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Abstract. This paper is concerned with the classical Nicholson-Bailey model [15]
defined by fx(z,y) = (y(1 — e %), Aye~*). We show that for A = 1 a heteroclinic
foliation exists and for A > 1 global strict oscillations take place. The important
phenomenon of delay of stability loss is established for a general class of discrete
dynamical systems, and it is applied to the study of nonexistence of periodic orbits
for the Nicholson-Bailey model.

1. Introduction. Consider a system of difference equations of the form

Tpt1 = cyn(l = 9(Tn,Yn)),
Yn+1 = )\yng(xna yn)a

where x,,,y, > 0, n € N, the numbers ¢, A > 0 are parameters, and ¢ is a continuous
function with range in [0,1]. A system of such a type is used as a host-parasite
model [5], in which case z,, and y,, are the densities in the nth generation of parasites
and hosts respectively, g(z,,y,) is the fraction of hosts not parasitized, A is the
host reproductive rate, and c is the average number of viable eggs laid by a parasite
on a single host. In 1935, Nicholson and Bailey [15] made assumptions on random

encounters of hosts by parasites and on the rate of parasitism of a host, and under
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those assumptions the Poisson distribution for the densities leads to the following
expression for the function g (see [5]):

g(xna yn) = efawn’

where a is a constant which represents the parasite searching efficiency. So the
Nicholson-Bailey model is the system

Tpg1 = CYn(l — e,
Ynt1 = AYpe 4.
By the scaling = — ax, y — cay, the Nicholson-Bailey model takes the form

Tn4+1 = yn(l - e—xn)’ (1 1)
Yn+1 = Ayne” .

For any A > 0 the Nicholson-Bailey map (1.1) is a diffeomorphism in the first
quadrant of the (z,y)-plane (without the z-axis) onto itself. In the case when 0 <
A < 1, the dynamics of the Nicholson-Bailey model is very simple (see Section 2):
for every initial point from the open first quadrant @, the forward orbit approaches
exponentially the origin, while the backward orbit tends exponentially to infinity
approaching the y-axis.

The case A = 1 is a bifurcational one: in this case the y-axis consists of nonhy-
perbolic fixed points, and we are able to give an explicit expressions for the global
stable and unstable manifolds of these fixed points (Theorem 3.1). In fact, we show
that in the case when A = 1 the system is integrable and the level curves of the first
integral H(z,y) := z + y — Iny form a heteroclinic foliation on @ (see Section 3).

The global dynamics of the Nicholson-Bailey model (1.1) in the case when A > 1
(which is the most interesting one from the biological viewpoint and therefore con-
sidered in mathematical biology literature) is not completely understood up to now.
In particular, it is not known whether there exist periodic points in @ other than
the fixed point (Py, ) = (In A, %) For some results concerning nonexistence
of periodic points, see Corollary 4.3 for small periods, while Corollaries 4.6 and 4.7
for f) with A > 1 close to 1. It seems that the difficulties in studying this case are
related with a "huge” nonlinearity at the origin, which may be regarded as a degen-
erate saddle on the boundary of @ with eigenvalues 0 and A. In the literature [5],
[11], [14], [18], local spiral oscillations in a neighborhood of the fixed point (P, gx)
are described, which is based on the fact that this fixed point is an unstable focus.
On the other hand, computer simulations indicate that most forward orbits exhibit
divergence oscillations. In Section 4, we are able to prove rigorously the global
strict oscillations for both forward and backward iterates. Moreover, Theorem 4.4
below shows that in polar coordinates centered at (pa, gy), the sequence of angles
corresponding to the iterates is strictly decreasing.

By identifying Q\{px,dx} with an open annulus (after appropriate scaling the
radii for the polar coordinate system), Theorem 4.4 implies that if there exists an
invariant circle of the form graph(f), where 0 is the angular coordinate, then on
such an invariant circle the map (1.1) induces an order preserving homeomorphism,
and so it has a well defined rotation number. The latter property reminds a similar
property for area preserving twist maps of annulus (refer to [8]). However the
Nicholson-Bailey model satisfies neither area preserving nor twist condition, and
therefore the well developed KAM theory cannot be applied here. Note that there
are some host-parasite models (under some biological assumptions slightly different
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from those for the Nicholson-Bailey model) which produce area preserving twist
maps (see [4], [12]). As for the problem of divergence in the radial coordinate
or possible chaotic behavior of orbits of (1.1) for A > 1, it still remains an open
question.

In Section 5, we examine more closely for parameters region 0 < A — 1 < 1, the
behavior of certain class of general discrete dynamical systems which includes the
Nicholson-Bailey model. In this situation, the system can be viewed as a singularly
perturbed one. We first establish the phenomenon of stability loss for a certain
general discrete dynamical systems. This phenomenon is well known for continuous
flows (see [9, 13, 17] and [2, 3]). Here we extend it to discrete maps as follows.
Consider a family of systems of the form

Tn+1 :F(xnvyna)‘)v
Yn+1 :G(ajn7 Yn; )‘)a

where parameter A runs over some interval of the real line containing A = 1,
(F(z,y; A), G(z,y; A)) is a diffeomorphism on {(z,y) : = > 0,y > 0} for any A,
and for each (x,y), both F(z,y;\) and G(z,y;\) are differentiable functions of
A. Assume that the set {(0,y) : y > 0} is invariant for all A (see the hypothesis
(H1) in Section 5) and, on {(0,y) : y > 0}, y,, is increasing for A > 1 (see (H3)),
and for A = 1, the set {(0,y) : y > 0} consists of fixed points and there exists
y* > 0 such that {(0,y) : y < y*} is stable and {(0,y) : y > y*} is unstable (see
(H2)). Then, roughly speaking, when 0 < A — 1 < 1, a trajectory of the system
starting at a point (zo, yo) with xo small and yo < y* will first be attracted toward
{(0,y) : 0 < y < y*}, second follow nearly a trajectory on {(0,y) : y > 0} and
then be repelled away from {(0,y) : y > y*}. More precisely, there exist A\g > 1
and pg > 0 such that for 1 < A < Ao, any trajectory starting at (xo,yo) with
0 < xp < po,yo < y* will exit necessarily the strip 0 < x < pp at some moment,
say N(A), and at this moment yx(n) > y*. The delay of stability loss establishes
the relation between the entrance point (zg,yo) and the exit point (xN(A),yN(A)).
It states that the limit limy_,,+ yn () exists and is equal approximately (with the
better accuracy for the smaller pg) to the value P(yo) which is given by
Po) 1n 88(0,y;1)
/ —5c———dy=0

Yo N (07 Y; 1)

(for more precise statement see Theorem 5.2; note that the value P(yp) is well
defined due to (H4) ).

We then apply this result to the problem of nonexistence of periodic orbits for
the Nicholson-Bailey model. Comparing with the above mentioned nonexistence
of periodic orbits with small period, this result (see Corollary 5.3) states that,
if Ry (resp. Eg) is the region bounded by the level curve H(z,y) = c¢1 (resp.
H(z,y) = ¢2) and the y-axis, where ¢; > 1 is arbitrarily close to one (and thus R
is an arbitrarily small region) and cg is arbitrarily large, then there exists A>1
such that the Nicholson-Bailey model (1.1) with 1 < A < X has no periodic orbit
of any period that is contained entirely in ]?22 and visits ]?22 \ El at least once. The
underlying reason is that, due to the delay of stability loss, the value of the level
curve H will be increased by at least a fixed positive amount under a portion of
iterations which pass close to the y-axis.
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In the Appendix, we show that the following interesting property takes place for
maps (1.1) with A > 1: the center of mass for all periodic and bounded orbits is
the same and it coincides with the (unstable) fixed point (py, gy).

2. Preliminaries and simple dynamics for A < 1. Let Rﬁ_ be the first quadrant
of the plane, i.e., R2 = {(z,y) : « > 0,y > 0}, and let @ be the interior of R?%.
The Nicholson-Bailey model (1.1) is a one-parameter family of maps f) : ]R%_ — Ri
with parameter A > 0 defined by

Izy) = (y(1 —e "), Aye™™). (2.2)

Then f) is one-to-one on Ri except the x-axis and its inverse is given by

A
£, y) = (ln (1 + —”“") T+ g) . (2.3)
Y A
Let Jy, (z,y) denote the Jacobian matrix of fy at the point (x,y), i.e.,

e " 1—¢e "
fo (x,y) = |:_:'i\ye—x Ae—% :| .

Then its determinant is equal to Aye™*. Thus f) is a diffeomorphism on ]Rﬂ_\{(a:, y):
y # 0} (also on Q).

In what follows we denote by (z,(A\),yn (X)) the nth iterate of the initial point
(20,y0) under the map fy. For convenience, given fixed A, we denote (2,,(\), yn(N))
by (Zn,yn). By (2.2), we have yp11 = Aype ™ and so z, = In(Ay,) — Iny,41. On
the other hand, by (2.3), we have y, 1 = ¥, + %* and so , = yp,—1 — %*. Thus
we get a difference delay equation which is equivalent to (2.2):

An-1—Yn = A(In(Ayn) —Inyny1). (2.4)

It is obvious that for any A, the origin (0,0) is a fixed point of fy, and the non-
negative y-axis is an invariant set. The dynamics of f) restricted to the nonnegative
y-axis is very clear: under forward iterates of fy, every point approaches the fixed
point (0,0) exponentially provided 0 < A < 1; it tends to +oo exponentially pro-
vided A > 1; and the whole y-axis consists of fixed points provided A = 1. So we
will be concerned mainly with dynamical behavior of f) on Q.

