stock (Fig.
6a), and its biomass decreases with ms as expected from Theorem 2.6. As ms increases to the
point where the COs specialist (species 1) dominates, the depth-integrated biomass of species 1
is higher than that attained by species 2, and higher than the CARB stock (Fig. 6a). Through
this high range of ms, stocks of CO; and CARB are independent of variations in mgy, because
species 2 is excluded. More generally, for the parameter space explored in this study, CARB is a
dominant carbon stock, although algal biomass can attain similar levels, while COs is generally at
much lower levels.

3.3 Depth distributions

Although consumption by algae is partially responsible for low levels of COs, the depth distri-
butions characterizing the washout, semitrivial and coexistence equilibria (Figs. 7-9) under the
default parameters (except as noted) suggest that rapid conversion to CARB has a strong influence
on COy dynamics. When no algae are present (washout solution), the CARB concentration greatly
exceeds that of COq at all depths (Fig. 7), due to the very rapid conversion of CO2 to CARB
dictated by parameter values (w, > ws > 1). If the water column was well mixed, COy would
dissolve from the atmosphere into the water and be distributed over depth, with its concentration
approaching the thermodynamic equilibrium value, R, independent of the parameters w, and ws,
whose ratio would determine the concentration of CARB. Instead, concentrations of both CO5 and
CARB vary with depth and depend on the parameters w, and ws (e.g. compare Figs. Ta, b). Most
of the CO5 that enters from the atmosphere at the surface is rapidly converted to CARB, and then
distributed downward by mixing, producing decreasing depth distributions in the absence of algae
(Figs. 7a, b). Toward the very bottom of the water column, CARB decreases sharply and COq
rises sharply, as both converge to the source concentrations R® and S°, respectively.

For most depths, consumption by algae reduces CO2 and CARB below the concentrations seen
in the washout solution (Figs. 8, 9a). In the semitrivial equilibria where each species grows alone,
each displays increasing biomass distributions with depth, as a result accumulation from sinking
out of shallower water and growth on the CO; and CARB sources at the bottom (Fig. 8). The
distribution of CARB is modified from the washout equilibrium, with a peak concentration near
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Figure 7: The washout solutions to (2)-(3) with w, = 3000d~" for (a) and w, = 300d~" for (b). In

)
these figures, the concentrations R(z,t), S(x,t) at t = 1000 d are plotted versus the spatial variable
x on [0, L], respectively.
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Figure 8: The semitrivial solutions to (2)-(3) with all parameters fixed as above. In these figures,

the concentrations R(z,t),S(x,t), Bi(z,t), Bo(z,t) at t = 1000d are plotted versus the spatial
variable z on [0, L], respectively.

the bottom source, a minimum at intermediate depths owing to consumption by algae, and an
increase towards the surface resulting from atmospheric input of COy and conversion to CARB

(Fig. 8). Qualitatively similar depth distributions are observed for the coexistence equilibrium
(Fig. 9).

4 Discussion

We have shown that when two species compete for inorganic carbon (consisting of CO5 and CARB)
in a water column, the competitive outcomes can include competitive exclusion of one or the other
species independent of initial conditions, and coexistence of the two species, depending on param-
eter values. It is likely that for some parameter values another outcome, competitive exclusion
dependent on initial conditions arises, though we have not explicitly analyzed this possibility. This
range of outcomes is expected for competition models (Ballyk and Wolkowicz 2011), and biolog-
ically intuitive relationships between the competitors’ mortality rates and competitive outcomes
were illustrated. The relationship of competitive outcomes to several other parameters was less
intuitive, at least from the perspective of the conventional analysis of substitutable resources found
in the ecological literature (Tilman 1982; Grover 1997). According to this conventional analysis,
high CO4 supply should produce dominance by the better consumer of COs, high CARB supply
should produce dominance by the better consumer of CARB, and intermediate supplies could allow
coexistence. Variations of parameters that influence relative supplies of CO4 and CARB did not
always have this expected effect.
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Figure 9: The coexistence solutions to (2)-(3) with all parameters fixed as above. In these figures,
the concentrations R(z,t),S(x,t), Bi(z,t), Ba(z,t) at t = 1000d are plotted versus the spatial
variable = on [0, L], respectively.

The conventional graphical analysis of competition for substitutable resources focuses on the
set of resource concentrations (R, S) where growth balances mortality, called the Zero Net Growth
Isocline (ZNGI). Usually, the ZNGI is defined by f;(R) + g:(S) — m; = 0, neglecting respiratory
losses, and ZNGIs are drawn as decreasing functions of R in the RS-plane. Such graphs assume
that each resource can support the growth of each species when the other resource is unavailable.
Large disparities in the ability of each resource to support growth could produce violations of
this assumption (Ballyk and Wolkowicz 1993). In the parameterized model presented here, COq
supports growth at much lower rates than CARB (u;,- < p;5). For the mortality rates explored here
there are conditions where COy cannot alone support positive growth by species 2. In such cases,
the ZNGI graphed on the RS-plane is an increasing function of R, indicating that higher COq
concentrations inhibit rather than promote growth, and the conventionally expected competitive
outcomes might not be observed (Ballyk and Wolkowicz 1993). Ecologically, the relationship
between such species is not necessarily one of pure and simple competition. If increased COs
inhibits growth of one competitor (e.g. species 2), then consumption by the other competitor
(species 1) facilitates the growth of the inhibited species.

Additional complications in the model presented here depart further from the conventional
representation of competition for substitutable resources. The consumption of CO4 is relatively
slow, i.e. f;(R) is relatively small due to the low value of p;.. Therefore, under conditions where
COg is low, which is common in the upper part of the water column (Figs. 7-9), the respiration
rate 7;/Q7 is higher than the consumption rate, and instead of consuming COsg, species are net
producers of COs. Both species primarily consume CARB to meet their needs for growth and
respiration, and the latter process converts some of the consumed CARB to CO,. Towards the
bottom of the water column, COs is high enough so that consumption exceeds respiratory recycling,
and both species are net consumers of CO;. Both the respiratory recycling of CO3 and depth-
related changes in consumption versus recycling are factors not considered by the conventional
analysis of competition for substitutable resources.

A final complication in the model presented here is the abiotic inter-conversion between CO2
and CARB. Such inter-conversion is not a part of conventional analyses, and indeed may only
arise for resources that are reactive chemical forms of the same nutrient element. Due to this inter-
conversion, changes in a parameter governing resource supply do not independently affect the
supply of only one resource. The conversion favors CARB over CO5 for parameters used here, thus
increasing the supply of either resource through changes in R, RY, or S°, tends predominantly to
increase the availability of CARB. Changing the parameters that govern conversion between COx
and CARB (w, and ws) has a strong influence on competitive outcomes. Altering these parameters
to produce relatively high COq supply produces dominance by the better consumer of CO5, and
altering them to produce high CARB supply produces dominance by the better consumer of CARB,
and with intermediate values producing coexistence.
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Indeed one potentially important prediction of this analysis is the strong effect of varying w,
and w,(Figs. 4) compared to the weak influence of R(Fig. 3). The latter parameter represents
the influence of atmospheric COs concentration, and our analysis suggests that ongoing increases
(Siegenthaler and Sarmiento 1993; Sabine et al. 2004) would have only weak direct effects on com-
petition between algae for inorganic carbon through changes in R. However, increased atmospheric
CO4 concentration also acidifies aquatic ecosystems (Orr et al. 2005; Riebesell et al. 2007), which
effectively reduces w, relative to ws. Anthropogenic emissions of sulfur and nitrogen oxides, which
accompany combustion emissions of COs, also acidify aquatic ecosystems, especially inland waters,
and reduce alkalinity (Rice and Herman 2012). Strong acidification can dramatically reduce the
effective values of w, relative to ws. Our model thus suggests that acidification and alkalinity
reduction from human impacts could more strongly affect algal competition for inorganic carbon
than the direct increase in CO5 availability.

These predictions are based on a parameterized model, and might not hold in regions of param-
eter space not yet explored. However, we argue that essential aspects of our parameterization are
biologically and geochemically reasonable. Biologically, we have represented algae that consume
CARB more rapidly at high concentration than they consume COs. While this parameterization
is inspired by observations on strains of a particular species of freshwater cyanobacteria (Van de
Waal et al. 2011), it might apply more broadly for other algae in aquatic environments of rela-
tively high pH and alkalinity, where CARB concentrations greatly exceed that of COs. However,
we acknowledge that there is wide variation among species in their kinetics of inorganic carbon
uptake and relative capabilities to use CO; and CARB (Rost et al. 2003; Martin and Tortell 2008;
Maberly et al. 2009). Our model represents the geochemistry of inorganic carbon in a highly
simplified manner, through the linear system (1) and the parameters ]:2, wy, and ws. We assigned
values to these parameters so that in a well mixed system open to the atmosphere but containing
no algae, CO, and CARB concentrations would approach a realistic thermodynamic equilibrium.
In this state, the assigned parameters lead to CARB concentrations much higher than those of
COg, which is realistic for seawater and for inland waters with pH above neutral and moderate
to high alkalinity. For inland waters with lower pH and alkalinity, especially those impacted by
acidification, smaller values of w,., relative to ws would be appropriate.

Historically, the possibility of competition among algae for different sources of inorganic carbon
has been somewhat neglected. Some influential, early studies established that the kinetics of con-
version between COy and CARB are very rapid compared to the kinetics of algal uptake and growth
(Goldman et al. 1974). These early studies implied that rapid kinetic equilibration between COq
and CARB would effectively make them a single resource, instead of two substitutable resources,
and an early observation of competitive outcomes was consistent with this interpretation (Williams
and Turpin 1987). Since then, observations have accumulated suggesting that algae differ in their
capabilities to use CO2 and CARB, and that such differences affect their competitive fitness (Chen
and Durbin 1998; Caraco and Miller 1998; Van de Waal et al. 2011). Notwithstanding the rapid
kinetics of conversion between CO, and CARB, our theory predicts that at high biomass, algal
growth and consumption deplete the availabilities and alter the spatial distributions of these two
resources, leading to the classical competitive outcomes of exclusion or coexistence depending on
parameters. In addition to these consumption-mediated competitive feedbacks, algal alteration
of pH and alkalinity (Brewer and Goldman 1976; Van de Waal et al. 2011), which we neglected
here for simplicity, could further complicate interactions among algal species in habitats with low
availability of inorganic carbon.

Algae require inorganic nutrients other than carbon, and it is well known that nitrogen, phos-
phorus, iron and other elements can limit algal growth, with inorganic carbon regarded as less likely
to be limiting in most aquatic habitats. We neglected the influence of other nutrients in this study
in the interest of simplicity, but acknowledge that examining the joint dynamics of competition
for carbon and other nutrients will be important. Among the widespread environmental changes
now taking place under human influence, increased supplies of nitrogen and phosphorus in aquatic
habitats are often accompanied by acidification and reduction of alkalinity. The latter changes ef-
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fectively reduce the supply of CARB, potentially setting the stage for one of the outcomes sketched
here - competitive elimination of algae better adapted to using CARB than COs.

5 Appendix: Some mathematical proofs

A. The washout solution

The purpose of this subsection is to study the washout solution of (4)-(5). Noting that (8) is
a cooperative system, we first introduce the maximum principle for cooperative weakly coupled
elliptic systems, which is adapted from (Amann 2004) and (Lépez-Gdémez and Molina-Meyer 1994)
and plays a crucial role throughout this paper. This maximum principle helps us to decouple the
full elliptic system into some scalar systems or some lower dimensional systems.

