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Abstract

Intraguild predation is added to a mathematical model of competition between two species for a single
nutrient with internal storage in the unstirred chemostat. At first, we established the sharp a priori estimates
for nonnegative solutions of the system, which assure that all of nonnegative solutions belong to a special
cone. The selection of this special cone enables us to apply the topological fixed point theorems in cones
to establish the existence of positive solutions. Secondly, existence for positive steady state solutions of
intraguild prey and intraguild predator is established in terms of the principal eigenvalues of associated
nonlinear eigenvalue problems by means of the degree theory in the special cone. It turns out that positive
steady state solutions exist when the associated principal eigenvalues are both negative or both positive.
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1. Introduction

Intraguild predation is a common phenomenon in ecosystems, in which the predators not only
feed on the prey but also consume the same prey resources. Ecological theory predicts that coex-
istence of intraguild predators and intraguild prey can occur in intraguild predation ecosystems
(see, e.g., [2,3,6,14—16]). Recently, Wilken et al. [20] proposed a mathematical model describing
the population dynamics of a intraguild predation system, and their experimental results support
the theoretical predictions. In the experiments of [20], Ochromonas (a mixotrophic organism)
and Microcystis (an autotrophic prey) share ammonium (a nitrogen resource), and Ochromonas
also feeds on Microcystis for growth.

The dynamics of the chemostat experiments in [20] is governed by the following ordinary
differential equations:

4R — (RO — RYD — fi(R, Q)N — f2(R, 02) Ny,
Ny — [111(Q1) — DI N1 — g(N1)N2,

% = fi(R, Q1) — n1(Q1) 01,

4% = [12(Q2) — DI Na,

492 — (R, 02) — 12(02) Q2 + g(N)) Q1

R(0) >0, N;i(0) >0, Qi(0) = Qmini» i =12,

(1.1

where R(t) represents the concentration of nutrient (ammonium) at time ¢; N(¢) and N»(¢)
denote the population densities of autotrophic prey organism (Microcystis) and mixotrophic
chrysophyte (Ochromonas), respectively. For i=1,2, Q;(t) represents the average amount of
stored nutrient per cell of i-th population at time #. ©;(Q;) is the growth rate of species i as
a function of cell quota Q;, fi(R, Q;) is the per capita nutrient uptake rate, per cell of species
i as a function of nutrient concentration R and cell quota Q;; Qmin,; denotes the threshold cell
quota below which no growth of species i occurs; R and D stand for the nutrient supply
concentration and dilution rate of the chemostat, respectively. Both mortality rates of Ny(¢) and
N;(t) are assumed to be equal to the dilution rate (D) of the chemostat (see [20]). The function
g(Ny) is the functional response of the mixotroph feeding on the autotroph; the term g(N1) Q1
describes the assimilation of nutrients from ingested prey. The predation rate of the mixotroph
feeding on the autotroph, g(N), follows a Holling type III functional response:

b>1. (1.2)

The specific growth rates of the autotroph and mixotroph take the form (see also [4])

Qmaxi - Qi .
mi(Qi) = pmax,i(l = ——————), i =1,2,
' l e Qmax,i - Qmin,i

where Qmin; < Qi < Omax.i> Wmax,i 1S the maximum specific growth rate of species i, and
Omax,i and Qmin; are its maximum and minimum cell quotas, respectively. The nutrient uptake
rates of the species take the form (see also [13]):
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‘R 0O
fi(Ra 0:) = Amax,i Qmax,z i i=1,2,
Ki + R Qmax,i - Qmin,i

where Omini < Qi < Omax.i> @max,i 1S the maximum nutrient uptake rate of species i and K;
is its half-saturation constant for nutrient uptake. For the rest of this paper, we assume that the
functions u;(Q;) and f; (R, Q;) satisfy the following assumptions with i = 1, 2

(H1) w;(Q;) is Lipschitz continuous for Q; > Qmin,;, and satisfies u; (Q;) > 0, ,u;(Q,-) > 0 for
a.e. @; > Omin,i>» 4i(Omin,;) =0, where K is a positive constant;
(H2) fi(R, Q;) and af"(R 9) are Lipschitz continuous for R > 0 and Q; > QOmin,;; dfi(R Q) >

0, af'(RQQ) =0 and fi(R, Qi) = 0 for a.e. R >0 and Q; = Qmin,i; there ex1sts QB,
(Omin,i» +00] such that

afi (R, O; .
fi(R. Q1) > 0, % = 0in (R. 0;) € Ry X [Qminss Os1).