For 0 < A < 1, the dynamics of fy on @ is very simple: the forward orbit of every
point approaches the origin exponentially, while the backward orbit tends to infinity
exponentially. Indeed, for forward orbit, one has y, = Ayp_1e7""1 < Ayp_1 <
A2y 0 < < Ay — 0asn — +ooand so T, = yp_1(1—e 1) <y, — 0 as
n — 4o0. For the backward orbit the same arguments show that y_,, > A7y —
400 as n — +oo. As for x_,, it can be shown that z_,, — 0 exponentially as

Az

n — +o0. Indeed, from (2.3) we have x_(,,41) = In(1 + )‘Z—‘") <G <Ton for

sufficiently large n because y_, — +oco. Hence the sequence x_,, is bounded, by
AB A B
< o2

—_— as n — 0.
Y—mn Yo 0 +

some number, say B. Then x_, 1)
3. Integrable case: heteroclinic foliation for A = 1. As )\ increases and attains
the value A = 1, the system undergoes a bifurcation as follows. At the bifurcational
moment A = 1, the set of fixed points of f; is the whole nonnegative y-axis. The
Jacobian matrix at the point (0,y) is equal to

o =¥
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and its eigenvalues are 1 and y. Thus, every point (0,y) is a nonhyperbolic fixed
point.

Let us recall the definitions of global stable and unstable manifolds. Given a fixed
point p of the diffeomorphism g on the manifold M, one denotes W (p) = {2 €
M : dist(g"(z),p) — 0 as n — +oo} and Wi'(p) = {z € M : dist(g"(2),p) — 0 as
n — —oo}; Wi (p) and W' (p) are called the global stable and unstable manifolds of
p for g, respectively (see [8] or [16]).

Usually, in the case when fixed points of a given diffeomorphism are nonhy-
perbolic, one succeeds very rarely in obtaining explicit expressions for the stable,
unstable and center manifolds. Fortunately, in our case when A = 1, as we will
show now, the system is integrable, and the global stable and unstable manifolds
of the fixed points can be described by explicit equations. To this end we need the
following notation. For any y > 0 with y # 1, let 7(y) be the value different from
y and defined by the equation

y—Iny =7(y) —In7(y).
It is easy to see that 7 is an involution of {y e R:y > 0,y # 1}.
Now we state the result on heteroclinic foliation.
Theorem 3.1. At the bifurcational moment A = 1, the following holds:
1. the function H(x,y) := x +y — Iny is a first integral of the system (2.2);
2. if 0<y<1then W¢(0,y) ={(0,y)} and
W7 0,9)\{(0,9)} = Wi (0, 7(y)\{(0,7(y))}
={(Int—t+y—Inyt):t e (y,7(y))};
3. if y>1 then W7 (0,y) ={(0,y)} and

W 0,9\ (0, y)} = WK - () (SN0, 7(w))}
={(lnt—t+y—Iny,t):t € (7(y),y)}.

Proof. For item 1, we show that H(x1,y1) = H(xo,y0) for each (z9,y0) € Q.
Indeed, one has

H(z1,y1) = yo(l — e ™) + yoe ™ —In (yoe ™) = yo — Inyo + zo = H(z0, o)

and the result follows.

Next, we establish items 2 and 3. By item 1, at the bifurcational moment the
whole quadrant ) splits into invariant curves of the form =z + y — Iny = ¢, where
the parameter ¢ serves as the index of the appropriate curve, 1 < ¢ < co (because
y > 1+ 1Iny for any y # 1). Let us fix some point (zg,y0) € @ and denote
co = o + Yo — Inyp. Then by using item 1, one gets that for any n € Z,

Ynt1 = yne " =€ Vel

This implies that y,, is a monotonically decreasing sequence, and moreover, that
Yn is governed by the following one-dimensional map y — e~ “e¥ on the interval
(c—,c4), where c_, ¢y are the two roots of the equation

y—Iny = co.

Thus y,, tends to c_ (resp. to c¢y) as n — +oo (resp. as n — —o0). Therefore,
limy,— 4 oo (Tn, yn) = (0,c—) and lim, oo (p,yn) = (0,cy). This together with
item 1 implies the desired results of items 2 and 3. U

~— —~
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Due to Theorem 3.1, we have a heteroclinic foliation on @ as the family of curves
{(Ilnt—t+c—Inct):t e (c,7(c))},

indexed by ¢, where ¢ runs over the interval (0, 1); see Figure 1. The positive y-axis
serves as the center manifold for every point (0,y), y # 1.

X >)(O

B Vi< Yo e Y= 1-e*

Figure 1. Figure 2.

4. Global strict oscillations on @ for A\ > 1. First we consider local behavior
near the positive fixed point for A > 1. By solving the equation f)(z,y) = (z,y), one

gets that the fixed points of fy are (0,0) and (In A, ’\Alnf‘) At the fixed point (0, 0),

the Jacobian matrix J, (0,0) has eigenvalues 0 and A with eigenvectors (1,0)” and
(0,1)T, respectively, where by v? we denote the transport of the vector v. Thus the
origin (0,0) may be regarded as a ”degenerate saddle” with the z-axis as the stable
manifold and the y-axis as the unstable manifold. At the other (nondegenerate)
fixed point (In A, “n)‘) denoted by (Pa,G»), the Jacobian matrix Jy, (B, @x) has
eigenvalues

1+ =2 i\/ — (3l

Ht =

The eigenvalues pi are complex numbers with modulus [|py|| > 1; indeed, for
A > 1, one has m > 1 and the function A — % is strictly decreasing with the
maximal value 1 Therefore the fixed point (py, ) is an unstable focus.

In bifurcational terms, one may say that as the parameter A becomes bigger
than 1, the points on the positive y-axis (i.e., the points which were nonhyperbolic
fixed ones at the moment A\ = 1) become lying on the unstable manifold of the
origin, while from the singular fixed point (0, 1) there appears an unstable focus
(Px, qn) = (In A, /\)\lfl’\) which moves along the curve y = —Z= as \ increases (see
Figures 1 and 2, where this curve is shown by the dotted line). So by the Hartman-
Grobman theorem, locally in some neighborhood of the fixed point (py,g») one has
spiral oscillation behavior of f). We will show that strict oscillations take place, in
fact globally in both directions of time.

From now on we will consider the diffeomorphism fy as acting on the open
quadrant Q). Note that the following identity holds for any orbit (z,,,y.), n € Z, of
fx; this identity (which will be needed in Section 5) can be regarded as an extension
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of the result of item (i) in Theorem 3.1 (here, as before, H(z,y) =z +y — Iny)

H @i i) = H ) = 2 s~ 02). (4.5

The above identity is easily verified from the definition of fy; it means that the
value of the level curve H (which is no longer an integral for A > 1 ) increases
(resp. decreases) under backward iterate of a point whenever the point lies below
(resp. above) the horizontal line y = .

Consider four regions in ) which are formed by intersections of the vertical line
x = In X and the curve y = —7=. It turns out that these regions correspond to
the signs of the values (x; — x9) and (y1 — yo); namely, denoting these (closed)
regions by A, B,C, D as shown in Figure 2, it follows easily ([19]) that 21 > xg
(resp. x1 < xg) provided (zo,y0) € int(AU B) (resp. int(C' U D) ); and y1 < Yo
(resp. y1 > yo) provided (xg,yo) € int(BUC) (resp. int(D U A) ); here int stands
for the interior of a set.

In the following proposition, we show some kind of monotonicity of f, when
restricted to each of these regions.

Proposition 4.1. Let A > 1 and let (zo,y0) € @ be any point different from
(Px,dx). Then the following statements hold:
1. If (w0, yo) € int(A), then fi(zo,yo) € int(AU B).
2. If (x0,y0) € int(B), then fr(zo,yo) € int(BUC).
3. If (xo,y0) € int(C), then fx(zo,yo) € int(C U D).
4. If (:z:g,yo) € int(D), then fx(xo,y0) € int(D U A).
)

Proof. For statement 1, we assume that (zg,yp) satisfies

Lo

o < In\ and Yo > m (46)
We have to prove that y; > =25, i.e., Adyoe™ ™ > % To prove this
e—voli—c
inequality it is sufficient to show that
1—e™0
e >1> ——————— (4.7)

1— e*yo(lfeimo)

The first inequality of (4.7) is true because of the first inequality of (4.6). The
second inequality of (4.7) is equivalent to

1—

1—e ™ <1 —e %07 0 gm0 5 eU0(1=¢7"0) 4 < (1 — e 0).

And the last inequality is equivalent to the second inequality of (4.6). So we have
proved that int(A) is mapped into int(AU B). If (xo, yo) belongs to IA\{(Pr, Gr)}
then one of two inequalities in (4.6) becomes equality while the other does not.
Thus it is still true that y; > =7 and so fi (xg, Yo) € int(AU B).

For statement 2, we have that xop > In A, yo > (1"27‘110), where at least one
inequality is strict. Thus, 1 = yo(1 —e %) > ¢ > In X and at least one inequality
is strict.