Let By = C?**9([0,1],R?), By = C°([0,1],R?), and Lo : E1 — E be given by

d2
ro— Dims —wy 20.25
0 w DL '
T T S

Consider the eigenvalue problem

—Lo(¢1,02)T = Mo1,¢2)7, € (0,1), (12)
—(¢1)2(0) + ap1(0) = 0,41(1) =0, (¢2)=(0) =0, ¢2(1) = 0.

It follows from Theorem 2.6 or Remark 2.4 of (Lépez-Gémez and Molina-Meyer 1994) that the
operator (—Lg)~! : B3 — Ej with the above boundary conditions is well defined and it is compact
and strongly order preserving, and the principal eigenvalue of —L, denoted by A (—Ly), is strictly
positive and has a positive eigenfunction. That is, —Ly subject to the boundary conditions:
—(¢1)2(0) + ag1(0) = 0,¢1(1) = 0, (¢2).(0) =0, p2(1) = 0 satisfies the strong maximum principle
(cf. Theorem 13 of (Amann 2004)).

Proof of Theorem 2.1. The steady-state system corresponding to (8) is

DR, +wsS —w,R=0, z€(0,1),
DS,y —wsS+w.R=0, x€(0,1), (13)
R,(0) = a(R(0) — R), R(1) = R°, S,(0) =0, S(1) = S°.

It follows from Theorem 13 of (Amann 2004) or Theorem 2.6 and Remark 2.4 of (Lépez-Gémez
and Molina-Meyer 1994) that the principle eigenvalue of —L is positive, and hence the strong
maximum principle holds for (13). In view of Theorem 15 of (Amann 2004), (13) has a unique
solution, which is positive and denoted by (R*,S™*).

Note that the solutions of (8) generate a monotone semi-dynamical system on C([0,1],R?).
Hence, (ii) is a direct result of (i) and Theorem 2.2.6 of (Zhao 2003).

Proof of Theorem 2.2. The linearized eigenvalue problem of (6)-(7) with respect to the washout
solution (R*,S*,0,0) is

D1oe +wspa — wrdr — (f1(R*) = r1)hr — (f2(R*) —r2)e = — Ao,

D¢2$3¢ — Wea + Wr¢1 ( )110 ( )1;[}2 = _>\¢27 (14)
Di1ze — V1012 + [f1(R*) +91(5*) —ry — ma = =iy,

Dpoyy — vathae + [f2(R*) 4 g2(S*) — ra — ma]ihy = — Ao,

with boundary conditions

—$12(0) + @¢1(0) =0, ¢1(1) =0,
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Clearly, the eigenvalues of the linearized eigenvalue problem (14)-(15) consist of the eigenvalues
of the following three operators: —Lg, L1 = fD% + 1L — (fi(R*) + g1(S*) — r1 — my) and
Ly=-Dji= & PR S d —(f2(R*)4g2(S*) —ra—ms). Recall that the smallest eigenvalue Ay (—Lp) > 0
of —L,. Meanwhlle the smallest eigenvalue of L;(i = 1,2) is larger than 0 provided m; > m],
and less than 0 provided m; < m}. Hence, all eigenvalues of the linearized eigenvalue problem
(14)-(15) are larger than zero provided m; > mj, ms > mj, and the linearized eigenvalue problem
(14)-(15) has an eigenvalue less than zero provided m; < mj or me < m3. That is, the washout
equilibrium solution (R*,S5*,0,0) is linearly stable provided m; > mj, me > m3; and unstable
provided my < mj or mg < mj.

B. Single population system

The purpose of this subsection is to study the dynamical behavior of the single population system
(9) and to establish Theorems 2.3-2.4.

First, we study the well-posedness of the initial boundary value problem (9). Let X+ =
C([0,1],IR3) be the positive cone in the Banach space X = C([0,1],R?) with the usual supremum
norm. To simplify notations, we set

(I)l = R, (1)2 = S, (I)g = 67%9:3 and ¢ = (@1,@2,@3).

Note that the initial conditions in (9) satisfying (®9, ®9, ®9) = (Ro(z), So(z),e" 5% By(z)) € X+.
For the local existence and positivity of solutions, we appeal to the theory developed by Martin
and Smith (1990) where existence, uniqueness and positivity are treated simultaneously. The idea
is to view the system (9) as the abstract ordinary differential equation in X+ and the so-called
mild solutions can be obtained for any given initial data. More precisely,

0 S
(ig)zﬂmy(%)+HQWww(gg8§)m
Dy(t) = G1(1)DY + [) G1(t — 5)F3(®(s))ds,

where Gg(t) is the positive, non-expansive, analytic semigroup on C([0,1],R?) (see, e.g., Chapter
7 in the book by Smith (1995)) such that (u,v)T = Go(t) - (®Y, )T satisfies the linear initial value

problem
(u) :£0<u>, 0O<z<1,t>0,
v v

(0,1 + +au(0.1) =0, u(L) =0, v,(0.6) =0, v(L.t) =0, ¢ >0,
u(m,O) ( ) ( 70):(1)(%(33)7 0<z<1,

and G1(t) is the positive, non-expansive, analytic semigroup on C|0, 1] (see, e.g., Chapter 7 in the
book by Smith (1995)) such that u = G (¢)®} satisfies the linear initial value problem

ug = Dugy +vu, — (r+mu, 0<z<1,t>0,
up(0.0) =0, uy(1,6)=0, >0,
u(z,0) = e~ 50 (), 0<z<l1.

Hy(t), t > 0, is the family of affine operators on C([0, 1], R?) (see, e.g., Chapter 5 in the book by
Pazy (1983)) such that (u,v)T = Hy(t)- (7, )T satisfies the linear systems with nonhomogeneous
boundary condition given by

<u> =£0<u), t>0,0<z<1,
v v

—ug(0,1) + au(0,t) = aR, u(1,t) = R, v,(0,t) =0, wv(1,t)=5° ¢>0,
u(x,0) = ®Y(x), v(z,0)=®%(z), 0<z<1.
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The nonlinear operators F; : C([0,1],Ry) — C[0, 1] are defined by

Fi(®) = —(f(®1) —r)Ps,
Fy(®) = —g(P2)®3,
F3(®) = [f(®1) + g(P2)]P3.

By the maximum principle arguments, it follows that

Go(t) - C([0,1],R2) € C([0,1],R2), ¥V £ > 0,
Hy(t) - C((0,1),R2) € C([0,1],R2), ¥ ¢ > 0,
G ()C([0,1],R;)  C([0,1],R}), V£ >0

Since f(0) = 0,¢9(0) = 0, it follows that F;(®) > 0 whenever ®; = 0, V 1 < i < 3, and hence,
F .= (F1, Fy, F3) is quasipositive (see, e.g., Remark 1.1 of (Martin and Smith 1990)). By Theorem
1 and Remark 1.1 of (Martin and Smith 1990), it follows that the system (9) has a unique solution
and the solutions to (9) remain non-negative on their interval of existence if they are non-negative
initially. In other words, the following results hold:

Lemma B.1 For every initial value function ®° = (®9,®9 ®9) € XT, the system (9) has a
unique mild solution ®(x,t,®%) on (0,5p0) with ®(-,0,0%) = ®°, where dgo < co. Furthermore,
O(-,t, 9% € X,V t € (0,030) and ®(x,t,®°) is a classical solution of (9) fort > 0.

Next, we are ready to show the solutions of (9) exist globally on (0,4+0c0) and converge to
a compact attractor in XT. At first, we show solutions are ultimately bounded and uniformly
bounded in X .

Lemma B.2 Suppose f(R*) > r and m > 0. Then for every initial value function ®° =
(09,09, ®9) € X, the system (9) has a unique solution ®(x,t, ®%) on [0, 00) with ®(-,0,d) = &°,
and the solutions of (9) are ultimately bounded and uniformly bounded in X.

Proof. Let W = e~ 5%B. Then (9) becomes

Ry = DRyy + wsS — weR — (F(R) — r)eB*W, z € (0,1),¢> 0,

S; = DSy — wsS +w.R —g(S)eD*W, x¢€(0,1),t>0,

eD" Wy =D (e5"W,) + (f(R)+g(S) —r —m)ed™W, z € (0,1),t>0, 16
R.(0,t) = a(R(0,¢) — R), R(1,t) =R°, ¢>0, (16)
S:(0,t) =0, S(1,t) =S8 W,(0,t) =W,(1,t) =0, t>0,

R(z,0) = Ry(x) >0, S(x,0) = So(x) >0, W(x,0)=e 5%By(z) > 0,# 0.

By Lemma B.1, any solution (R, S, W) to (16) satisfies R(z,t) > 0,S(z,t) > 0, W (x,t) > 0. Note
that there exists a constant p > 1 large enough such that Ro(z) < pR*, Sp(x) < pS*. For given
W (z,t) > 0, consider the following system

Ry = DRy +wsS — w,.R— (f(R) —r)eD®W, z¢€(0,1),t>0,

S; = DSyp — wsS +w,R— g(S)ed* W, x € (0,1),t>0,

R.(0,t) = a(R(0,¢) — R), R(1,t)=R°, ¢>0, (17)
S(0,t) =0, S(1,t)=2S5° t>0,

R(x,0) = Ro(xz) >0, S(z,0) = Sp(x) > 0.

Clearly, (0,0) and p(R*,S*) are the ordered lower and upper solutions of (17) by Definition 8.1.2
in the book by Pao (1992). It follows from the iteration process of Chapter 8.2 in the book
by Pao (1992) and Theorem 8.3.1 in the book by Pao (1992) that (17) has a unique solution
(R(x,t), S(z,t)) satisfies 0 < R(z,t) < pR*,0 < S(z,t) < pS* for all € [0,1],¢ > 0. Namely,
A={(R,S):0< R<pR*0<S < pS*} is an invariant set(cf. Definition 5.4.1 in the book by
Pao (1992)) of the system (17), which implies R(z,t), S(x,t) are ultimately bounded and uniformly
bounded in X .
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Next, we claim W(1,¢) is bounded in ¢t € (0,+00). If not, we can find ¢, — oo such that

W(1,t,) = oo as t, — 0o. Let Wn(x,t) = % Then Wn(x,t) satisfies

— o~

( W) DB (W)a)s + (F(R(@,t +1,)) + g(S(x,t +1,)) — 7 — m)e B,
2(0,
z,0

Note that |f(R(z,t + t,)) + g(S(x,t + t,)) — r —m| < |f(pR*) + g(pS*) — r — m| is bounded.
It follows from Lemma D.2 that Wn(x,t) > § > 0 for all z € [0,1] and ¢ > 0, which implies
W(x,t+t,) > 0W(1,t,). Thus, W(z,t) — oo as t — oo uniformly in [0, 1]. Hence, for any M > 0,
there exists to > 0 large enough such that W(x,t) > M on [0, 1] for ¢ > ¢y, which implies

S < DS, — wsS — g(S)e%””M + w.pR*.

Namely, S(x,t) is a lower solution of the parabolic problem

S = DS,p —wsS — g(g)e%””M +wrpR*, x€(0,1),t > to,
5.(0,t) =0, S(1,t) = SO, t > t, (18)
S(x,t0) = S(x, o), x € [0,1].

It follows from the comparison principle for parabolic equation that S(z,t) < S(z,t) for t > to.
Note that the steady state system of (18) satisfies

*DSzm + ws + f TS d’rerM)S = erR* > 0, x € (O, 1),

S,(0) =0, S(1)= SO. (19)

It follows from the maximum principle that the steady state solution S > 0 on [0, 1]. Let y = S°—S.
Then
DXaw — wsX +9(S° — x)eD*M 4+ w8 — w,.pR* =0, z € (0,1),
xz(0) =0, x(1)=0.