Ji(R, Qi) =0 in{(R, Qi) € Ry X [Omin,i, +00): R=00r Q; > Op;}.
(When Qp; = 400, it is understood that f;(R, Q;) =0 if and only if R =0.)

System (1.1) was mathematically analyzed by the authors in [22]. Theoretical predictions
in [22] and the experimental results in [20] have the same conclusions that coexistence of
Ochromonas (the intraguild predator) and Microcystis (the prey) can happen if Microcystis is
a better competitor for ammonium. In a real ecosystem, the habitat is poorly mixed, and it is
more realistic to extend system (1.1) to include spatial variations. For this purpose, the authors in
[11] assumed that Uy = QN and U, = Q» N are the total amounts of stored nutrients at time ¢
for the intraguild prey and predator, respectively. Then system (1.1) is equivalent to the following
system

XK=(RO - R)D - fi(R, )N — fo(R, N2,
ixy [ =D Wi =gV,
”’Ul = f1(R, §-)N1 — DU — h(N)U1 N3,

(1.3)
dN- U-
d—,2=[ na(§) = D M,
@2 = f(R, §#)N2 — DUz + h(NDUI Ny,
R(O)zo,N(O)zo,U(O)EO,1—1,2,
where
g(N1)
h(Np) := 1.4
V) == (1.4)

By virtue of (1.2) and b > 1, one can conclude that 4 (N}) is continuously differentiable on
[0, +00) with £(0) = 0. The unstirred chemostat (see, e.g., [10,12,18,21,23]) is a common labo-
ratory apparatus which is usually regarded as a spatially variable habitat in which nutrients and
organisms are transported by diffusion. Inspired by the previous models with variable quotas in
spatially variable habitats (see, e.g., [5,7-9]), the authors in [11] extended system (1.3) to the
following unstirred chemostat model with internal storage:
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%'f_dg“? ARIHNI — AR, PN, x €. 1), 1>0,
o= d3N1+m(%l)N1 g(NDNy, xe (1), 1>0,
355‘ d"a;é'+f<R, FONI = h(NDUIN2,  x € (0, 1), 1>0, (L5)
o= d"’aﬁzwz(,vz)ivz, x€(0.1), 1 >0,
W= a8+ LR, RN+ hNDUIN2, x €(0,1), 150,

with boundary conditions

R0,0=-RO, B0, 1)+ yR(1,1)=0, t >0,

’ox

Wi0,0)=0, i1, +yNi(1,1)=0, 1>0, i =1,2, (1.6)
Wi0,0=0, 3i(1,0)+yU;(1,0)=0, >0, i =1,2,

and initial conditions

R(x,0)=R%x) >0, N;(x,0)=N?(x) >0, (L
Ui(x,0)=U(x) >0, x€[0,1], i = 1,2, ‘
where d and y represent the diffusion coefficient and the washout constant, respectively.

For system (1.5)—(1.7), the authors in [1 1] first determined conditions such that there is a triv-
ial steady-state solution with neither species present, and two semitrivial steady-state solutions
with just one of the species. Then coexistence of the intraguild predator and prey for system
(1.5)—(1.7) is possible if both of the semitrivial steady-state solutions are “uniform weak re-
pellers”. The authors in [11] also discussed another interesting case that coexistence for system
(1.5)—(1.7) is possible if the semitrivial steady-state solution with the presence of prey and the
absence of predator is a “uniform weak repeller”, but the semitrivial steady-state solution with
the presence of predator and the absence of prey does not exist. Basically, arguments used in [11]
rely on the theory of uniform persistence.