We omit the proofs for statements 3 and 4 because they are similar to those for
statements 1 and 2, respectively.

O

We interpret the previous proposition in a symbolic way as follows.
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Corollary 4.2. The transition graph for the map f with A > 1 can be shown by the
following diagram, in which an arrow of the form X — Y means that f(X)NY # 0:

o

A B

.

D C

O

Using the fact that any periodic orbit different from (py,dy) cannot belong to
a single region A, B,C or D because of monotonicity of the signs (z; — xp) and
(y1 — yo) for each of these regions, we get from Proposition 4.1 the following:

Corollary 4.3. The map f\ has no periodic points of periods either 2 or 3.

Note that in [19], the absence of period-2 orbits was proved by another method.
For the theorem below, we need the following definition [1]: a sequence {z,}22
(resp. a bisequence {z,}22 __) of real numbers is said to be strictly oscillatory
around a € R if there exists an increasing sequence {n;};>, (resp. an increasing

bisequence {nx};2 _ ) of integers such that

(Ynx — @)(Yny, —a) <0 forall k € N (resp. for all k € Z).

Now we are in position to state the main result on the global strict oscillations
of orbits around the unstable fixed point (px, Gy).

Theorem 4.4. Let A > 1 and (xo,y0) € Q be any point different from the fized
point (Px,qr). Then the bisequences {x,}152 o and {y,}52 _ ., are strictly oscil-
latory around Py and Gy respectively. Moreover, in polar coordinates (r,0) cen-
tered at (Dx,qy), for the bisequence {(xn,yn)}5> o the corresponding bisequence
{0,352 _ o of polar angles is strictly decreasing and satisfies lim,, o 0, = —00 and
lim,,—, — oo 0, = +00.

Proof. Note that for any initial point (xg,yo) different from (py,qy), the forward
orbit can not stay eventually in a single region A, B, C or D (see Figure 2). Indeed,
otherwise we would get from monotonicity of both functions (1 —xo) and (y1 — o)
for each of these regions that the sequence (x,,y,) must approach either the fixed
point (P, dx) or infinity. But the former case is impossible because (py,qy) is an
unstable focus while in the latter case (z,,y,) must stay in the region A with
limy, oo Ty = T, limy, oo Yy = 00 for some 0 < Z < Py, which is also impossible
due to (2.2). Now Corollary 4.2 implies immediately that the sequences {z,,}22
and {y,}re, are strict oscillatory and also that lim, .. 6, = —oco. It remains to
consider backward iterates and to prove the strict monotonicity of 6,,.

It will be more convenient to study iterates of fy ! instead of those of fy. Let
(u,v) = T(x,y) = (x + ¥ — @r,y — ¢») be the linear affine transformation for @Q,

then in the new coordinates, f)\_l(u, v):=To f/\_1 o T~ Y(u,v) takes the form

i U U+ gx
) = (X i <v+®> ’u>
and maps T(Q) onto T(Q). It is easy to check that T(py,gx) = (0,0) and
TQ) ={(u,v) :u>—=qn, —gr<v<iu+A=1)qr}.
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Consider the straight line v = ku with slope & > 0 on the (u, v)-plane and denote
(,0) = fy '(u,v). Then f; ' maps the intersection of this straight line with 7'(Q)
onto the intersection of the following curve 4(9)

o0 0+ G
= — 1 4.
U )\—&— n(k@—i—q)\) (4.8)
with T(Q) (on the (4, 9)-plane). First we show

Claim 1: the curve (4.8) considered as the graph of a function of ¥ on the (¥,4)-
plane (i.e., with v-axis as the horizontal one) is concave upward if k > 1, concave
downward if 0 < k < 1, and straight if k = 1.
Indeed, by simple calculations, we have that
82@(6) _ ax(k — 1)[2k0 + ga(k + 1)] (4.9)
902 0+ @ )2 (k0 +qn)% '
If k > 1, then from the equations for the boundary of T'(Q), it follows that v =
ku > —@x and thus © = u > —%. Therefore we have 2k0+gx(k+1) > gx(k—1) >0
and %(@) > 0. If 0 < k < 1, then again from the equations for the boundary of
T(Q), it follows that v = ku < Au+ (A — 1)\ and thus ¢ = u > %@\. Therefore

we have 2k0 + gx(k + 1) > W > 0 and %(6) < 0. For two exceptional

cases of the straight lines v = u and u = 0, their f/\_ Limages are again straight
lines, ¥ = Au and © = 0 respectively.

From now on we will consider the curve (4.8) as lying again in T(Q) on the
(u, v)-plane, i.e., we rewrite (4.8) as

v v+ g
A 410
u A+n<m+@) (4.10)

Next we show

Claim 2: the line v = ku intersects its f;l—image, the curve (4.10), only at the
origin in T(Q).

To this end, first consider the case when 1 < k < X and take the difference between
u-coordinates for these two curves as the function of v. We then claim that such

a function hy(v) == v — (% + ln(k”;f(%) is strictly increasing for all v > —qy.

Indeed, we have

Ohe, . A—k  p(l—k)
a0 )= T (v +aqn) (kv +qx) =0 (1)

Next, we consider the case when 0 < k < 1 and define h(v) for v > 0 as above.

Then the value %hv’“ (v) in (4.11) with v > 0 is also positive because 3;% (v) =

—%(U), where u(v) is the function (4.10), and so by Claim 1, Ol (v) > 0; and

Ov?
besides %(0) > 0 (for the latter inequality we note that 2 (%(O)) =—&+ (7% <

ov
0 and %(0) =1- 1 > 0). For v < 0 we have the finite part, say «, of the
curve (4.10) in T(Q) with two end points: namely, the origin and a point on the
boundary straight line v = Au + (A — 1)gx. Note that the latter point lies strictly
below the initial straight line v = ku (with respect to the (u, v)-plane, and so it lies
strictly above with respect to the (v, w)-plane). Hence by Claim 1, the whole « lies
below v = ku and so Claim 2 follows for this case.
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Now for k > X, we have that the intersection of the line v = ku with T'(Q) is
the line segment v = ku with —q) < v < %, and we need to check that this

line segment intersects its f N !image at the origin only. But this is a consequence
of upward concavity (with respect to the (v,u)-plane) of this image along with a
simple calculation for the images of end points of this segment. At last, for & < 0 the
result is trivial because f/\_ ! maps the points from the second and fourth quadrants
on (u,v)-plane into points in the third and first quadrants respectively. We have
completed the proof of Claim 2.

Using the fact that by the Hartman-Grobman theorem, in a small neighborhood
of the origin, f/\_ ! is topologically conjugate to a hyperbolic linear map on R? having
the stable focus type, the above arguments prove strict monotonicity in polar angle
for iterates of f; ! (and thus for iterates of fy as well).

Finally we show that for any forward f; Lorbit, say vt, of a point different
from the origin, the corresponding sequence of polar angles is unbounded. Suppose
the contrary. Then using the obtained fact that the sequence of polar angles is
monotone increasing, we have that this orbit 4T should stay eventually in an ar-
bitrarily small cone which is bounded by two close polar rays on the (u,v)-plane,
say 0 = g and 0 = ¢ — g9 with €9 small. Let us denote such a cone by K ;.
Since the v-axis is mapped by f; ! to the u-axis, the second and fourth quadrants
in (u,v)-plane cannot contain K, ., i.e., tan ¢y cannot be negative. Note that the
angle between each ray through the origin and the tangent direction at the origin
of the fy Limage of this ray is uniformly bounded away from zero; indeed, this can
be observed by the Hartman-Grobman theorem or by simple calculation (see also
formula (4.12) below). By this and the concavity of the f; Limage of straight lines
through the origin (see the proof of Claim 1) we get the following: if 0 < ¢o < 7§ or
arctan(A) < ¢g < T or 7 <@g < im (with g sufficiently small), then f/\_l(K%@O)
is contained in a cone which has no intersection with K, ., except at the origin.
So in these cases fy ' (Kpp.co) N Kpoeo = {(0,0)}, which contradicts the definition
of Ky e,- Thus it remains to consider the last case when 7 < o < arctan(A). In
this case we have that fy (K, .,) is a region in T(Q) bounded by two concave
curves

uw="%+In vt o — and u =~ +1n LA_ .
A vtan(po — €9) + g A vtan(eg) + g

where v > 0. These two curves are asymptotic (as v — +00) to the straight lines v =
Au+Xln (tan(pg — €9)) and v = Au+X1n (tan(po)), which lie outside K, o,. So we
get again fy (Kpyco) VKoo = {(0,0)}. The obtained contradiction completes
the proof of the theorem. O

Given a real number ¢o € [0,27), let R, be the ray in @ which is defined by the
equation 6 = g in polar coordinates (r,0) centered at (px,qy). By Theorem 4.4,
i (Rpy) N Ry, = {(Pr,qr)}, and the curves R, and f; '(Ry,) bound a (simply
connected) region, denoted by D, in @; more precisely, D, is that of two regions
bounded by R,, and f, 1(RWO) which has nonempty intersection with the rays
0 = g + € for any sufficiently small e. The following is an immediate consequence
of Theorem 4.4.
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Corollary 4.5. For any ¢o € [0,27) and any initial point (xo,yo) € Q, both
forward and backward orbits of (xo,yo0) under fx with X > 1 wvisit D, infinitely
many times.