Suppose [10nlf] X = x(79) < 0. Then —wyx(z0)+g(S° —x(20))e D M +w,S° —w,pR*(x) < 0, which

(20)

implies g(S°)M + w,S° < wrpr[%aﬁ(R*. Choosing M such that wsS° + g(SY)M > wrpr[réal)}c R*, we

get a contradiction. Hence, y > 0 on [0, 1], which means 0 < S < S° on [0, 1]. Moreover, in view of
ws S+ g(SOM > w,p r[nm]c R*, it is easy to see that 0 is a strictly lower solution to the steady state

system of (18), and S° is a strictly upper solution to the  steady state system of (18). It follows
from monotone iteration process that there exists a pair S+ and S, which are the maximal and
minimal solutions to the steady state system of (18), and satisfy the relatlon 0< S5 < St <80
Next, we show S~ = S+. Obviously,

D(ST = 87 )pu — ws(ST = 57) = (9(5F) — g(g_))e%”fM =0.

Integrating over [0, z], and integrating over [0, 1] again, we have

1 T
D05 ). [ [ -5 @car- [ [ 05" €)-o(S-@eraracar =0
o Jo
Noting that St > 5~ on [0,1], and g(S) is strictly increasing with respect to S, we must have
ST = 57, Hence, if wsS°+g(SO)M > w,.p r[%af]( R*, (18) has a unique positive steady state solution,
denoted by S%;(x), which satisfies 0 < 5%, () < S°.
Meanwhile, it follows from (20) that x = afol G(z,€) (g(g(f))e%gM + ws S0 — prR*(f)) d¢,

where G(z,€) is the Green’s function corresponding to

DGy +wsG = 8(z —€), z € (0,1), Go(0)=0, G(1)=0.
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Letting M — oo, we obtain g(S(€)) — 0 in (0, 1), that is, Mlim g(53,(x)) =01in (0, 1).
— 00

On the other hand, it is easy to see that the solutions of (18) generate a monotone semi-
dynamical system on C([0,1],R,). Hence, it follows from Theorem 2.2.6 of (Zhao 2003) that the
solution S(x,t) of (18) converges to the unique positive steady-state solution S%,(z) of (19) as
t — oo, and g(S3,(x)) — 01in (0, 1) as M — co. Hence, for any € > 0, there exist M; > 0 and
t; > to large enough such that for M > M; and t > t;, we have 0 < g(S(z,t)) < g(S(z,t)) < €
n (0, 1). Similarly, we can show that for any ¢ > 0, there exist My > 0 and ¢ > 0 large enough
such that for M > M, and ¢ > t9, we have f(R) —r < e in (0, 1). Take My = max{My, M2} and
To = max{ty,t2}. Thus for M > My, t > Tp and m > g, we have f(S)+g(S)—r—m < 2¢—Jp < 0in
(0,1) aslong as 0 < € < dp/2. Take e = %0. Then e5*W, < D (e%“’Wx)w — %‘)e%xW for M > M,
t > Ty and m > g, which implies W (x,t) — 0 in (0,1) as t — oo, a contradiction. Hence, W (1,t)
is bounded in t € (0, 4+00).

Let ¢ be the principal eigenfunction of

Then the principal eigenvalue p; = 7, and the associated eigenfunction ¢ = cos(3x), and ¢(0) =
1,¢,(1) = =%. Let Q(x,t) = R+ S + eb”W. By direct computation, we obtain

< fo (x,t)pdx

= Dfo Ruw® + Spntd + (eDTW,)ppd] — mfo e W pdx
= D(a(R = R(0.8)) + FR® + £5°) = 5D [} (R + S)da
+D fol(e%’”WI)I(bdx —m [, eD”qudac,

where

Df eDIW) odr = Dfo e DW,da
= =D [y fad(eBTW, — [ W (&, t)ebedg)
= 7TD@D W(1,t) Vfo Web®dx — —D fo Web®pda + & l/fo fo (¢,t)eDEdE) pd.

Note that fo ¢pdz = 2, and

v Jo Uy WEDebd)ods — o f; Webrda
% Jo W tyeb®da [ gda — v J, Web*da

Hence,
d [t 2 ! LT T T v Lo,
7/ Q(z,t)pdx + —D/ Qédr < D(aR+ —R% 4+ =S°) + —DebW(1,t) — m/ eD W pdu,
dt J, 47 Jo 2 2 2 0
that is,

d y =2 2o 1 s
dt( *Dt/ Qzx,t (bdx) < D(aR+ “RO+Z S’O) *Dt—i-gDefW(l,t)eTDt—meTDt/ e Wodz.
0

Since W (1,t) is bounded, by Gronwall inequality we get

Q. tede <Dt f! Q x O)(bd:v—i—D(aR—i— TRO 4 250)_4 ( )
+“DeD fo ~E D=1 dr - mfo fo eDW (x T)¢dx) % D(t-7)dr
< e_Tth Q x O)¢dx+D(aR+ TR+ Z28%)45(1—e ﬂTDt)
7rDeD fo ,T)e % D7) 47

<Dl Q @ O)¢dx+D(aR+ TRO 4 280)4 (1 — e T DY)

+2DebC(1 - e*TDt)
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Next, we show W (x,t) is bounded for all € [0,1] and ¢ > 0. Let W (t) = [Orﬂax o ]W(x, 7).
zel0,1],7€[0,t

Clearly, W(t) is nondecreasing. Suppose for contradiction that W (¢) — oo as t — co. Then we
can find ¢, — oo such that W(t,,) = maX] W (z,t,). We may assume that ¢, > 1 for all n > 1.

€[o,1
Define Wn(xnﬁ) = % Then W, (z,t) satisfies
(BT W) = D(eB™(Wo))a + (F(R(@,t +tn — 1)) + g(S(,t + b, — 1) =1 —m)eBW,,
(W ) ( ) = (Wn)z(l,t) =0,

OSW(:EO

Noting that |f(R(z,t +t, — 1)) + g(S(z,t +t, — 1)) —r —m| < |f(pR*) + g(pS*) —r —m| := Ao,
the comparison principle for parabolic system leads to 0 < W,,(z,t) < e’ for € [0,1] and ¢ > 0.
Hence by the application of standard parabolic regularity, we can conclude that {W,,} is bounded
in C17 ’Y([O 1] x [ 2]) for any v € (0,1). Hence, by passing to a subsequence if necessary we get
W (z,t) — W in C19([0,1] x [2,2]). Since |f(R(z,t+t,—1))+g(S(z, t+t,—1))—r—m| < Ag, we
may assume that f(R(z, t+tn—1))+g(S(x,t+tn—1))—r—m — h(z,t) weakly in L2([0,1] x [%,2])
by passing to a further subsequence if necessary. Moreover, |h(z,t)| < Ag, and W is a weak solution
to N

(GDIW)t = (6D””W )o + h(z, t)eD*W, x € (0,1),t € [3,2],

0< W(x,t) g eAOt, T € [0, 1,t e [3,2].
It follows from m[ax] Wn(x, 1) =1 that m[ax] W(x, 1) = 1, which implies W # 0. By the strong

z€0,1 z€[0,1

maximum principle, we deduce that W(:ﬂ7 1) > 61 > 0 in [0,1]. Hence, W, (z,1) > %1 for all large
n and z € [0, 1], which leads to

= 5
W (x,tn) = Wa(z, )W (t,) > éW(tn) for all large n and z € [0, 1].

It follows that

L6y

1 1
/ Q(z,ty)pdx > / W(x, t,)pdx > W( n)ddr — 0o
0 0

as n — 00, a contradiction to (21). That is, W (x,t) is bounded for all z € [0, 1] and ¢ > 0. In view
of W(z,t) > 0 for all z € [0,1] and ¢ > 0, we obtain that there exists a positive constant C; > 0
such that 0 < B(z,t) < Cy for all z € [0,1] and ¢ > 0. Namely, B(z,t) is ultimately bounded and
uniformly bounded in X*. The proof is completed. O

Next, we derive a priori estimates for positive solutions of the steady-state system (10)-(11).

Lemma B.3 Suppose f(R*) > r and (R, S, B) is a nonnegative solution of (10)-(11) with B # 0.
Then

() 0<R<R*0<S<8 B>0in(0,1);

(ii) 0 < m < m*, where m* = =\ (—f(R*) — g(5%),v) —r;

(iil) for any given 8y > 0, there exists a positive constant Mo(dg) such that || B|lec < My provided
that m € [0, m*).

Proof. (i) Note that

—DSyy + [ws + Bfo (18)dr]S =w,R >0, z€(0,1),
—DRyy + [wr + Bfo (TR)dT)|R =wsS+rB >0, x¢€(0,1),
S:(0)=0, S(1)=5°>0, —R.(0)+aR(0)=aR>0, R(1)=R’>0.
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By the strong maximum principle, it is easy to see that R > 0, S > 0 on [0,1]. Let W = e~ 5% B.
Then

—DWop — W+ (r+m)W = [f(R) + g(S)]W >0,20, =€ (0,1),

W,(0) =0, W,(1)=0.

It follows from the strong maximum principle that W > 0 on [0, 1], and hence B > 0 on [0, 1].

Now, we begin to prove R < R*, S < S*. To this end, let U = R* — R,V = §* — S5. Then
U< R*V < S5* and

—DUyy +wp U —wsV = (f(R* - U) - T)Bv VS (Oa 1)7
—DVye +wsV —w,U =g(S* - V)B, z€(0,1), (22)
_U,(0)+aU(0) =0, U(1) =0, V,(0)=0, V(1) =0.

At first, it is easy to see that there exists some zy € (0,1) such that U(zg) > 0. Otherwise,
U(z) < 0on [0, 1]. Then —Lo(U, V)T > 0 based on f(R*) > r and V < S*, B > 0. Hence, we
have (U,V) > 0 on [0, 1] by using Theorem 15 of (Amann 2004), a contradiction. Noting that
U(1)=0,V(1) =0 and f(R*) > r, one can show that there exists € > 0 small enough such that
Uze < 0 and V,, < 0 for any « € (1 —¢,1). Furthermore, we claim that U, (1) < 0,V,(1) < 0. If
not, we have U, (1) > 0 or V,(1) > 0. Thus we have three cases: (1) U,(1) > 0,V,(1) > 0; (2)
U.(1) > 0,Va(1) < 0; (3) U(1) < 0, Va(1) > 0.

Case (1): Suppose Uy (1) > 0,V,(1) > 0. Since U(1) =0 and Uy, < 0 for any = € (1 —¢,1), we
have U(1 —¢€) < 0. Let

x1 =sup{z € (0,1)|Uy(z) =0,U(x) < 0}.

Then 0 < x; < 1 because there exists some xo € (0,1) such that U(zg) > 0. Moreover, U(z) < 0
for x € [x1,1), Ug(x1) = 0 and Uy (1) > 0. It follows from the first equation of (22) that

wsV(xl) - _Dwa(xl) + er(l’l) - (f(R*<.’I}1) - U(xl)) - T)B(‘rl) < 0’
which leads to V(z1) < 0. Adding the equations for U and V', we obtain
DU+ V) =(f(R*=U)—r)B+g(S*—V)B>0

for any z € [z1,1) since f(R*) > r, U < 0 in [z1,1) and V < S*;B > 0 in [0, 1]. Hence,
Vea(21) < 0. Integrating this equation over [x1, 1], we obtain V,(x1) > U, (1) + V(1) > 0. Define

y1 = sup{z € (0,z1)|Vz(xz) =0,V (z) < 0}.