There is another common competitive outcome for an ecosystem, namely, bistability, that is,
competitive exclusion depends on initial conditions. This phenomenon usually arises when both
of the semitrivial steady-state solutions are locally asymptotically stable, and we point out that
the arguments in [11] can not be applied to this case. Instead, we will use the degree theory in
cones (see [1, Lemma 12.1]) to investigate the existence of positive steady-state solutions for
system (1.5)—(1.7). Substituting the new variable (see, e.g., [10])

O(x,t)=R(x,t) + Ui(x,t) + Us(x,1)

into (1.5)—(1.7), it follows that

3, =d¥% xe(0,1), 1>0,

30,6)=—RO, 221, 1) +yd(1,1)=0, t > 0.

> ox

It is easy to see that ®(x, ¢) satisfies tlim ®(x, 1) = z(x) uniformly in x € [0, 1], where z(x) =
— 00

R© (HTV — x). Thus we obtain the limiting system of (1.5)—(1.7) as follows
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. 2
"% =df’a§1 +M1(%—11)N1 — g(N1)N2,

2
W =a%l) —i—fl(Z(x)—Ul—Uz,%)Nl—h(Nl)UlNz, (18)
Wo = g% 4y (2N '
[3; [%XZ n2 N, 2
&2 =ddaxUzz + f2(z(x) = U1 — Ua, %)Nz +h(N)U1 N2,
for (x, 1) € (0, 1) x (0, co) with boundary conditions
Wi0,0)=0, (1,0 +yNi(1,1)=0, 1>0, i =1,2, 19
Wi0,0=0, (1,0 +yU;i(1,1)=0, >0, i =1,2,
and initial conditions
Ni(x,00=N’(x) >0, Ui(x,0)=U(x)>0,0<x<1,i=1,2. (1.10)

Thus, we will only focus on the study of the positive steady-state solutions of system (1.8)—(1.10).
It is worth mentioning that (if necessary) we can extend the functions f; (R, Q;) and u; (Q;) with
i =1, 2 as follows

fi(R’ Qi) for R>0, Q; > Qmin,ia

fi(R, Q) =1 fi(R, Omini) for R>0, Qi < Omin,i, (1.11)
0 for R <O,
R mi(Qi) for Q; > Omin,i,
(i) = ’ 1.12
#i(Q1) {M;(Qmin,i)(Qi - Qmin,i) for Q; < Qmin,i- ( )

Then it is easy to check that /i;(Q;) > 0 for all Q; € R and fi(R, Q;) satisfies (H2) for a.e.
(R, Qi) e R x Rwithi =1, 2. We will denote fi(R, 0i), i1 (Q;) by fi(R, Oi), ui(Q;) respec-
tively for the sake of simplicity.

The organization of this paper is as follows. In Section 2, we first collect some existing results
on nonlinear eigenvalue problems and the threshold dynamics of the single species associated
with system (1.5)—(1.7) or (1.8)—(1.10). Section 3 is the main part of this paper. Existence of
positive steady state solutions will be established by calculation of fixed point indices. A brief
discussion will be presented in Section 4. In the Appendix section, we provide rigorous argu-
ments for the local stability of two semi-trivial solutions.

2. Preliminaries

In this section, we collect some existing results which will be used in the subsequent investi-
gation. We review the results of the global dynamics on the single population model associated
with system (1.8)—(1.10):
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W — g% (YN, xe(0,1), 1>0,

Wi = d%Y + fie() — Up, YN, xe 1), t>0,
Wi0,1)=0, i(1,1)+yNi(1,1) =0, t>0, (2.1)
%%(o,t)=0, i1, 1) +yUi(1,1) =0, t>0,

Ni(x,0)=N)(x) >0, Ui(x,0)=U>(x)>0, xe€l0,1],

with i =1 or 2. The global dynamics of system (2.1) can be determined by the following nonlin-
ear eigenvalue problem

2 (x) = de” (x) + i (586 (x), x € (0, 1),
dop(x) =de"(x) + fi(z(x), 5D (x), x € (0, 1), 22)
¢' O =¢'()+y(1)=0, ¢'0) =¢'(D) +yp(1) =0

withi =1 or 2. As in [8], we first define Q7 to be the unique positive number so that

Q7 ==inf{Q; > 0: fi(z(x), Qi) — i (Q:) Qi <0 in[0, 17}, for i =1,2. (2.3)

Let D = C([0, 1], R? ) and

Ci={(N,U)€D: QuminiN(x) <U(x) < Q*N(x) forx € [0, 1]}, i =1 or 2.