Another consequence of Theorem 4.4 is the following result on nonexistence of
periodic points for f) with A close to one.

Corollary 4.6. For any positive integer N, there exists Ao > 1 such that for any

1 < X< Ao, fr has no periodic points of period less than N except the fixzed point

(Px, @x) = (In X, 322,

Proof. We use notations from the proof of Theorem 4.4. Consider the ray {(u,v) €
T(Q) : v =ku, u >0} with slope k > 0. If 1 < k < A, then the tangent line of its
fx Limage at the origin is given by

u

(I/X) + (1/qx) = (k/qn)
Aln X

Now plug ¢y = /\1_1 into the above equation and consider the ”tangent” map

Aln A
k)= 15 1I-—kA-1)
Note that limy\ 1 ¥ (k) = ﬁ and limg~ 1 ¥x(k) = A. Hence the function (k)
of two variables can be extended continuously to some domain [1 + €] x [1 + €] with
e > 0. One can easily check that there are some positive numbers § and € such
that for k € [1,1 + 6] and A € [1,1 + €], the function ) (k) satisfies the following
properties: (i) (k) is C! (both in k and \); (ii) ¥(k) is monotone increasing
both in & and A; and (iii) ¢ (k) > k, where the inequality is strict if A > 1. We
also note that (1) = A\. Hence there is 0 < ¢y < € sufficiently small such that
L<y(1l)<1+0forany A€ [l,1+¢)andn=1,2,...,N.

Suppose (u;,v;), i € Z, is a periodic orbit of fy with 1 < A < Ag := 1+ ¢. By
Corollary 4.5, we may assume that (ug, v) belongs to the cone {(u,v) € T(Q) : u >
0,u < v < Au}. Since for straight lines with slopes bigger than 1, their f;l—images
are concave upward curves (see Claim 1 in the proof of Theorem 4.4), the above
arguments show that for each n = 1,2,..., N the point (u,,v,) belongs to the
cone bounded by the rays v = Au and v = ¥ (1)u, u > 0, and so all the points
(up,vyn) with n = 1,2,..., N belong to the cone bounded by the rays v = Au and
v =(1+ 8)u, u> 0. So the period of (ug,vy) must be bigger than N. O

vV =

(4.12)

Together with Corollary 4.2, Theorem 4.4 also implies that fy, with A close to
one, has no periodic orbit away from small neighborhood of the point (0, 1).

Corollary 4.7. Let U, denote the disk of radius p centered at (0,1) in the zy-plane.
Then for any p > 0 there exists X > 0 such that for every 1 < X\ < X, both forward
and backward orbits of fx wvisit U, infinitely many times; in particular, fx has no
periodic orbit entirely in Q \ U,.

Proof. Let S, be the semicircle which is the boundary of Q (U, in Q. Consider the
intersection point of S, with the curve y = 2 /(1 —e™%), i.e., with the curve of fixed
points (In A, ):\lfl)‘) of fy for A > 1 as the parameter of the curve (see Figure 2), and
let A, be the corresponding value of A for this intersection point. For 1 < A < A,

let us denote by y, < 1 and y)f > 1 the y-coordinates for the two intersection
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points of S, with the vertical line x = In\. It is easy to see that y, < Yx, and
+

Yy < y;\rp for 1 < A < A,. Furthermore, we define X := min { \,, %

Now suppose by the contrary that there is a forward orbit {(x;,yn)}fb"zo of fi
with 1 < A < X which visits U, only finitely many times, i.e., (n,yn) ¢ U,
for all n > m, where m is some constant. Then it follows from Corollary 4.2 and
Theorem 4.4, that for some positive iterate ng > m one has that (z,,, yn,) € D\U,
and (Tny+1,Yno+1) € A\ U, (see Figure 2). But this contradicts to the following:

e W,
Yno+1 = )\ynoe Tro < __p Yy 1< y;_ )
Yx, ?
while yno+1 > y3 > y:\"p. The result for the backward orbits is obtained in similar
way. ]

For more information about nonexistence of periodic orbit for A close to one, see
Corollary 5.3 in the next section.

5. Delay of stability loss for general discrete dynamical systems and ap-
plication to the Nicholson-Bailey model. In this section, we describe the delay
of stability loss for discrete dynamical systems and then give an application to the
Nicholson-Bailey model.

Consider the family of discrete dynamical systems

Tn+1 :F(xna Yn; /\)a
Yn+1 =G (T, Yn; A),
where parameter )\ runs over some interval of the real line containing A = 1,
(F(z,y; \),G(z,y; N\)) is a diffeomorphism on {(x,y) : « > 0,y > 0} for each
A, and F(z,y; ) and G(x,y;\) are both C? functions in (z,y,\) and satisfy the
following hypotheses:
(H1) F(0,y;\) =0 for all y and A;
(H2) there exists y* > 0 such that F},(0,y;1) > 0 for all y and

< 1, fory<y*,
Fw(oay71): = 13 fOI'y:y*,
> 1, fory>y*;

(H3) G(0,y;1) =y and G»(0,y;1) > 0 for all y and A;
(H4) for the above y*, if 0 < y < y* there exists a finite number, denoted by P(y),
such that P(y) # y and

PW) 1 F,(0,¢1)
e S e = 0. 14
/y GA(0,%;1) =0 (5.14)

Note that y — P(y) is a well-defined function from the interval (0, y*) to the interval
(y*,+00) and is independent of X\. Here we use the notations F, and G for the
derivatives with respect to variables (while f) still denotes a one-parameter family
of maps as in (2.2)).

In view of the hypotheses (H1)-(H3), for A close to one, the variable y varies
slowly and the variable x varies fast. Thus, for A close to one, we will view the
dynamical system (5.13) as a singularly perturbed problem.

We start with a discussion on the geometric property of system (5.13). For
A =1, the set S = {(0,y) : y > 0} consists of fixed points. It will be called the

(5.13)
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slow manifold as in the case of singularly perturbed continuous dynamical systems.
Hypothesis (H2) implies that any compact subset of

S ={(0,y):0<y <y}

is normally stable, and any compact subset of

Sy ={0,9):y>y"}

is normally unstable. The normal stability of the slow manifold S changes across the
point (0, y*). This point (0, y*) is often referred to as a turning point. The presence
of this turning point on S implies that S is not normally hyperbolic (see [6, 7,
10]). The invariant manifold theory states that a nonnormally hyperbolic invariant
manifold does not persist under general perturbations. It is important to observe
that, under the hypothesis (H1), the slow manifold S stays as an invariant manifold
for all A although it is not normally hyperbolic. In addition, from the hypothesis
(H3), for A > 1, the flow on S crosses the turning point (0,%*) from the stable
region S_ to the unstable region S;. The turning point (0,y*) together with this
property induces the phenomenon of delay of stability loss (see Theorem 5.2 below),
which plays crucial role in the study of oscillations. It should be remarked that the
invariance of S for A # 1 is a special property of the perturbed system. Thus,
mathematically, such a perturbation is not a generic one. On the other hand,
biologically, it makes perfect sense: if the initial density of the parasites is zero, i.e.,
xp = 0 for the Nicholson-Bailey model, then it stays that way forever, i.e., x, =0
for all n € N.

Throughout this section, let (z,,(A),yn()\)) denote the nth iterate of the initial
point (zg,yo) under the system (5.13). For convenience, given fixed A, we denote
(n(N), yn(N)) by (2, yn). We also denote the local stable (resp. unstable) manifold
of (0,y) for y < y* (resp. y > y*) under system (5.13) with A = 1 by W*(0,y)
(resp. W*(0,y)). We define y = S(xo,yo) if (z0,yo) € W*(0,y); similarly, we define
y = U(wo,y0) if (z0,y0) € W"(0,y).

The following lemma will be needed later.

Lemma 5.1. First, for any fized Y1, Yo and Yy with Y1 < Yy < y* < Yy, there
exist po > 0, o > 0 and P2 > (1 > 0 such that B1y < Ga(x,y; A) < Bay provided
0<x<py, Y1 <y<Yyand1l <\A<1+ 6y, and there exist Y3, § and L < 1 such
that Yy < < y* < Y3 <Yy, gh120 > y[ry2oe

max{F,(0,y;1): V1 <y <y} <L,

and
max{F,(0,y;1): Yo <y <Yz} < L7

Second, if p > 0 and § > 0 are small enough, then there exists a constant C' > 0
such that if (xo,yo) is an initial point for system (5.13) with xo < p, yo < y* and
Y1 < S(x0,90) < Ya, then for any X\ with 1 < A <1+,

(i) there exists a unique integer M(X) > 0 such that y, < y* < yarx) and x, < p
for 0 <n < M(N);
(ii) there exists an integer J(N\) > M(X) such that Y3 < y ) < Ya and x, < p
for 0 <n < J(N);
(iii) for the above M(X) and J(N), we have that x, < pe=°™ for 0 < n < M())
and x, < pe= €N for M(N) < n < J(N).
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Proof. We make several preparations for the proof. By a C? change of variables
(see Robinson [16], p.200), we may assume that for system (5.13) with A = 1, the
local stable manifold of (0,y) for Y1 <y < (Y2 + y*)/2 is horizontally flat, i.e.,

W2(0,y) = {(u,v) :v=19,0 <u < pi}

for some p; > 0. So we may assume that if 0 <z < p; and V7 <y < (Y2 +y*)/2,
then G(z,y;1) = G(0,y;1) = y, and hence, by the mean value theorem,