Noting that V(z1) < 0, Vy(z1) > 0 and V. (21) < 0, we can show that 0 < y; < z1, v(y) < 0 on
[y1,21], Va(y1) = 0, V; > 0 on [y1,21], and Vo (y1) > 0. It follows from the second equation of
(22) that

wrU(y1) = =DViu(y1) + wsV(y1) — 9(S™(y1) — V(y1))B(y1) <0,

which leads to U(y1) < 0. If y; = 0. Then U(0) < 0 and U,(0) = aU(0) < 0. Let z; = inf{z €
(0,21)|U(x) = 0}. Then 0 < z; < 1 since there exists some z¢ € (0,1) such that U(xg) > 0.
Moreover, we have U(z) < 0 in (0,21) and Uz(z1) > 0. Now, consider the following elliptic
problem on [0, z1]

_Dwa +WTU - OJSV = (f(R* - U) - T)B > 0’ x € (0721)’
—DVys +w,V —w,U =g(8* = V)B>0, z€(0,2),
U (0) +aU(0) = 0, Uy(21) >0, V(0) =0, Vi(z1) > 0.

It follows from Theorem 15 of (Amann 2004) that (U, V) > 0 on [0, 21], a contradiction. Hence
0< Y1 < 7.

Now, we have two cases: (a) U(xz) < 0 on [y1,1]; (b) U(zg) > 0 for some z¢ € (y1,21). If
U(z) < 0 on [y1,1], by adding the equations for U and V, we obtain —D(U + V)., = (f(R* —
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U)—r)B+g(S*—V)B > 0 for any x € (y;,1). Hence, U, (y1) < 0. Integrating this equation
over [y1, 1], we obtain Uy (y1) > U, (1) + V(1) > 0. Define

xo = sup{z € (0,y1)|Us(x) = 0,U(x) < 0}.

Then we can assert that 0 < z9 < 21, U(x2) < 0 in (22,1), Uz(x2) =0, U, > 0 on [z2, 1], and
Uzz(x2) > 0 similarly. The same arguments lead to V(x2) < 0, Vy(z2) > 0 and Vg, (z2) < 0.
Hence, similarly, we can define

y2 = sup{z € (0,22)|Vz(x) =0,V (z) < 0}.

Moreover, 0 < y2 < 22 by the above arguments. Continuing the above process, we can show that
there must exist positive integer ¢ such that U(zg) > 0 for some zg € (y;, ;). Moreover,

U(yi) < 0,Uze(ys) <0,U(x;) < 0,Uz(w5) = 0,Upa(z3) >0,

and
V(xl) < 07 Vll(xl) < 07 V(yl) < Oa Vl(yz) = 07 Vlz(yz) Z Oa VJ, 2 O on [Z/z,xz]

Let z; = inf{z € (y;,z;)|U(x) = 0}. Then y; < z; < x4, Uz(2;) > 0and U < 0 in (y;, ;). Adding
the equations for U and V', we obtain —D(U 4+ V), = (f(R* —U) —r)B + g(S* = V)B > 0 for
any = € (y;,2;). Integrating this equation over [y;, z;], we obtain U, (y;) > Us(z;) + Vi(z;) > 0.
Hence, we can define

zit1 = sup{z € (0,y;)|Us(x) = 0,U(z) < 0} and y; 1 = sup{z € (0, z41)|Va(z) =0,V (z) < 0}.

This process will be terminated if y;41 = 0or V, < 0 for any = € (0, y;41). If y;41 = 0. Then U(0) <
0. Noting that U < 0 in (@41, 2;), we can prove that there exists some Zg € (0, z;11) such that
U(zg) > 0. Otherwise, U < 0 on [0, z;]. On the other hand, considering the equations for U and
V oon [0, 2;], we have (U, V) > 0 on [0, 2;], a contradiction. Let z;41 = inf{z € (0,2;41)|U(z) = 0}.
Considering the equations for U and V on [0, z;41], we have (U, V) > 0 on [0, z;11], a contradiction.
If V, < 0 for any = € (0,y;41), we define ;.o = sup{z € (0,y;41)|U(z) = 0,U(z) < 0}. Then
0 < zjyo < yi+1. Considering the equations for U and V on [z;y2,¥i+1], We get

—DU,p +w, U —wsV = (f(R* — U) — T)B >0, x€ ($i+27yi+1)7
7DVzm +wsv - UJTU - g(S* - V)B > 0, S (xi+27yi+1)7
Ue(iv2) =0, Up(yiy1) >0, —Vie(2ip2) >0, Vo(yiy1) =0.

It follows from Theorem 15 of (Amann 2004) that (U, V) > 0 on %42, yi+1], a contradiction.

Case (2): Uy(1) > 0,V,(1) < 0. Noting that U(1) =0,V (1) = 0 and U, < 0, V,, < 0 for any
z€(l—¢1), wehave U(1—¢€) <0and V(1 —¢€) > 0. Let z; = sup{z € (0, 1)|U, = 0,U(z) < 0}.
Then U(z) <0 for x € [x1,1), Uy(x1) =0, Uy > 0 on [z1,1], and Uyy(x1) > 0. It follows from the
first equation of (22) that wsV(x1) = —DUyy(21) + w,U(x1) — (f(R*(x1) = U(x1)) — r)B(z1) <0
since f(R*) > r, which leads to V(z1) < 0. In view of V(z1) < 0,V(1 —¢€) > 0, we define
z1 = inf{z € (x1,1)|V(z) = 0}. Then z; < z; < 1 and V,(z1) > 0. On the other hand, we have
Ux(z1) > 0. Hence, we obtain a contradiction as Case (1) on [0, z;] by the same arguments.

Case (3): Uy(1) < 0,V,(1) > 0. Noting that U(1) =0,V (1) =0 and U,, < 0, V., < 0 for any
x€(l—¢€1), wehave U(1 —€) >0 and V(1 —¢€) < 0. Let y; = sup{z € (0,1)|V, =0,V (z) < 0}.
Then V(z) < 0 for z € [y1,1), Va(y1) = 0, Viu(y1) > 0 and V, > 0 for any = € (y1,1). It
follows from the second equation of (22) that w,U(y1) = —DVuy(y1) + wsV(y1) — g(S*(y1) —
V(y1))B(y1) < 0, which leads to U(y1) < 0. In view of U(y1) < 0,U(1 —¢€) > 0, we define
z1 = inf{z € (y1,1)|U(z) = 0}. Then y; < z1 < 1 and Uy(z1) > 0. On the other hand, we have
Vz(z1) > 0. Similarly, we obtain a contradiction as Case (1) on [0, z1].

Thus, U, (1) < 0, V(1) < 0. Hence, there exists € > 0 small such that U(1—¢) > 0,V (1—¢) > 0.
Next, we show U > 0,V > 01in [0, 1). Suppose U(zy) < 0 for some point z¢ € [0,1). Define

x1 =sup{z € (0,1)|U, = 0,U(z) < 0} and z; = inf{z € (z1,1)|U(z) = 0}.
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Then U > 0 on [z1,1]. By virtue of U(1 —€) > 0, it is easy to check that U(z) < 0 in [z1, 21),
Uz(x1) =0, Uy > 0 on [z1, 21], Uge(z1) > 0. Tt follows from the first equation of (22) that

wsV(x1) = —DUgr(21) + wrU(x1) — (f(R*(21) = U(x1)) — r)B(z1) <0
based on f(R*) > r, which leads to V(z1) < 0. Define
y1 = sup{z € (0,1)|V, =0,V (z) < 0} and 25 = inf{z € (y1,1)|V(z) = 0}.

In view of V(1 —¢) > 0, it is easy to check that V(z) < 01in [y1, 22), Va(y1) =0, Vo, > 0 on [y, 22],
Vex(y1) > 0. It follows from the second equation of (22) that

wU(y1) = =DVie(y1) +wsV(y1) — 9(S*(y1) — V(1)) B(y1) <0,

which leads to U(y;) < 0. Hence y; < 21 based on U > 0 on [z1,1]. Let 2y = min{z1, 22}. Then
Uz (z0) > 0 and V,(29) > 0. Hence, we can derive a contradiction as Case (1) on [0, zp] by similar
arguments. Thus we have U > 0 on [0, 1]. By the application of strong maximum principle to the
equations (22), we can find immediately that U,V > 0in (0, 1). That is, 0 < R< R*,0< S < S*
n (0, 1).

(ii) It follows from the equation for B that m = —Ai(—f(R) — g(5),v) — r. Noting that
0 < R< R*0 < S < S* and the properties of eigenvalue A\(q(z),v), it is easy to see that
0<m<m*==A\(—f(R*) —g(S*),v) —r.

(iii) We argue by contradiction. Suppose there exists a sequence m,, € (§, m*)(n = 1,2,---),
and positive solution (R, Sy, By) of (10)-(11) with m = m,, such that ||B,||c — 00 as n — co.
Passing to a subsequence if necessary we may assume that m,, — mqg € [§, m*]. Set B, = ”BBﬁ.
Then R R .

D(?n)zz - V(Bn)z + (f(Rn) + QES ) -r—= ZL)B 0 € (07 ]-)7

Integrating the above equation from 0 to z, we obtam
x
DBo)u(@) ~ V(B @) + [ (F(B)+9(50) = 1 = m) Buds =0,
0

which indicates (B, )q(z) is uniformly bounded since 0 < R,, < R*, 0 < S,, < S* and ||B,|/oe = 1.
Hence, (Bn)m is uniformly bounded. Passing to a subsequence if necessary, we may assume
B, — Bin C'[0,1], and B > 0,||B||sc = 1. Let F,,(z) = f(Ryn) + g(Sy) — 7. Then —r < F,(z) <
F(R*)+g(S*) —r on [0, 1], and hence we may assume F,,(z) — Fp(x) weakly in L?(0,1) for some
function Fy(x) satisfy —r < Fy(z) < f(R*) + g(S*) — r. Hence, B is a weak solution to

DB,, —vB, + (Fo(x) — mo)é =0,z € (0,1),

DB,(0) —vB(0) =0, DB(1)—vB(1)=0. (23)

It follows from the strong maximum principle that B>0on [0,1]. Let U, = R*—R,,V,, = S*—5,.
Then 0 < U,, < R*,0 < V,, < S*, and (U,, V,,) satisfies

D(Un)xx —wrUp +wsVy + (f(Rn) - T)||?n||wén =0, z¢€ (Ov 1)7
D(Vn)ww - stn + WTUn + g<Sn)||Bn||oan = 0; HAS (07 1)a

Hence, we have A
D(Un)ze + D(Vi)ex + Fn(2)|| Brlloo Bn = 0.

Multiplying this equation by any smooth function ¢ € C°°[0,1] whose support is in (0, 1), we

obtain X

Un (0) + Vin( U, +V, .

D/ 0)+ )+ D/ + <pmd33—|—/ F,(z)Bnpdx = 0.
B ||oo 1B loc 0

Taking the weak limits, we get fo Fo(x Bgz)dm = 0. The arbitrariness of ¢ leads to Fy(x )B =0
a.e. in (0, 1). Integrating (23) over (0, 1), we get mg = 0, a contradiction to mg € [§, m*]. O
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Remark B.4 It is easy to check that m* = =X\ (—f(R*)—g(S*),v)—r > 0 based on the hypothesis
f(R*) > r. Moreover, it follows from Lemma B.3 that (10)-(11) has no positive solution when
m > m*.

Now we are ready to prove Theorem 2.3. Since the proof is complicated, we divided it into the
following three lemmas.

Lemma B.5 Assume f(R*) > r. Then given B € X;" := C([0,1],R,), the problem

(1) (10 Yo

0) + aR(0) faR R(1) = R°, S,(0)=0, S(1) = S°

has a unique solution ( (,B),S(-,B)), which satisfies 0 < R(-,B) < R*,0 < S(-,B) < §*
and (R(-,0),S5(-,0)) = (R*,S*). Moreover, for any 0 < B < My, the maps B — R(-,B) and
B~ S(-, B) are Lipschitz continuous from X" — X;" and C* continuous from X;{" — X", where
My is given in Lemma B.3 and Xi" = {u(z) € X;" : u(z) > 0 on [0,1]}.

Proof. From Lemma B.3, one can find that any nonnegative solution to (24) satisfies 0 < R <
R*,0 < S < S* provided B(x) > 0. Note that (24) is a cooperative system, and the reaction terms
are C! continuous. According to Definition 8.4.1 of (Pao 1992), it is easy to see that (0,0) is a
strictly lower solution to (24), and (R*, S*) is a strictly upper solution to (24) provided f(R*) > r.
It follows from monotone iteration process in Chapter 8.4 of (Pao 1992) that there exists a pair
(R*,S*) and (R~,S™), which are the maximal and minimal solutions to (24), and satisfy the
relation 0 < R~ < RT < R*, 0 < S~ < 8t < S§*. The detailed proof can be found in Lemma
8.4.1 and Theorem 8.4.1 of (Pao 1992). Next, we show R~ = RT, S~ = S*. Obviously,

R* — R~ F(R7) = f(RY) _
Hence, we have
D(R" = R )ao + D(8T = 87 )au + [f(R7) = f(RT) + 9(S7) — 9(ST)|B(x) = 0.

Integrating over [0, ], and integrating over [0, 1] again, we have

—(D+aD)(R* (0)~ R~ (0)-D(S*(0) t/./ FRY)+9(57)—g(5H)]B(€)déd = 0

Noting that R > R~,ST > S~ on [0,1], and f(R),g(S) are strictly increasing, we must have
Rt = R~,8" = S~. Hence, (24) has a unique solution, denoted by (R(-, B), S(-, B)), satisfying
0 < R(,B)<R*"0< S(-,B) <S*. It follows from Theorem 2.1 that (R(-,0),S(-,0)) = (R*, S*).

Next, we prove the Lipschitz continuity of the maps R(-, B) and S(-, B) with respect to B.
To this end, let (Rl,Sl) = (R(',Bl),S(',Bl)) and (RQ,SQ) = (R(',B2),S('7Bg)) be the unique
solution to (24) with B = B; and B = By respectively. Here 0 < By(z) < Bs(z) < My with
Bi(z), Bo(z) € C[0,1] and B;(x) # Ba(z). Then

R —R f(R1)B1 — f(Rg)Bz —r(B1 — Ba) '\ _
EO < Sl _ 522 > - < ' ;(Sl)Bf— 92(52)321 ’ ) a 0

It follows from mean value theorem that
o ( '&)B 0 Ri—Ry \ _ ( (f(R2) —r)(B1 — Bz)
0 / - )
0 9'(&2)B1 S1— 52 9(S2)(By — Bs)
where & lies between R; and Rs, and & lies between S; and S>. Hence, 0 < & < R*, 0 < & < S*.
Recalling that f/(R), ¢’(S) > 0, we can find that the operator

. FE)B 0
“—“‘( 0 1w@&)
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is invertible, and its inverse operator is a bounded negative operator by Theorem 2.6 or Remark
2.4 of (L6pez-Gémez and Molina-Meyer 1994). Therefore,

(828 )@ (VEaTa” )

The boundedness of the operator (£o)~' and (R;, S;)(i = 1,2) leads to the Lipschitz continuity of
the maps B — R(-, B) and B — S(-, B).

At last, we show the C' continuity of the maps B +— R(-, B) and B — S(-, B) by the implicit
function theorem. Define H : X~ x C?%7[0,1] x C?7[0,1] — C7[0,1] by

H(B, R, S) :ﬁo( o ) _ < f(f()S;r )B(x),

subject to the boundary conditions —R;(0) + aR(0) = aR, R(1) = R°, S,(0) =0, S(1) = S°.
Clearly, H is a C' function. Given By(z) € X", H(By, R(-, By), S(-, Bo)) = 0, and the Fréchet
derivative

D(R,S)H(BmR('vBO)vs('aBO)) =Ly — < f/(R(.’OBO))Bl g/(S(',OBQ))Bl )

is a non-degenerate negative operator subject to the boundary conditions —R,(0) + aR(0) =
0, R(1) =0, S,(0) =0, S(1) = 0. It follows from the implicit function theorem that there
exists a C* map (R(-,B),S(-,B)) : X;” — C?**7[0,1] x C?**7[0,1] defined in a neighborhood
of By such that (R(-,B),S(-,B))|s=g, = (R(-,Bo),S(:,By)), and H(B, R(-,B),S(-,B)) = 0. It
follows from the uniqueness of the solution (B, R(+, B), S(+, B)) close to (Bg, R(-, By), S(-, By)) that
R(-,B),S(-, B) are continuously differentiable with respect to B respectively. O

Lemma B.6 Suppose f(R*) > r. Then for any given dg > 0, the following problem has a unique
positive solution provided m € [dy, m™)

DB, —vB, + (f(R(vB)) +g(S(7B)) -r-= m)B =0,

DB,(0) = vB(0), DB,(1)=vB(1). (25)

Proof. At first, by Lemma B.3, if B is a nonnegative solution, we must have 0 < B < M, provided
m € [0g,m*). Next, we show (25) has exactly only one positive solution B € (0, Mp). Let
W = e~ 5%B(x). Then

D(e%wwx)x + (f(R(v e%ww)) + g(S('7 G%IW)) -r-= m)e%’IW =0, (26)

W, (0) = Wy(1) = 0.

Let Q = {W € X{" : W < My + 1}, and define a differential operator T} : [0,1] x Q — X by
T-(W) = Kp ((tf(R(-,eD*W)) + 79(S(-,eD*W)) — 7 — m)eD*W + PW)

where P is large enough such that (7f(R(-,e2*W)) + 79(S(-,eD*W)) —r —m)eDd® + P > 0 for
all We Qand 7 €[0,1], and Kp is the solution operator W = Kp(h(z)) for the problem

—D(eD*W,), + PW = h(z), z € (0,1), W,(0) = W,(1) =0.

Let T=1T,. Then T : Q — X1+ is compact and continuously differentiable, and (26) has nonnega-
tive solutions if and only if the operator T has a fixed point in Q2. Moreover, T’- has no fixed point
on 0f). By the homotopic invariance of the degree, it is easy to see that

index(7T,Q, X;") = index(T, 2, X;") = index(Tp, 2, X;") = index(Tp, 0, X;") = 1.
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By Lemma D.3, it is easy to check that index(T,0, X;") = 0 provided that m < m.. The additivity
of index implies that T" has at least one positive fixed point in ).

It remains to prove the uniqueness of positive fixed points. To this end, we first claim that any
positive fixed point Wy of T' is non-degenerative, and index(T, Wy, X 1+ ) = 1. It follows from Leray-
Schauder degree theory that index(T, Wy, X;7) = (—1)?, where p is the sum of the multiplicities of
all the eigenvalue of T which are greater than one. Hence it suffices to show 7" has no eigenvalue
greater than or equal to 1. Suppose A > 1 is an eigenvalue of the Fréchet derivative operator of T’
at Wy with the associated eigenfunction ). Then

AD(B,), + (A~ 1P — (F(R( Bo) + g(S(, Bo)) — 7 —m)eBis
—Bof'(R(, Bo)) - OpR(-, Bo)e?"y — Bog'(S(:, Bo)) - 0 S(-, Bo)e P = 0, (27)

where By = e5*W,. Let ¢1 = OgR(-, Bo)e D%, ¢ = OpS(-, Bo)eD%1. It follows from (R(-, By), S(-
is the unique solution to (24) with B = By that

¢1 ) _ ( Bof'(B(Bo))¢r \ _ ( f(R(,Bo)) =7\ s
EO( P2 ) ( Bog'(S(+, Bo)) o2 > B ( 9(S(+, Bo)) ) 4
Ly = Bof'(R(-, Bo))¢1 + Bog'(S(:, Bo)) b2,

where Ly = —AD(e5%,), + (A — 1)PY — (f(R(+, Bo)) + 9(S(-, By)) — r — m)eD . It follows
from Theorem 13 of (Amann 2004) that

- Bof'(R(-, Bo)) 0
Lo = Lo~ ( ’ 0 ' Bog'(S(+, Bo)) )

is invertible subject to the boundary conditions: —(¢1),(0) + a¢1(0) = 0,¢1(1) = 0, (¢2).(0) =
0, ¢2(1) = 0, and all eigenvalues of £, are negative.

Let L; be the linear operator Ly with A = 1. Then L; = —D(e5%),), — (f(R(-, By)) +
g(S(-, By)) —r—m)e5 . Noting that W, is a positive solution to (26), that is L; Wy = 0 in (0, 1),
we can find that for A > 1, L is invertible subject to the boundary conditions: v,(0) = ¢, (1) =0,
and all eigenvalues of Ly are positive, which implies the strong maximum principle can be applied
to the operator Ly. Meanwhile, since LiWy = 0 in (0, 1), we conclude that A1(L;) = 0 and all
of other eigenvalue of L, are positive. Hence, the general maximum principle can be applied to
the operator Ly for the function v/Wy. By the similar arguments as in Lemma 3.3 of (Nie et al.
2015) and Theorem 3.1 of (Lépez-Gémez and Pardo 1994), one can deduce that ) = 0. That is,
the Fréchet derivative operator of T at Wy has no eigenvalue greater than or equal to 1. Hence,
index(T, Wy, X;F) = (-1)° =

Since T is compact and any positive fixed point of T' is non-degenerative, and the only trivial
non-negative fixed point 0 is also non-degenerative, we see that T" has finitely many positive fixed
points in Q. Let them be W;(i = 1,2, -+ ,1). By the additivity of the fixed-point index, we obtain

l
1 = index(T, Q, X;) = index(T,0,X;") + Y _ index(T, W;, X;") = 1.

i=1

Hence ! = 1 and T has a unique positive fixed point. Namely, (25) has a unique positive solution
provided m € [§p, m*). O

It follows from Lemmas B.5-B.6 that for m € (0, m*), (10)-(11) has a unique positive solution
(R (), Sm(x), By (z)) provided f(R*) > r. Next, we turn to show the continuity of the unique
positive solution (R, (z), Sm(x), Bm(x)) with respect to m.

Lemma B.7 Suppose f(R*) > r, and let (Ry(x), Sm(x), Bm(x)) be the unique positive solu-
tion to (10)-(11) when m € (0,m*). Then (Ry(x), Sm(x), Bm(x)) is continuous from (0,m*) to
(CHo,1])°.
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Proof. The continuity of the unique positive solution (R,,(x), S (x), By (x)) with respect to m
follows from a standard compactness and uniqueness consideration. Indeed, if m,, — mqg € (0, m*),
then there exists a subsequence of (R, (), Sm,, (), Bm, (z)) converges in C1([0, 1], R3) to a pos-

itive solution of (10)-(11) with m = mg. By the uniqueness, this positive solution must be
(R (@), Smo (), Bmg (). Therefore the entire sequence converges to (R, (2), Smo (), Bm, ().
O

Remark B.8 It follows from Remark B.4 and Lemmas B.5-B.7 that Theorem 2.3 holds.

Remark B.9 By application of a standard bifurcation argument, (m*; R*,S*,0) is a simple bi-
furcation point, and (10)-(11) has an unbounded connected branch of positive solution bifurcating
from (m*; R*,S*,0). Moreover, we can show the branch of positive solution can only become un-
bounded through (m; Ry, Sy, Bn) belongs to the branch and satisfies m — 0, and || By ||oo — 00,
which leads to f(R,) + g(Sn) —r — 0 a.e. in (0,1).