G(LL', Y; )‘) = G(l’,y; 1) + G)\(.')S'7y; A)()‘ - 1)
=y + (Gx(0,y:1) + O(x) + O(A = 1))(A - 1).
Moreover, since Gx(0,y;1) > 0, there exists 0 < py < p1, 61 > 0 and A > 0
such that if 0 < 2 < po, V1 <y < (Yo 4+ y*)/2 and 0 < A —1 < 41, then
G (0,y;1) + O(x) + O(A = 1) > A, and hence

Gz, y;A) 2y + AA-1). (5.16)
We first show the existence of pg, &g, (1, B2, Y3, ¥ and L with the desired
properties. Since G (0,y;1) > 0, there exist pg > 0, o > 0 and 2 > (1 > 0 such
that if 0 <2 < po, Y1 <y <Yjyand 1 <X <1+ do, then B1y < Ga(z,y;\) < Boy.
Note that (y*)#1+202 > Y (4*)252 . Thus there exist § and y* such that § < y* < Y3
and 77120 > Yy 2 Since max{F,(0,y;1) : Y1 < y < §} < 1, there exists
0 < L < 1 such that max{F,(0,y;1) : Y1 <y < g} < L. Since F,(0,y;1) < 1 for

Ys <y <y*, we may take a smaller Y3 if necessary so that

max{F,(0,y;1): Yo <y < Y3} < L™
By the hypothesis (H3) and the mean value theorem, we have that

G(z,y;A) = G(0,y;1) + Go(Z,y; N + Ga(Z,y; A) (A — 1) (5.17)
=y + G (z,y; Nz + GA(T, y; ) (A — 1). '

By the continuity of G, there exist @y > 0 and as > 0 such that if 0 < z < py,

Vi <y<Yyand 1 <A <14 4o, then —a1y < G (Z,y; ) < aay, and hence
y(I—arz+ 1A= 1)) <Gz, y;A) < y(1 + agx + fo(A — 1)). (5.18)

For later convenience, we set v = 31 /(2ay). Due to the hypotheses (H1) and (H2),
there exist @ > 0 and b > O such that if Y; <y <y*,0<z <pgand 1 < X <1+,
then

(5.15)

F(a,y;A) = F(0,5: ) + Fo (2, y; o = Fo (T, y: )
= (R0 5 ) + Foal@ s N3+ Fr(@ 3 DA - 1)) 2 (5.19)
<(Q+azr+bA—-1)) .
Since
max{F,(0,y;1): Y1 <y <y} <L <1,
max{F,(0,y;1): Y2 <y <Yz} < L7},
we can choose p > 0 and ¢ > 0 with p < min{po, p2} and § < min{do, d1} such that
¥6 < p, 1+ (ya+b)d < L1,
andif 0 <z <pand 1 <A <146 then
|Fo(z,y; )| < L for Vi <y <7

5.20
|Fo(,y; M) < L7" for Yy <y < Vi (5.20)
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Since 2% > Y'V2% | we have that

1§ 2. Y

—h=>—Ih—. 5.21
B Yoo Biy (521

Thus for p > 0 small and A > 1 close to one,
(1= L) In(F/Y) — asp

Ba(1—1L) (5.22)
S, Q=D -1)  (A-Dn(s/y) (A—1) '
InL In(1+ B1(A —1)/2)

because that letting p — 0 and A — 1, inequality (5.22) reduces to inequality (5.21).
Therefore, for 0 < p < 1 and § > 0 small, one has that % > 0, and hence, if
1 <A< 144, then

(1— L) In(g/Ys) — asp

f2(1—L)
L O-DBGO-D/) , G-Dweae Ly
In L In(1+ /(A —1)/2) '

Now we start to prove the desired results (i)-(iii).

(i) Let p > 0 and § > 0 small as above and let (zg,yo) be an initial point for
system (5.13) with zg < p, yo < y* and Y1 < S(zo,y0) < Y. By the flatness
of W*(0,y), we have Y1 < yo = S(zo,y0) < Y2. Consider the parameter A\ with
1 <A< 144. We now show the existence of M (\). Let ng be the first integer so
that 0 < 2, < p for 0 < n < ng and z,, > p (it will be shown that ng is finite). If
Yn > y* for some n < ng, then we are done. Suppose, on the contrary, that v, < y*
for 0 < n < ng. We consider two cases: Case 1. y, < g for 0 < n < ng and Case 2.
7 < yn < y* for some n < ng.

For Case 1, first we show that Y7 < y, < gy for all 0 < n < ng. Indeed, for
yn < (Yo + y*)/2, inequality (5.16) implies that

Yn+1 = Yn + A<)\ - 1) > Yn,
and for (Y3 + y*)/2 < y, < 7, equality (5.17) gives us that

Yn+1 = Yn + Gz(jnayn; A)xn + G)\(jnu Yns A)()‘ - 1)
> (Ya+y")/2+O(x,) + O(A = 1)
> Y

for the last inequality we take smaller p and ¢ if necessary. Next by (5.20), we have
that for 0 < n < ng,

Tpy1 = F(Tn,yn; A) = F(0,40; A) + Fo(Tn, Yn; A)Tn

< La, < -+ < L"Hlgg = goemtIn L,
in particular, x,, < zge™® InL — p This contradicts to the choice of ng.

For Case 2, let n; < mg be the first integer so that y,, > ¥ and y, < g for
0 < n < ny. As estimated in Case 1, for 0 < n < ng, we have Y7 < vy, < y*;
moreover, for 0 < n < ng, we get Y7 <y, <7 and 2,41 < 2oL"! < pL"+!. Thus
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by (5.18), we get that for 0 < n < nq,
Yn+1 = G(xmym )‘) < yn(l + ooy + ﬂQ()‘ - 1))

< H(1 + agxp + f2(A — 1))
k=0

< yoexp{Zm 1+ aoxp + Po(A — 1))}
<y0exp{za2xk+2ﬂ2 1}
Syoexp{ompZL +Zﬁ2 —1}

“2L F0mO- D).

Applying the latter estimate for n = n; — 1, one has

< Yoexp

y<yn1<yoe><p{—+n162( )}.

Thus,

ny > (1 = L)In(g/yo) — asp _ (1 = L)In(g/Y2) — aap
T BOA-L)(A-1) T KOA-L)(A-1)

It follows the inequality (5.23) that nq > 7111(7(1)1‘121)/"); in particular, x,, < pem !l <

YA —1).

Next we show that, for ny < n < ng, x, < y(A —1) < v§ < p; in particular,
ZTpn, < p, which will contradict to the choice ng. Suppose this is not true. Then
there exists n; < n, < ng such that x,, > v(A — 1) and z, < v(A —1) for all
ny <n < ng. For ny <n < ny, by (5.19), we have

Tl = F(@nyYn; A) < (14 azy + (A =1))z
<1+ (ya+b)(A=1)an < L+ (a+b)(A = 1) "y,
Applying the estimate for n = n, — 1, one gets

YA 1) <@, < (14 (ya+0)(A=1))" " an, .

(5.24)

Thus
In(v(A—=1)/p) —n1InL
w2 .
TS+ (a+ (A —1))
By (5.18), for n1 < n < n,, we obtain
Yn+1 = G(-'I;nvy’ru )\) Z yn(l — a1y, + ﬁl(>\ - 1))
> yn (1 —=yor (A = 1) + B1(A — 1))

n+l—mq
>yn(l+%(A—1)>zym(1+ﬁl( 1)) ~

Applying this for n = n, — 1, one has
Ny —N1
vz za(1+Z0-n)

(5.25)
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and hence L
. < In(y"/9)

T In(1+ /1 (A-1)/2)

By using 1 + (ya + b)§ < L™, inequality (5.25) implies

o _Im(y(A=1)/p)

= mL oM
and hence by (5.26),
LI - 1)/p) In(y*/9)
1= InL In(1+ B1(A—1)/2)°

Furthermore, by (5.24), we get
(1= 1) In(5/Y) — asp

B2(1 - L)
< A=DIn(y(A—1)/p) N (A =1)In(y*/y)
= InL In(1+p1(A—1)/2)

It contradicts to the inequality (5.23). This gives the existence of M(X).
The contradiction for both cases yields the existence of M(\) and hence we have
finished the proof of (i).

(i) To show the existence of J(A), we proceed in a similar way as that for M ().
First, note that the conclusion of (i) implies that there exists a unique integer
ny < M(X) such that y,, > 7 and y, < § and z,, < p for 0 < n < n;. The above
argument in (i) also shows that x,, < v(A — 1) for n; < n < M(X). Next, let n*
be the integer such that M () < n*, x,» > v(A — 1) and z,, < v(A — 1) for all
M(X) <n < n*. It suffices to show that y, > Y5 for some n < n*. Suppose, on
the contrary, that y, < Y3 for all n < n*. As estimated in (i), we have that for
np <n< M), Y1 <y, <y*, and hence by (5.19),

Tnt1 = F(@n, Yn; A) < (L4 azy + (A — 1))z,
< (L4 (a+b)A—1)a, < 1+ (ya+b)(A—=1)" "y,

in particular, zprn) < (1+ (ya+b)(A—1))MM =1z, - Similarly, we have that for
M(X) <n<n*, we have Y5 <y, < Y3 and hence by (5.20),

Tpi1 = F(2p, yn; N) = Fo(Zn, yn; N < Ly,
< LMl oy S TN 4 (ya 4+ b)(A — 1) N7y,
Applying the estimate for n = n* — 1, we get
YA = 1) < zpe < LM (1 4 (va +D)(A = 1)YMP Mg,
Note that x,, < pL™ and 1+ (ya +b)(A — 1)) < L=1. Thus

In(y(A=1)/p) (5.27)

n* > 2n; — 7
n

By (5.18), for M(\) <n < n*,

Yn+1 = G(xnvyn; )‘) > yn(l — 1Ty + ﬁl()‘ - 1))
> yn (1 =yor (A= 1)+ 1 (A — 1))

5 B MY
> Yn <1+7(>\—1)> Z Ymn) (1+7()\—1)> .
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Applying the estimate for n = n* — 2, we obtain

3 n*—1-M())
Y3 > ypo1 > y* (1 + ?(/\ - 1))

and
n(Y3/y")

1< M)+ . 5.28
LS MM LA s - D2) (5.28)
Combining (5.27) and (5.28), we get,
In(y(A - 1)/p) In(Ys/y*)
2n1 < M(A 1 .
m S M)+ = T LA A = 1))2)
Note that inequality (5.26) holds with n, replaced by M (\). The above inequality
then implies
In(y(A —1)/p) In(Y3/y)

niy + 17

- InL +1n(1+ﬁ1()\—1)/2)
which contradicts to (5.24) and (5.23). This completes the proof of (ii).

(iii) We first prove the estimate of z,, for 0 < n < M(A). Let n; be as before.
Then z,, < x¢e™™F for 0 < n < ny. Note that inequality (5.26) holds with n,
replaced by M ()\); that is,

In(y*/7)
M) <
VS im0 -1/
This inequality together with (5.24) gives
ny o (= L)In(g/Ys) — azp]In(l + 51 (A — 1)/2)
M) —n1 — Ba(1 = L)(A = 1) In(y*/7)
By (5.23), there exists a constant K > 1 independent of A such that the right hand
side of inequality (5.29) is greater K. Therefore, for n; < n < M(X\),
> K MO > (14 Co)M(N) - (1+C0)n7
1+ K 2 2
where Cy = 2K/(1 4+ K) — 1 > 0, and hence,
Tnsr < (L4 (va+b)(A = 1) "y,
<zgexp{(n+1—n1)In(l+ (ya+b)(A—1))+nyInL}
< zgexp{(2n; —n —1)In L} < zgeonn L,
Finally, we take C' > min{—CoInL,—InL}. Then C > 0 and z,, < zoe~¢" for
0 < n < M(X). Note that the constant C' is independent of A and (zg,yo). The

estimate of x, for M(\) < n < J(XA) can be obtained by the similar arguments
applied to the reversed system. O

+n1.

(5.29)

We are in position to state the delay of stability loss for general discrete dynam-
ical systems.

Theorem 5.2. Assume that for system (5.13) the hypotheses (H1)-(H4) are sat-
isfied. Then
(i) for any fixred Y1, Y2 and £ with Y1 < Yy < y* and 0 < £ < 1, there exist p > 0
and § > 0 such that if (xo,y0) s an initial point with €p < xo < p, Yo < y*
and Y1 < S(xo,y0) < Ya, then, for 1 < XA < 144, there exists a unique integer
N(X) > 0 such that x,, < p < xn(n) for 0 <n < N(A) and ynny > y*;
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(ii) for the above N(X), one has that U(xn(xy,yn(n) — P(S(z0,90)) as X — 11
and, moreover, the convergence is uniform for the set of initial points (zo,yo)
satisfying the above condition.

Proof. First, we pick Yy > y* and let pg,dg, Ys and g as in Lemma 5.1; in fact, Y3
can be chosen so that Y3 < P(yg). By a change of variables, we may assume that for
system (5.13) with A = 1, the local stable manifold of (0,y) for y € [Y1, (Y2 +y*)/2]
is given by

W2 (0,y) ={(u,v) :v=y,0<u<p}
and the local unstable manifold of (0,y) for y € [(y* + Y3)/2, Y] is given by

W (0,y) = {(u,v) ;v =9,0 <u < pr},

for some p; > 0. Then for 0 < z < p;, we have G(x,y;1) = G(0,y;1), S(x,y) =y
for y € [Y1, (Yo +y*)/2], U(z,y) =y for y € [(y* + ¥3)/2,Ya], S(xo,y0) = yo, and
Gz, y; A) = G(z, ;1) + Ga(z, y; (A = 1)
=y+(Gx(0,y:1) + O(2) + O(A = 1))(A — 1),
fory € [Y1, (Ya+y*)/2]U[(y*+Y3)/2,Ys]. Moreover, since G»(0,y; 1) > 0, by (5.30),
there exist 0 < pa < p; and é; > 0 both small and A > 0 such that if 0 < z < po,
1<A<146; andy e [Y1, (Yo +y*)/2]U[(y* +Y3)/2,Yy], then
Gz, y;\) >y + AN = 1). (5.31)

From now on, let 0 < p < min{pg,p2} and 0 < 6 < min{dp,d1} be small as in
Lemma 5.1.

(5.30)

To establish statement (i), we will prove the existence of N(\) by contradiction.
Suppose, on the contrary, that there exists a sequence {\,,, }5°_; of numbers such
that 1 < A\, <146, Ay — 1 as m — o0, and x,(\,,) < p for all n > 0. For each
Am, let J(Ay,) and M (Ay,) as in Lemma 5.1.

Let Y € (P(yo),Ya) C (Y3,Ys). We show that there exists a unique integer
L(Ay,) such that yrx,.)+1 > Y and g, <Y for 0 <n < L(A,). Indeed, it is clear
if yy(r,,) > Y; on the other hand, if y;(5,,) <Y and y, <Y for n > 0, then for all
n > J(A\n), we have Y3 <y, <Y and hence by (5.31),

Yn+1 = G(xnu Yn; >\m) Z Yn + A()\m - 1)
ZYIiOm) T (n—JAm) + AN, — 1) = 400,

as n — 400, which leads a contradiction. Then, while replacing J(A.,,) by L(Am),
the estimates (iii) in Lemma 5.1 hold, that is, z, < pe=“™ for 0 < n < M(\,,)
and z,, < pe=CLAn)=n) for M()\,,) < n < L(\,); in particular, the summation
ZL:O(‘)) O(z;) is bounded uniformly in m. By the hypothesis (H3) and the mean

J
value theorem, one gets that for n > 0,

Ynt1 = G(Tn, Yns Am) = Yn + O(2n) + G, (0, Yn; Am) (A — 1)

= =1 —+ ZO(Z’]) + O(n(/\m - 1))

Jj=0

Applying the estimate for n = L(\,)—1, wehave Y > yp(z,.) = y0—|—2f§)m) O(z;)+
O(L(M\) (A — 1)), and hence L(A,,) = O((A\y, — 1)71).

Note that the above proof for L(\;,) = O((Am — 1)7!) can be used to show
that L(A;m) — ng = O((Am — 1)71) where nj satisfies yn, < (v* + ¥3)/2 < Yngi1-
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Thus, by (iii) of Lemma 5.1, there exists C; > 0 such that for all sufficiently large
m, 0 < z; < pe~¢1/Om=1) provided y; € (y*, (y* + Y3)/2). Similarly, there exists
Cy > 0 such that for all sufficiently large m, 0 < z; < pe=C2/Am=1) provided

€ (Yo +9*)/2,y*). By (5.17), we get that for all sufficiently large m and for

€ ((Ya+y")/2,(Ys+y7)/2],

Yi+1 = G(z;, Y53 Am)
=y; + Go(Tj, Y5 An)xs + G, (T4, Y55 Am) A, — 1)
> yj — |Gulpe™ A=l (G, (0,5:1) + O(x5) + O(Am = 1)) (A — 1)
>y, + (G, (0,y;;1) + O(z;) + O(Ap, — 1)) (A, — 1)
> Yjs

where C' = min{Cy, Cs}, for the second inequality, we replace Gype=C/Om=1) by
O(Am — 1)(A, — 1) and collect it into the coefficient of A, — 1, and for the last
inequality, we use the assumption G»(0,y;1) > 0 in the hypotheses (H3). On the
other hand, by (5.31), we have that for sufficiently large m and for y; € [Y1, (Y2 +

y*)/2] U [(y* + Y3)/2,Ya],

Yir1 = G(25, 955 Am) = yj + ANy — 1) > ;.
Therefore, for all sufficiently large m and for y; € [Y1,Y4], we have y;11 —y; >0
and y; 41 — y; as m — 0.