Proof of Theorem 2.4. (i) By Lemma B.1, any solution (R,S,B) to (9) satisfies R(z,t) >
0,5(x,t) > 0,B(xz,t) > 0. In order to show (R(z,t),S(x,t), B(z,t)) converges to (R*,S*,0),
we first consider the following system

R, =DR,;, +wsS —w,R+rB— f(R)B, z¢€(0,1),

S = DSpp — wsS +wr R — g<S)B7 x e (07 1),

—R.(0,t) + aR(0,t) = aR, R(1,t) = R°, (28)
S.(0,t) =0, S(1,t)=S°,

R(z,0) = Ry(z) >0, S(x,0) = Sp(x) >0,

where B(z,t) > 0 fixed. Clearly, there exists p > 1 large enough such that p(R*, S*) > (Ro(z), So(x)).
Hence (0,0) and p(R*, S*) are the ordered lower and upper solutions of (28) by Definition 8.1.2
of (Pao 1992). It follows from the iteration process of Chapter 8.2 in the book by Pao (1992)
and Theorem 8.3.1 of (Pao 1992) that (28) has a unique solution (R(z,t, B), S(x,t, B)) satisfies
0 < R(z,t,B) < pR*,0 < S(z,t,B) < pS*. Let A = {(R,S) : 0 < R < pR*,0 < S < pS*}.
Then A is an invariant set of the semi-dynamical system generated by the solutions of (28).
Since (28) is a cooperative system, the semi-dynamical system generated by the solutions of
(28) is strictly monotone. By Lemma B.5, the corresponding steady state system (24) has a
unique solution (R(z, B), S(x, B)), which satisfies 0 < R(z,B) < R*,0 < S(x,B) < S*. Hence,
limsup R < R*,limsup S < S* by Theorem 2.2.6 of (Zhao 2003). This implies there exists € > 0

t—o00 t—o0

small such that R < R* +¢, S < S*+4e¢€ Let W =e 5%B. Then

eBrW, Wa)o + (f(R) +9(8) —r —m)Web*

"Wa)s + (f(R* +€) +g(S*+€) —r—m)Web®.

Noting that m > m* = =X\ (—(f(R*) + ¢(S*)),v) — r, there is € small enough such that r +m >
M (=(f(R*+¢€)+g(S*+¢€)),v). Hence the comparison principle leads to W(x,t) — 0 as t — o0
uniformly in = € [0,1]. Thus tli)m B(z,t) = 0 uniformly for z € [0,1] provided m > m,, which

leads to 0 < B(x,t) < € for some € > 0. Therefore,

(£) 25 () () () (1057

The comparison principle implies (R, S) > (R, S¢), where (R., S.) is the solution of

(&) =a(§) ("9 )e

Obviously, (R, Se) = (R*,S*). Hence, (R(z,t),S(z,t), B(z,t)) converges to (R*, S*,0).
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We prove (ii) by making use of the abstract persistence theory (Smith and Zhao 2001). Let
U (t) be the solution semiflow generated by the system (9) on the state space XT. Set X; :=
{(R,S,B) € X* : B(z) # 0} and 9X, := X\ Xo. Let My := {® € 0Xo : U()® € dX,,Vt > 0}
and w(®) be the omega limit set of the forward orbit v (®) := {¥(¢)® : t > 0}. Then X is open
in Xt and forward invariant under the dynamics generated by (9) and Xy contains the washout
equilibrium (R*, S*,0).

We first claim that Ugepr,w(®) C {(R*,5*,0)}. For any given & € My, we have ¥(¢)® €
My, ¥t > 0, which implies for each t > 0, we have B(-,¢,®) = 0. Thus (R, S) satisfies (8). It
follows from Theorem 2.1 that tliglo(R, S) = (R*, S*) uniformly for = € [0, 1]. Hence, the claim is

proved.

Next, we claim that (R*,S*,0) is uniform weak repeller in the sense that limsup || ¥ ()P —
t—o0

(R*,5*,0)|| > ¢ for all ® € Xy. Assume to the contrary that (R*,S*,0) is not a weak repeller.
Then there exists such a solution satisfying (R(x,t),S(z,t), B(z,t)) — (R*,S*,0) uniformly in
x € [0,1] as t = oo. Note that for (R(x,0),S5(x,0), B(z,0)) € Xy, we have B(x,t) >0 forallt >0
by change of variable. Since m < m* = —A;(—f(R*) — g(S*),v) — r, there is an € > 0 small such
that r +m < =X (—f(R* —¢) — g(S* — ¢€),v). Recalling the hypothesis (R, S, B) — (R*,S*,0),
there exists ¢ty > 0 such that R* — e < R(z,t) < R* +¢€,5* —e¢ < S(z,t) < S*+€60 < B < ¢
for ¢t > to. Consequently, for ¢ > tg, By > DBy, — vB, + [f(R* —¢) + g(S* —€) —r — m]B. Let
W = e~ 5%B. Then for t > tg,

eDTWy > D(eD* W)y + [f(R* —€) + g(S* —€) —r —m]WeD®, W,(0,t) = W,(1,t) = 0.

Choosing W (x,ty) > 619*(x, €), by comparison principle, W > 619" (z, €)e*(=t0) for t > to, where
Ae = =M (—f(R*—¢)—g(S*—¢),v) —r—m > 0, and *(z, €) is the associate positive eigenfunction
to the eigenvalue problem (39) with ¢(x) = —f(R* — €) — g(S* — €). This is a contradiction to
eD2W (x,t) < e. Hence, we conclude that (R*,S*,0) is a uniform weak repeller and {(R*, S*,0)}
is an isolated invariant set in X .

Define a continuous function p : X+ — [0, 00) by p(®) := ren[g)nl] O3(x) for any & = (@q, Po, P3) €

x 5

X+, Tt follows from the standard comparison principle that p~1(0,00) C X and p satisfies that
if p(®) >0 or & € X; with p(®) =0, then p(¥(¢)®) > 0 for all ¢ > 0. That is, p is a generalized
distance function for the semiflow ¥(¢) : X* — X (Smith and Zhao 2001). It follows from
User,w(®) C {(R*,5*,0)} that any forward orbit of ¥(¢) in My converges to (R*,S*,0). Note
that {(R*,S*,0)} is an isolated invariant set in X, and the stable set W*({(R*, 5*,0)})N X, = 0.
Hence,there is no subsets of {(R*, 5*,0)} forms a cycle in My. Meanwhile, it follows from Lemma
B.2 that W(¢) is point dissipative on X ¥, and forward orbits of bounded subsets of X+ for W¥(¢) are
bounded. By Theorem 2.6 of (Magal and Zhao 2005), ¥(¢) has a global attractor that attracts each
bounded set in X . It follows from Theorem 3 of (Smith and Zhao 2001) that there exists a ¢y such
that for any ® € Xo,éorélir(lq))p(éo) > ¢€g, which implies that for any & € X, liging(~,t) > €.

The proof is completed.

C. Coexistence Results

The aim of this subsection is devoted to study coexistence solutions of the two species system
(6)-(7), and to establish Theorem 2.6 by the global bifurcation theory (Crandall and Rabinowitz
1971; Du 1996). Let

mi = =M (=fi(R") = g1(57),v1) — 1, mj = —=Ai(=f2(R") — g2(S™), v2) — 72,
where Ay (—f;(R*) — ¢:(S*),v:)(i = 1,2) is the smallest eigenvalue corresponding to the linear

eigenvalue problem (39) (or (38) equivalently) with ¢(z) = — f;(R*) — ¢;(S*) and v = v;. It follows
from Theorem 2.3 that there are three types of nonnegative steady-state solutions to (6)-(7):
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(i) washout solution (R*,S*,0,0);

(ii) semi-trivial solutions: (Ry, S, B1,0) provided 0 < m; < mj; (Rg,S2,0, B2) provided
0 < mg < ms3;

(iil) positive solutions (R, S, By, B2) with Bi(z) > 0 and Ba(z) > 0 on [0, 1].

Repeating the same arguments in Lemma B.3, we obtain a priori estimates for positive solutions
of (6)-(7).
Lemma C.1 Assume f;(R*) > r;(i =1,2) and (R, S, B1, B2) is a nonnegative solution of (6)-(7)
with By £ 0 and By £ 0. Then

(i)0<R<R*0<S<S5%B; >0,By>01in(0,1);

(ii) 0 < my <m3,0 < mg < mb;

(iii) for any given § > 0, there exists a positive constant M(0) such that every positive solution

(R, S, B1, Ba) of (6)-(7) with my € [6,m}), mq € [0,m3) satisfies ||B1lloo + || B2lloo < M(6).

It follows from Lemma C.1 that the necessary conditions for the existence of a positive solution

of (6)-(7) are
0 <mi <mi,0<m<mj.

Next, we assume 0 < m; < mj,0 < mg < mj, and construct a positive solution of (6)-(7) by the
global bifurcation theorem. Thus we need to rewrite (6)-(7) as an abstract equation related to
a completely continuous operator. Let X = C([0,1],R*), and X* = C([0,1],R}) be the positive
cone of the ordered Banach space X.

Let u=R*— R,v = 8" — S,w; = e_%wBl,wz = e_%””Bg. Then the steady state system
(6)-(7) is equivalent to

~(Diyy + wsv — wpu) = (f(R* —u) = r1)e Bwy + (fo(R* — u) — ra)e B 7wy,

—(DUzg — wsv + wytr) = g1(S* = v)e D wy + ga(S* — v)e B wy,

—-D (e%”(wl)w) = [fi(R* —u) + g1 (S* —v) — 11 — myle D wy, (29)
[

-D (e%z(wz)x>m =

with the boundary conditions

fo(R* —u) 4+ g2(S* —v) —rg — mg]e%"’:wg,

—uz(0) + au(0) =0, u(1) =0, v,(0)=0,v(1) =0, (w;)z(0)=(w;)(1)=0, i=1,2, (30)
We define A : (0, 4+00) x X — X by
Alma;u, v, wy, we) = (Ag(u, v, wr, wa), A (u, v, wr,wse), Aa(u, v, wr, ws)),
where

Ao (v, w1, w2) = Ko ( (AR =) = r1)eBow; + (fa( R =) = ro)e By )

91(S* — v)eDTwy + g2(S* — v)e B Tw,y
Aq(u,v,wi,we) =Ky ([f1(R* —u)+¢1(S* —v) —ry — ml]e%”wl + Miw,

AQ(U,’U,wl,’LUQ) = KQ [fg(R* - U) + QQ(S* - ’U) — T9 — mg]e%mwg + M2w2

and Ko, K;(i = 1,2) are the solution operators for the problems, respectively,

—Co(¢17¢2)T = (hl( ) ( )) ) (0 1) (31)
—(¢1)2(0) + a¢1(0) = 0, ¢1(1): (¢2)2(0) = 0,2(1) =
D (e%zwx> + Myw = h(z), z € (0,1), wy(0) = wy(1) = 0. (32)
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That is, for any given hi(2), ho(z) € C[0,1] and h(z) € C[0,1], (¢1,¢2)T = Ko(h1(2), ho(z))T and
w = K;(h(z)). Here, M;(i = 1,2) is large enough such that (f;(R* —u)+g;(S* —v)—r; —m;)e D% +
M; > 0. By the application of Theorem 2.6 of (Lépez-Gémez and Molina-Meyer 1994), we obtain
that Ko is strongly positive compact operator when seen as an operator from C1([0,1],R?) to
C1([0,1],R?) and from L2((0,1),R?) to L?((0,1),R?). Similarly, K;(i = 1,2) is strongly positive
compact operator when seen as an operator from C[0, 1] to C*[0,1] and from L?(0,1) to L?(0,1).
By standard elliptic regularity theory we know that A : (0, +00) x X — X is completely continuous.
Let U = (u,v, w1, w2)T and G(mg; U) = U — A(mg, U). Then the zeros of G(mg; U) = 0 with
0<u<R*"0<wv<8%w >0,ws >0 correspond to the nonnegative solutions of (29)-(30).