By the hypotheses (H1) and (H2), one gets that

Tn4+1 = F(‘Tna Yns )‘m) = Fz(jmym Am)xn
(1 + €n + O(>‘ - 1))F (Ovyn; 1)xn

- H 1+ €+ Om — 1) [] Fa(0, 55 1),

Jj=0

(5.32)

where |e,| = O(z,) = O(e™¢") for 0 < n < M()\,) and |e,| = O(x,) =
O(e=CLCm)=m) for M(\,,) <n < L(\,,). We show that the product HL()"")( 1+
€j + O(Am, — 1)) is bounded away from zero and infinity uniformly in m. Indeed,
since

L(Am) L(Am)
I J] Q46 +00m—1)= > I(l+e+00n,—1)),
j=0 §=0

and z/2 < In(1+ z) < z for & near zero, there exist numbers d; < dy such that for
all sufficiently large m,

L(Am) L(Am)
€ + O()\m — 1)
In H (146 + 0\, —1)) > Z BT
7=0 =0
L(Am)

> 3 6/24 LOA)0m —1) > dy
j=0
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and
L(Am) L)
In J] C+¢+00m—1) < (¢j + O\ — 1))
j=0 j=0
L(Am)
< €; + LAm)OAm — 1) < ds
7=0

By (5.32) with n = L()\,;,), one obtains that

L(Am) L(Am)
P> Trn,)+1 = H (14+¢+0(\ H F,(0,y,; 1)zo. (5.33)
=0

Dividing by p and taking the natural logarithm on both sides (noting that zo > ¢p)
of (5.33), we get that for sufficiently large m,

L(Anz) L(Aﬁl)
0>1In H Fo(0,y5:1) +1Inl+dy = Z InFp(0,y;;1) +Inl + dy
3=0 7=0
L()\r”/)

In F.(0, y;;
72 (0,95:1)

(Yjr1 —y;) +Inl+dy
=0 y]+1_y]

L(Am)
In F (0, y;; 1) (yj+1 — ¥;)
- Int+d 5.34
Z G‘A((lyjd)+O(ccj)+O(Am—1))(Am—1)+ nt+ay (5.34)
L(Am
lnF (0,y,;1)
m— 1 Z G)\ 0, Yj; ) (yj+1 yj)
1 L()‘m)
+)\ 1 Z (O(x5) + O\ — D))(Yj4+1 — y5) + Inl + dy,
m =0

where the last equality holds because that the mean value theorem implies - =

vtz
%+ 0(z) if v # 0. Note that, as m — oo, the summation

L(z*: InFy (0,95 1)

G (0, il (yj+1 - yj)

is a Riemann sum of the integral

Y In F(0,y;1)
/yo ar(0,y:1)
and
L(Am)

> (0@5) + O — D) (ys41 — yj)
j=0
L(Am)
<Ay D O@;) + Om — )Y —yo) — 0

7=0
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as m — oo, where Ay = max{|yj+1 —y;| : 0 < j < L(Ay)}. Now multiplying
(Am — 1) on both sides of (5.34) and taking the limit as m — oo, we get
Y . P(yo) .
In F, (0, y; 1 In £5(0,y;1
0> n(y)dy>/ n Fy(0,4;1)
Y0 Gk(07y7 1) Yo G)\(ana 1)
The contradiction gives the existence of N(A). The uniqueness of N () follows from
its definition.

dy = 0.

Next, we establish statement (ii). We will first show the existence of the limit.
Note that the proof of (i) also shows that for any Y > P(yo), if X is sufficiently close
to 1 then yy () <Y. From Lemma 5.1, if A is sufficiently close to 1 then yy ) > V3.
It remains to show that for any Y5 <Y < P(yo), if A is sufficiently close to 1, then
yn(n) > Y. We prove this again by contradiction. Thus, let Y3 <Y < P(yo) and
suppose that for any m, there exists 1 < A\, < 1+ § such that \,, — 1 as m — oo
and y, <Y for all 0 < n < N()\,,). Repeating the procedure for the proof of (i),
similar to (5.33) we now have

N(Am) N()\m)
P <INOA)+1 = H (1+e+0N H F(0,y,;:1)xo. (5.35)
3=0

Let dy as in the proof of (i). As before, we d1v1de by p and take the natural
logarithm on both sides of (5.35) to get that for all sufficiently large m,
N(Am)
0<In ] Ful0,y51) +dy = Z In F, (0,955 1) + do
j=0

N(Am)
In F,(0,y,;1
= #(yjﬂ —yj) +d2
=0 Y1 Y

N(Am
_ (Z) In £2(0. ;2 D (.41~ 1)) dl
£ @041 +00;) + O~ )0 — 1)
N(/\'m)
B nFy(0,y51),
1 Z GA(0,y;: 1) (Yj+1 — j)
1 N(Am)
oy 2 (0) + 00 = D) — ) +d.

Multiplying (A, — 1) on both sides and taking the limit as m — oo, one gets that

Y . P(yo) .

In F. 1 In F, 1

O</ 72 20,y )dy</ D25y ) =(0; )dy =0.
Yo A(O,y; 1) 0 G)\(anv 1)

The contradiction yields the existence of limit.
To show the uniformity, we prove by contradiction. Suppose, on the contrary,
that there exist ¢g > 0, A\, — 17 as m — oo and (zf*, yJ*) with Ip < ' < p,
Yo' < " and Y1 < S(xf",yg") < Yz so that |y, = P(yg")| = eo for all m.
Without loss of generality, we assume that y, _; > P(yl") + €o for m > M,

where M € N is a constant. Hence
/yW(Am)1 In F,(0,y;1) dy /P(ygl) In F,(0,y;1)

Y, Y,

dy > Koeg,
. Gr(0,4:1) n Gayn) T
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or equivalently,

/y?um)—l In F(0,y;1) dy > Koe
A A S A 0¢€o
v

m GA(0,y31)

for some constant Ky > 0 and all m > M.
On the other hand, for m large, from (33) we have

NAm)—2 NAm)—2
p>afoya= >, 1+6+00n—1) J[ Fe0.471)af"
j=0 j=0

Since x' > lp, after dividing by p and taking logarithm, we get as (5.34) that for
m large,

N(Am)

-2
1 In F, (0,97 1)
0> — S Y PYLL
> )\m 1 Jzz:o G}\(O’ygn; 1) (y]-‘rl yj )
N(Am)—2
1 m m m
+)\ 1 Z (O]") + O\ — D) ()31 —yi") + Inl +da.
Therefore,
N(Am)

-2 m.
GA(0,y;1) I

j=0
N(Am)—2

< > (0@])+O0Nm =))Wy —y) — (Am — D)(Inl +dy)
j=0

< A™y(K1 + O — 1)) = (A — D(Inl + dy),

where K is a constant independent of (z(*,yy") and A™y = max{y]\; — yJ'},
which approaches zero as m — oc.
By the mean value theorem, there exists y; € [y;”, y;’fH] for each ¢ such that

/yx(x)—l Md _NOf:)_ZM(ym —y™)
ye G (0,y;1) 3=0 GA(0,7:1) SR
Hence
N(w)—2 o0,y 1) N YN)-1 In F (0, y; 1)
Y R - Gy Y
=0 A( 7yj ) ) o' )\( e )
_ IN(AXM:)2 In F (0,y5%1)  InF, (0,57 1) (Wi — )|
- =0 GA(0,y7: 1) GA(0,97:1) e
N(Am)—2
SKA™y Y (yfh —y)) < KATy(Ya - ),
=0
where

d InF,(0,y;1
Km{n<w>

: Yi.Yilp.
dy Gx(0,y;1) lryelh, 4]}
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We now have, for m large,

/yx}ﬂ)l In F,.(0,y;1)
o G)\(Ovya 1)

N2 mF (0,75 1)

< IR s A

7=0
<A"Y (K1 4+ 0N — 1)) — (A — D(Inl+ dy) + KA™y(Yy — V7).

(Y1 —y") + KA™y(Yy — Y1)

The latter approaches zero as m — oo. The contradiction gives the uniformity.
O

Next, we shall apply Theorem 5.2 to the Nicholson-Bailey model fy in (2.2). Let
F(z,y; \) = y(1 — e ®) and G(z,y; \) = Aye~*. Then the hypotheses (H1)-(H3)
are satisfied with y* =1, F.(0,y;1) =y, and G»(0,y;1) = y. Let P be as in (5.14),
that is, for 0 <y < 1,

P(y) . P(y)
/ InFe(0,551) dt:/ LU,
y G)\(Oat; 1) y t

and hence P(y) = 1/y and the hypothesis (H4) is satisfied. It is easy to see
that, if y < 1 and 7(y) is defined as in Section 3 (i.e., H(0,y) = H(0,7(y)) where
H(z,y) = 2 +y — Iny is the integral for A = 1, see item 1 of Theorem 3.1), then
P(y) =1/y > 7(y). Together with Theorem 5.2, this will imply the following result
about nonexistence of periodic points for the Nicholson-Bailey model f) with A
close to one.

Corollary 5.3. Let 1 < ¢1 < ¢ be any two numbers (cy being arbitrarily close to
one and co arbitrarily large) and let Ry (resp. Eg) be the region bounded by the
level curve H(x,y) = ¢1 (resp. H(x,y) = c2) and the y-axis. Then there exists
A > 1 such that forl< A< A, any full orbit of f\ which is contained in Eg, must
be contained in fact in El; in particular, fx has no periodic orbit that lies entirely
mn ]3@ and visits j%g \ él at least once.

Proof. Let Y (resp. Y) be the point of intersection of the level curve H(z,y) = cs
(resp. H(x,y) = ¢1) with the y-axis below the line y = 1, and let Y7,Y5 be any
(fixed) numbers such that 0 < ¥; < Y <Y < Yy < 1. Further, let X be the
maximum value of the z-coordinate on the curve H(z,y) = ca, i.e., X = ¢y — 1.
By applying Theorem 5.2 for the numbers Y;,Y5 and ¢ := Yie™X, we get p and §
satisfying the conclusions of Theorem 5.2.

Next, we choose 0 < p < p small enough so that the level curve H(z,y) =
Y5 — InY; intersects the vertical line = p at two points (this is equivalent to the
inequality 0 < p < Y2 —InY; — 1) and, in addition, the following inequality holds

14—
o T R
1+2(y; —1)/3
where y:{ > 1 is the point of intersection of the level curve H(z,y) = ¢; with the
vertical line x = p (obviously, this inequality is satisfied for sufficiently small 5).

From now on, j is fixed. Let us denote R = closure(Ry \ Ry), R; = {(z,y) €
R:2>p}, Ry ={(z,y) € R:Ip <z < p,y <1} and let R} be the open set
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(open ”quadrilaterial”) below the line y = 1, which is bounded by two vertical lines
x =4Lp, x = p and two level curves H(z,y) =Y; —InY;, H(z,y) =Y2 —InY5.
Obviously we can choose d; > 0 such that for 1 < A < 1+ 41, the fixed point
(Px, @) = (In A, AInA/(A — 1)) of fy lies inside the region Ry to the left from the
vertical line z = p .
First we prove Claim 1. Any forward orbit of fi with initial point (xo,yo) € Rj
must visit R, . Indeed, if one has x,,_1 > p and x,, < p for some ny > 0, then

— Ty — -z
Tng = Yng—1 (1 —e "o 1) = Ynp—1€ Tny—1,

where z € (0,z,,-1) is taken by the mean value theorem, and hence x,, >
Yie™Xp = £p. So given a point (z¢,y0) € R; we may define by Claim 1, ng =
no(zo,Yo) as the minimal positive integer for which f{"(zo,v0) € R, .

We now prove Claim 2. For any € > 0 there exists o = da2(e) > 0 such that
for every (x,y) € Rj there is a positive integer N = N(z,y,¢) such that for any
1 <\ < 1405 one has |H(fY (z,y)—H (N (z,y))| < € and f{ (z,y) € R;. Indeed,
by continuity of fx(x,y) and H(z,y) in all of their variables, for every (zo,%0) € R}
there exist an open neighborhood U = U(zo, yo) of (zo,yo) and dy = do(z0,yo) > 0
such that for all (z,y) € U and 1 < A < 1+ §p, one has that

[H(f1o0) (2, ) — H(f10C0%) (20, 50))| < €/2

and f;O(wo’yO)(x,y) € Rj. The collection of the neighborhoods U(zo, yo)’s for all
(x0,%0) € R; is an open covering of R;. By compactness of R, there exists a finite
subcovering U(x;,y;), 4 = 1, ..., m. Now we take d3 = min{do(21,v1),- .-, 00(Tm,Ym)}-
Since every point (z,y) € R is contained in some U(z;,y;) with i € {1,...,m}, we
have that for any 1 < A < 1 4 49,

() @) = H ) ()]
< |H(f)7\7/0(<7:i7yi)(x’y)) . H(flno(hyﬂ(x“yz)ﬂ

FLH (T (24, y5) — H(FO0 (@)
<€,

and so the claim is proved with N = no(x;, yi).

Next we prove Claim 3. There exists 3 > 0 such that for 1 < A <1+ 43 the
following holds: if some full orbit of fx is contained entirely in Ry and visits R at
least once, then this orbit must visit Rj. For this end we choose 0 < §3 < 01 small
enough so that if 1 < A < 1+ 5 then g\, < 1+ (y,;r —1)/3. To prove the claim, first
notice that if the initial point (x¢,yo) belongs to R; then the claim follows from
Claim 2. So we may assume that (xo,y0) belongs to R\ (R;|JR;). Obviously,
xo # 0, because otherwise the orbit of (zg,yo) would be unbounded. We consider
two cases: (i) yo > 1; and (ii) yo < 1. For the first case consider forward iterates of
(z0,yo) under fy with 1 < A <1+ 5 . Then by using identity (4.5), we get that
under consecutive forward iterates, the values of H increase unless the y-coordinate
for the next iterate is smaller than g,. Hence (with help of Theorem 4.4), there is
a number n > 0 such that (z;,y;) € R with z; < p,y; > 1 for i =0,1,...,n—1
and either (subcase 1) (x,,yn) € Rj, or (subcase 2) y, < gx. For subcase 1, we
apply Claim 2 to get the result, while subcase 2 is impossible: indeed, otherwise
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one would have
+
- 1+ (y; —1)/3
Pl+2(yf -1)/3

while y,, < gy < 1+ (y:{ —1)/3. For case (ii) we apply identity (4.5) to backward
iterates of (xg, yo) and get the fact that (for any A > 1), under consecutive backward
iterates, the values of H increase unless the y-coordinates for these iterates are
bigger than g,. This implies that there is a number n > 0 such that (x_;,y_;) € R
with z_; < p for i = 0,1,...,n and either (subcase 1) x_,, > p or (subcase 2)
(Tn,yn) € R, ©_,, < p, y_n > 1. For subcase 2 we have the situation of case (i)
and we are done (but in fact, subcase 2 is impossible by similar arguments as for
subcase 2 of case (i) ). For subcase 1, by applying the argument used in Claim 1 to
fx with A > 1, one gets that x_(,,_1) > £p and 50 (_(,—1),Y—(n—1)) € R, C R;.
Since P(y) > 7(y), we have

d ;= min{H (0, P(y)) — H(0,7(y)) : (0,y) € R,y <1} > 0.

So by item (ii) of Theorem 5.2, we can choose 0 < d4 < 0 such that for 1 < A < 144,
and for all (x¢,yo) € R} one has

>1+(yy —1)/3,

Yn = Ayn—1e "t > 1yFe P > p

H(‘TN(-ToyyOJ)’ yN(Ioayo,k)) — H(zo,y0) > 2d/3
(in Theorem 5.2, the number N (xq,yo, A) was denoted simply by N (X))
and <xN(5170’y0’/\)7 yN(Eo,yo,)\)) € R;.

Finally we take 6 = min{dy(d/3), 03,04} and consider fy with 1 < X\ < 1+4. To
prove the corollary, suppose by the contrary that there is a full orbit of f) which
is contained entirely in ]?22 and for which (z¢,yo) € R. Then by Claim 3, we may
assume without loss of generality that (zo,y0) € R;. Thus, by the choices of dz, 4
and since fi preserves the value of the level curve H, we have that the initial point
(0,%0) € R, under k := N(20,90,A) + N(TN(20,50,0)> YN (z0,50,))s 4/3) iterates of
fx will raise the value of H by at least d/3, and besides, the resulting point (zx, yx)
lies in R; (and, which is easily seen, in R, ). So we can repeat the above procedure
infinitely many times, which will lead to a contradiction because H(x,y) < co for
all (z,y) € Ez. The proof of the corollary is complete. O

So the result of Corollary 5.3 gives us an additional information comparing with
Corollary 4.7 on nonexistence of periodic orbits. Note that the proof of Corollary 5.3
also implies that there is no invariant closed curve in R2 that meets Rg\Rl

Appendix: center of mass for orbits

So far, for the Nicholson-Bailey model f) with A > 1, we do not know whether
periodic points of period bigger than 3 exist or not on the whole region ). In the
case when a periodic cycle exists, we show that the fixed point (py,gx) = (In A, ﬁ\lnf‘)
must be the center of mass of the cycle. Moreover, the Cesaro averages of orbits

whose coordinates have less than exponential growths must tend to the fixed point
(Px, @r)-

Proposition 5.4. Let (z,,y,) be the nth iterate of (xg,y0) € Q under f\ with
A > 1. Then the following statements hold:

1. If (zo,y0) is a period-k point for f, then k Zn Oxn =py and Zn Oyn =
qx-
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2. Iflimy o M =0 then limp 00 an Own = pa. If, in addition, limy oo % =

0 then hmkﬁoo S Yn = O

Proof. By (2.2) and periodicity, we have y, = Ay,_1e" %t for n=1,...,(k—1)
and yo = yr = Ayrx—1e~"*-1. Multiplying these relations, we get

’ﬁyn:)\k. (Hy") nfoacn
n=0

Since y, # 0 forn =0,1,...,k — 1, we have kzn Omn In\ = p,.
By (2.3) and periodicity, we have y, = zpq1 + 252 forn =0,1,...,(k —2) and
Yr—1 = T + % = 20 + L. The summation of these relations gives

k—1
Z Yn = Z Tn+ T Z Yn-
n=0

nO

Therefore, + x Zn oYn = )‘)\If‘)‘ = @x. The proof of item 1 is complete.

For item 2, by proceeding in the same way as above, we get

k
Hyn:)\k<Hyn> noi’?n
n=1

Thus
k-1
Zmn =klnA+1Inyy — Inys.
n=0

Dividing the equality by k and letting k — oo, the hypothesis implies limy o % Zn 0Tn =
Dx- The proof of the first statement is complete.
By (2.3) and the same argument as above, one gets
k

- A Yo | Yk
2um=3Tp(Xm-N+%

n=1
Again dividing the equality by k and letting k¥ — oo, the hypothesis and the con-
clusion of the first statement applied to the initial point (x1,y;) imply the truth of
the second statement. O
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