It follows from Theorem 2.3 that (29)-(30) have two semi-trivial solutions
U1 = (R* — Rl,S* — S1,67%13170) and U2 = (R* — RQ, S* — §2,0767%$B2)

when 0 < my < mj,0 < my < mj. Next, we construct a positive solution branch IV = {mg; U} C
(0, +00) x X* bifurcating from the semi-trivial solution branches I} = {(m2;U1) C (0, +00) x X+ :
mg € (0,400)} and Ty = {(m2; Uz) C (0,400) x Xt : my € (0,400)}. To this end, we fix
mq € (0,m7) and take my as the bifurcation parameter. Introduce

mi(ma) = =A1(=fi(Ra(, ma)) — g1(S2(-,m2)),v1) — 71,

tia(m1) = =M (= fa(Bi(-,ma)) = g2(81(,ma)), v2) — 12,
where A\ (—f1(Ra(-,m2)) — g1(S2(-,me2)),v1) and A (—f2(R1(-,m1)) — g2(S1(-,m1)),v2) are the

smallest eigenvalues corresponding to the linear eigenvalue problem (39) (or (38) equivalently) with
q(z) = = fi(Ra(-;m2)) — g1(S2(-;m2)), v = v1 and q(x) = —fa(Ri(-,m1)) — 92(51( 1)),V = vy
In view of 0 < Ry < R*,0 < S; < §*, it follows from Lemma D.1 that 0 < 7hi(ms) < m}, 0 <
Mo (ml) < m§

Proof of Theorem 2.6. For any § > 0 and my € [§,m}) fixed, we construct the global bifur-
cation which corresponds to positive solutions by treating msy as a bifurcation parameter. The
Fréchet derivative of G(mg; U) with respect to U at U; is denoted by DyG(ms; Uy). In order
to apply Crandall-Rabinowitz Theorem of bifurcation from simple eigenvalue (Crandall and Ra-
binowitz 1971), we first show that the dimension of the null space of DyG(mg;Uy) is 1. Let
DyG(ma; Uy)(¢1, P2, %1, 12) = 0. Then direct computation gives

( $1 ) ( f1(R1)Bi¢n >+< (f1(R1) = r1)e Doy + (f2(Ry) — r2)e D “ahy ) ~0

b2 91(51)B1¢o ) 93(51)6%”%17-&- g2(§1)6%ziéz )
D(ef’ “P1z)e + [f1(R1) + g1(S1) — 1 — ml]eflf”% — fi(R1)B1¢1 — 91(S1)B1¢2 =0
D(eB%2,), + [f2(R1) + g2(S1) — r2 — male B ¥4py = 0

with the corresponding boundary conditions. Take mgo = Mg, 2 = 1/;2, which is the associated
positive eigenfunction to the eigenvalue A\j(—f2(R1) — ¢g2(51),v2). It follows from Theorem 13 of

(Amann 2004) that o
by (B D)

0 91(5)
)+ ( ) = Oa(bl(l) =0, (QSQ)%(O) =

is invertible subject to the boundary conditions: —(¢1).(0
0,¢2(1) = 0, and all eigenvalues of Ly are negative. Hence

( o ) . K Al >e”5%] -y [( Ak )enm}
Here £ is the inverse operator of £y subject to the boundary conditions —(¢1),(0) 4 a¢;(0) =
0,61(1) =0, (¢2)2(0) =0,p2(1) = 0. Let

(Gt )= ("Gt ) o]
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nd o
a (26 [( PGB Yo

Putting them into the equation for v, we have

~—

D(eP™Pra)e + [f1(R1) + g1(51) —r1 —my]e P -
+(f{(R)G1 (1) + g1(S1)$2(1)) By + (f{ (R1)1(¥2) + g1 (S1)da(4h2)) By = 0.

Clearly, ¢1(11),d2(1b1) are differentiable with respect to 1. Note that ¢(0) = $2(0) = 0.
Take [[¢1]| = € by re-scaling. Then Bi(fi(R1)¢1 (1) + 91(S1)¢2(¥1)) = Bi[fi(R1)((9y, 1)1 +

o(e )1/)1) * 91(51)((3¢1¢2)¢1 + o(e)y)] = Bl[f1(Rl)3w1¢1 + 91(81)0y, b2 + o(€)]¢h1. Note that
Ly =D& L)+ [f1(R1)+01(S1) —r1 —male D™ + By f{(R1)Dy, 61+ 91 (51)0y, $2) is invertible,
Hence 1/)1 1[)1 can be solved by (33) uniquely, which implies the null space of DyG(rng; Uy) is
spanned by (¢1, ¢a, 11, ). Here

(3) s [P ) mma] e (7557 ) #a]

Direct computation leads to that the range of DyG(mg; Uy) is

ﬁg (33)

1
{U = (u,u,whwg) eX: / [(fz(.Pq) + gg(gl) —T9 — mg)e%m + Mg]’(/JQﬂ)Qd.’L‘ = 0}
0
By virtue of Ky(e B %1hy) > 0, we have
1
/ Ka(e D ") [(f2(R1) + g2(S1) — 12 — 1ha)e D™ + Mathadz > 0
0

Hence, DfanG(mg;Ul)(él,ég,lﬂl,lﬁz) = (0,0,0,Kg(e%ziﬁg)) does not belong to the range of
DuyG(mg; Up). By application of the bifurcation theorem from a simple eigenvalue (Crandall
and Rabinowitz 1971), there exists a 7o > 0 and C! function (ma(7), R(7), S(7), B1(7), Ba(7)) :
(—70,70) = (—00,+00) x X such that m(0) = 7z, R(0) = Ry, S(0) = Sl,Bl( ) = B1,B2(0) =0
and (ma, R(7),S(r), Bi(7), Ba(7)) = (ma(7), Ry + 7(¢1 + U(7)), S1 + 7(do + V(7)), By + 7(th1 +
w1 (1)), (2 +wa (7)) (|7] < 7o), which is the solution of the steady state system (6)-(7). If we take
0 < 7 < 79, this bifurcation branch is just the positive solution of the steady state system (6)-(7).

Next, we extend the local bifurcation to the global one. Suppose A > 1 is an eigenvalue of
DyA(msz; Uy) with the corresponding eigenfunction (¢1, 2,11, 12). Then

\Cy ( 1 ) . ( —f1(B1)Bio1 + (f1(F1) *?"1)613%1 +(f2(R )*7“2)6372%2 ) _0
G2 —g,(S1)B1a + 91(S1)e By +92(5 )eB Py '
AD(G D%1)s + (1 — N) M1y + [f1(R1) + 91(S1) — 11 — ma]e D "¢y (34)
. —f{(R1)Bi¢1 — 91(51)Bl¢2 =0,
D(eB™tg)e + Ma(—1+ )02 + £ (f2(B1) + g2(5h) — 1y —mg)e BTy =0

with the boundary conditions (30). Claim that ¥9 # 0. If not, then 19 = 0, similar arguments lead
to
~ L ( fi(R)By 0 >
Ly=Ly— < ! -
A LD\ < 0 91(51) By

is invertible subject to the boundary conditions: —(¢1).(0) + a¢1(0) = 0,¢1(1) = 0, (¢2).(0) =
0, $2(1) = 0, and all eigenvalues of £ are negative. Hence

(2= k(M )
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Substituting (¢1, ¢2) into the equation for ¢ in (34), we have ¢y = 0 by similar arguments as
above, which leads to ¢; = ¢ = 0. This is a contradiction. Hence 1 # 0. Noting that Ly
is invertible, similar arguments as above deduce that ¢, ¢ and ¢ can be determined by (34)
uniquely. Hence, A > 1 is an eigenvalue of DyA(me; Uy) if and only if A > 1 satisfies

D(eB 4, )s + Ma(—=1 + 3 + % (fo(R1) + 92(51) — 12 — ma)e B 24y = 0,
1/}295(0) - 77Z12x(1) =0.

That is, A > 1 is an eigenvalue of DyA(mg; U;) if and only if %(0 < % < 1) is an eigenvalue of

—D(eB ", )s + Mathy = o[(f2(Ra) + 92(S1) — 12 — ma)e BT + Malibn, (35)
¢21(0) = in(l) =0.

If mo > 1, then Aj(—fo(R1) — g2(S1) + 12 + ma, v2) > 0. It follows from Lemma D.4 that the
eigenvalue problem (35) has no eigenvalue less than or equal to 1, which leads to DyA(ms; Uy)
has no eigenvalue A > 1. Thus index(A(mg;U),Uy) = 1.

On the other hand, in view of fo(R1) 4 g2(S1) — 72 — ma + My > 0, it is easy to check that all
eigenvalues o;(mg) of (35) are real and strictly increasing with respect to mg, and can be ordered
as 0 < o1(ma) < oa(ma) < gz(mz) < --- with o1(12) = 1(cf. Courant and Hilbert 1953). Hence,
for 1y — € < ma < g, one can find that 0 < o1(m2) < o1(Mm2) = 1 and o2(ms) > o1(rhe) = 1.
The continuity of oa(ms) leads to oo(ms) > oo(he — €) > 1 as long as € is small enough. Thus
o1(mz) is the unique eigenvalue of (35), which is less than 1, and (35) has exactly one nontrivial
solution (up to a multiplicative constant), denoted by 1[)2, whenever mgy < my is close enough to
7y. This establishes that DyA(mg; Up) has a unique eigenvalue \g = —~— > 1.

Ul(mg)

Next, we can show that
N (Aol —DuA(ma; Ur)) N R(Aol — DuA(ma; Uy)) = {0},

which implies the algebraic multiplicity of the eigenvalue \q is one. If not, without loss of generality,
We 1nay assuine that ((bla ¢27 ¢17 1;2) € R()‘O‘[ - DUA(m27 Ul))? where (¢17 ¢2> ’(/}17 ’(;2) satisfies (34‘)
with A = Ag. Then there exists (®1, Py, ¥y, ¥sy) € X such that
AoD(eB¥Wa,), — Ma(No — D)Wy + (fo(R1) + g2(S1) — 72 — ma)eB W,y
= D(e%wd@m)m - M277[]27 (36)
Uy, (0) = Uy, (1) = 0.

Meanwhile, note that \g = m, 152 # 0 and

jD(e%wlzsz)I + Mathy = o1 (ma)[(f2(R1) + g2(51) — 12 — ma)e BT + Ma]ibs,

Multiplying (36) by ¥, and (37) by W, and integrating over (0, 1) by parts, we obtain

(37)

1 1
—D/ e B2 da — Mg/ Y3dz =0,
0 0
a contradiction. Hence, g is the unique eigenvalue of DyA(mg; Uy) greater than 1. Moreover, its
algebraic multiplicity is one. This gives index(A(meq; U),U;) = —1.

By the global bifurcation theorem (see Theorem 2.1 of (Du 1996)), the local bifurcation
given as above can be extended to a continuum T', satisfying one of the alternative: (i) meets
(me, Ry, S1, B1,0) at mg # mg; (ii) joins (Mg, Ry, S1, B1,0) to oo in (—oo, +00) x X.

Suppose (i) holds. Then we can find a sequence of points (m(Q"), R, Sy, Bin), Bén)) € (0,m3) x
X* with Rn,S’n,BYL),Bén) >0 on [0,1], which converges to (g, Ry, S, B1,0) in (0,4+00) x X.
It follows from the equation for Bé”), we have

—m§” = M (= fa(Bn) = 92(Sn), v2) + 72 > M(—fa(Rr) — 92(51),v2) + 72 = —1ita.

31



Hence, my = My, a contradiction. Thus (i) can not occur.

It follows from Lemma B.3 that 0 < R < R*,0 < S < §*,B; > 0,B2 > 0, and ||B1||ec +
| B2lloo < M for mq € [0,m}), ma € [§,m3) and any § > 0. By LP estimate and Sobolev embedding
theorem, we can claim that ||R||, ||S]], || Bi]|, || Bz|| are bounded. So T is bounded in [5, m}) x XT.
Since (ii) holds, one can claim that the global bifurcation branch I' must meet the boundary of
[0,m%) x XT. Thus T' — {(tha, Ry, S1,B1,0)} € X* or I contains a point (ma, R, S, B, B2) €
[0, m3) x Xt with my = 6, or ma = mj.

Suppose there exist mgn) — mb— and positive solution (Rn,SmBgn),Bén)) of (6)-(7) with
my = my". Let B" = B'H . Since 0 < fi(Rn) + gi(Sn) < fi(R*) + gi(S*)(i = 1,2), we can

assume f;(R,) + g;(Sn) — Fi(x) weakly in L?(0,1). Here 0 < F;(x) < f;(R*) + ¢;(S*). Then

D(BY)aw = v2(BS" )a + [fo(Rn) + g2(Sn) =72 = myV|BY” =0, @ € (0,1),
)2 (0) = 12 BS(0) =0, D(BYM)a(1) — 12B5” (1) = 0.

Integrating the above equation from 0 to z, we obtain
x
DB )ala) = 1aBY (@) + [ (Falo) + 92(8,) — ra = ) B =0,
0

which indicates (Bgn))gj(a:) is uniformly bounded since 0 < R,, < R*,0 < §,, < §* and Héén) lloo =
1. Hence, (Eé”))m is uniformly bounded. Passing to a sequence if necessary, we may assume
B = B, in €10, 1], and B, is a weak solution to

D(f?z)m - Vz(Bg)m + (Fa(z) — Ty — mé)ég = 0, =€(0,1),
D(BQ)I(O) - Z/QBQ(O) = O, D(BQ)I(].) - 1/232(1) =0.

Here 0 < Fy(z) < fo(R*) + g2(S*). Tt follows from the strong maximum principle that By > 0.
Moreover, ro +mjs = =X (—Fa(z),12) < =A1(—fa(R*) — g2(S*), v2) = mb +ro. The equality holds
if and only if Fy(z) = fo(R*) + g2(S*). Similar arguments lead to B;n) — By in C'[0,1], and B,
satisfies ) ) )

D(Bil)xa: — Vl(B})x + Bl(Fl({E)A— T — ml) A: 0, T € (0, ].)7

D(Bl>T(0) - I/lBl(O) = 0, D(Bl)T(l) - VlBl(l) = O7

where 0 < Fy(x) < f1(R*) 4+ ¢1(5*). By the strong maximum principle, we have B; > 0. Hence,
ry+mp = —/\1(—F1(ZE), Vl) S —/\1(—f1(R*) —gl(S*), 1/1) = ’I’?’LT + 7. Note that fz(Rn) —|—gZ(Sn) —
F(z) weakly in L%(0,1), Fo(z) = fo(R*) + g2(S*), and a priori estimates 0 < R, < R*, 0 < S, <
S*. Tt follows from the monotonicity of f;(R),g;(S) that Fi(z) = f1(R*) + g1(S*), which deduce
my; = mj, a contradiction.

Suppose there exist m$S™” — 0+ and positive solution (R, S, B, BS™) of (6)-(7) with my =
mén). At first, we show ||B§n)||00 — oo. If not, it follows from Lemma C.1 and (6)-(7) with
(R, S, B1,Bs) = (Rn,Sn, B, BSY) and my = mg"> that (Rp)ees (Sn)ees (B )ae, (BS)4e are
uniformly bounded. By LP estimates and Sobolev embedding theorem, we may assume by passing
to a subsequence that R, — R, S,, — S, B%n) — By, Bén) — By in C10,1], and (R, S, By, Bs) is

a weak solution to (6)-(7) with my = 0. Let B{" = 7“131?"”% . Similar arguments lead to B — B,
2 [loo
in C1[0,1], and B, satisfies

D(
D(

2)ex — Vz(B2) + Ba(fof

l? R) 4 g2(5) —r2) =0,
BQ)Z(O)_VQBQ(O)—O D(B)

(1) — 1aBy(1) = 0.

respectively. It follows from the strong maximum principle that By > 0. Integrating the equation
for By over [0, 1], we deduce fol(fg(R) —r9+ g2(S))Badx = 0, which implies fo(R) —r2+¢2(S) =0
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a.e in (0,1) by Lemma C.1. It follows that S =0 in [0, 1], a contradiction. Hence, ||B§")||OQ — 00.
By the same reasoning as in the proof of Lemma B.3, for given B§n)7 Bén) > (0, we can show that

the following problem

D(Ro)az +weSn = wy R = (fu(Rn) = 1) B" = (fo(Ra) = r2) By =0,
DSy ) — woSp +wr R = g1(Sp) BY"” — g2(S,) BS™ = 0,
~(Bn)a(0) + @lfn(0) = aR, Rn(1) = B, (S0)a(0) =0, Su(1) = S°.

has a unique solution (R, (x, By, Bs), Sn(z, B1, B2)), which satisfies f;(R,)—r; — 0 and ¢;(S,) — 0
a.e. in (0, 1) by similar arguments as in Lemma B.3. Noting that the equation for B%n), we have
—my = M (—f1(Rn) + 71 — g1(Sp)). Letting n — oo, we get m; = 0, a contradiction.

Suppose I' — { (19, R1, S1, B1,0)} € X*. Then we can find a sequence of points

(m{, Ry, S,, B, B{M) e T nXT with Ry, S,, B™,B{™ >0 on [0,1],

which converges to (ms,, R, S, By, B,) € (T — {(1h2, Ry, 51, B1,0)}) N OX* in (0, 4+00) x X. Since
(R,S,B,,B,) € X' and R, S > 0, we obtain that either B; > 0, B;(x¢) = 0 for some point zo €
[0,1] or By > 0, B5(z9) = 0 for some point z¢ € [0,1]. By the maximum principle, we have B; =0
if B;(zo) = 0 for some point zg € [0,1]. Similarly, we can show B, = 0 for the other case. There-
fore, we have the following alternatives: (a)(R,S,B;,B,) = (R*,5%,0,0); (b)(R,S,B;,B,y) =
(Rl, Sl, Bl, 0); (C)(E, §,§1,§2) = (Rg, 52, 07 Bg).

It (m$", Ry, S, B, B{Y) = (mg, R*,5%,0,0), then my = —Ay(—f1(Rn) — g1(Sn)) — r1 —
mj, contradicting m; € [0,m}). If (mé”), Ry, S, B%n), Bén)) — (ma, R1, 51, B1,0), —mén) =
Al(_fQ(Rn) — gg(Sn),Vz) +ro — )\1(—f2(R1) — gg(Sl),ug) 4+ ro = —my. Hence, mo = Mo, a
contradiction. Therefore, (¢) necessarily happens and the global bifurcation I' must meet the semi-
trivial branch I'; at the point (mQ,R2,§2,07BQ), that is, TN Ty = {(mQ,RQ,SQ,O,Bg)}. Hence
there exists a sequence (mg"), R,,S,, B;"), Bén)) — (a2, Ry, 82,0, By). By the equation for B%n),
we have my = =\ (—f1(Rn) —91(Sn), v1) —r1. Taking the limit, we get m; = —A1(—f1(Ra(me)) —
91(S2(m2)), v1) —r1. Namely, mq is determined by m; = =1 (— f1(Ra(m2)) — g1 (S2(e)),v1) — 1.
The proof is completed.

D. Some Well-known Lemmas

Finally, we state some well-known lemmas as appendix without proof, which is useful for obtaining
the main results in this paper.

Consider the linear eigenvalue problem

—Dyr + v, +q(z)o=Xp, 0<x<1

Dpa(0) — vip(0) =0, Dipy(1) — vip(1) =0, (38)

where ¢(x) is a continuous function in [0, 1], D, v are positive constants. Let ¢) = e~ 5%¢(x). Then
1) satisfies

-D (e%xwz)x +q(z)eB®h = XeDYP, 0<x <1

¢z(0) = d’x(l) =0.

Lemma D.1 (Courant and Hilbert 1953; Hsu and Lou 2010) All eigenvalues of (39) are real, and
the smallest eigenvalue A\1(q(x),v) can be characterized as

1 v
. eD® (D2 + q(x)y?)dx
A(gq(z),v) = inf fo (1 — (@)¢")
¢#0,9€H'(0,1) fO eDr)2dx

(39)

which corresponds to a positive eigenfunction 1, and A (q(x),v) is the only eigenvalue whose
corresponding eigenfunction does not change sign. Moreover,
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(i) q1(z) > go(x) implies A\1(q1(x),v) > Ai(g2(x),v), and the equality holds only if ¢1(x) =
q2();

(ii) gn(z) — q(x) in C[0,1] implies A1 (gn(z),v) = A1(q(z),v).
Lemma D.2 (Parabolic Harnack inequality) (Evans 1998). Let Q@ C R™ be an open set, Qr =
Q% (0,T) and

n
Luz—Zaw ul%—kZb )y, + c(x)u,

ij=1

where the coefficients a;;(x),b;(x), c(z) are continuous, and —L is uniformly elliptic in Q. Assume
u € C*YQr) solves uy + Lu = 0 in Qr, and u > 0 in Q. Suppose K CC ) is connected. Then
for each 0 < t1 <t <T, there exists a constants C' such that

supu(-, t1) < Cinfu(-, t2).
K K

The constant C depends only on K, t1,ta, and the coefficients a;;(x), b;(x), c(x).

Lemma D.3 (Dancer 1983; Dancer 1984) Let F' : W — W be a compact, continuously differentiable
operator, W be a cone in the Banach space E with zero ©. Suppose that W — W is dense in E
and that © € W is a fized point of F and Ag = F'(©). Then the following results hold:

(i) indexw (F,0) =1 if r(Ap) < 1;

(ii) indexw (F,0) = 0 if Ag has eigenvalue greater than 1 and © is an isolated solution of
x = F(x), that is h # Agh if he W — ©.
Lemma D.4 (Wang 2010) Let Q is a bounded domain in R™ with boundary surface OQ € C*+7,

q(z) € C(Q) and P be a positive constant such that P — q(x) > 0 on Q. Let A\1(q(z)) be the
principal eigenvalue of the eigenvalue problem

- Z Dj(aij(x)Dip) + g(x)p = Ap,x € Q, Z a;j(z)Dipcos(w, ;) + b(z)p = 0,2 € 09,
,j=1 1,5=1

where a; j(x),b(x) € C(0N), b(x) > 0, and w is the outward unit normal vector on Q. Then the
following conclusions hold
(i) if A1(g(z)) < 0 then the spectral radius r[(P — Dj(a;;(z)D;)) " (P — g(z))] >
(i) if A1(g(x)) > 0 then the spectral radius r[(P — D;(a;;(z)D;:)) (P — q(z))] <
(iii) if A1 (g(z)) = 0 then the spectral radius r[(P — Dj(a;j(x)D;)) " (P — q(x))] = 1.
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