It is clear that D and Cy, C; are complete cones in the normed linear space C 0([0, 1], Rz) and that
D is both normal and solid. We say that (i1, v1) >p (42, v2) if and only if (u1, vi) — (42, v2) €
D, and (uy1, v1) >p (u2, v2) if and only if (11, v1) — (42, v2) € IntD. By the similar arguments as
in Lemmas 5.1 and 7.1 in [8], the eigenvalue problem (2.2) admits a principal eigenvalue k?(d )
corresponding to a strongly positive eigenfunction (¢; (x), ¢; (x)) >p (0,0) in C; with i =1, 2.
Moreover, there is a dp ; > 0 (i =1, 2) such that

AW(d)>0if0<d <do;, A(d)=0ifd=do;, \)(d) <0ifd > dy,;. (2.4)

By similar arguments as in [8, Theorem 2.3] (see also [11]), we have the following results,
which indicate that there exists a threshold diffusion coefficient for species survival. Here the
existence of the threshold diffusion coefficient is determined by (2.4). Indeed, these results have
already been proven in [9, Theorem 2.2]. They established the existence of the threshold diffusion
coefficient by analyzing the monotonicity of the positive steady states of the single population
model (2.1) on the diffusion coefficient. For i =1, 2, let

Ai ={(N?, Uy € C([0, 1];R2) : UP(-) < z(-) and there exists Q; > 0
such that Qpmini N{ () < UP(-) < O;N?(-) in [0, 1]}.

Lemma 2.1. (/9, Theorem 2.2]) Suppose d > 0, f;, u; satisfy (H1) and (H2). Then there exists
do.; > 0 such that
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(1) if d = do,i, (2.1) has no positive steady state solution in A;, and every solution of (2.1) with
initial conditions in A; satisfies (N;(-,t), Ui (-, t)) — (0,0) as t — oc.

(i1) if 0 <d < dy,;, there is a unique positive steady state solution (Ni* d,-), Ui* (d,-)) which is
globally asymptotically stable in A;. Moreover, (N(d, -), U} (d, -)) is strictly decreasing in
d such that

., lién (N, "), U}, ")) = (0,0) uniformly on [0, 1],
—>do,i —
dlilg+(Ni*(d, ), Ui (d, ) = (2(x)/ Qmin,i» 2(x)) uniformly on [0, 1].

We finish this section by stating the following lemma, which is essential to the calculation of
the indices of fixed points related to compact maps. To this end, we denote by (£, P) an arbitrary
ordered Banach space with open unit ball B. For every p > 0, we define P, := pB N P. Then the
boundary S/‘f of P, in P equals pS N P, where S denotes the unit sphere in £. It follows from
the fixed point index theory in [1] that for every open subset O of P and every compact map
f: ‘O — P, the fixed point index index(f, O, P) is well-defined, provided f has no fixed points
on 0 0. Moreover, for an arbitrary positive number p, we have the following results.

Lemma 2.2. ([I, Lemma 12.1]) Let f : Fp — P be a compact map.

(1) If f(x) # Ax for every x € S; and every A > 1, then index(f, P,, P) = 1.

(i) If there exists an element p > 0 such that x — f(x) # Ap for every x € S/')" and every ). > 0,
then index(f, P,, P) =0.

3. Steady state solutions

This section is devoted to the investigation of the existence of positive steady-state solutions
of system (1.8)—(1.10), that is, we shall consider the following elliptic system:

dAN{ + i (§HN1 = g(N)N, =0, x € (0, 1),
dU{ + fi(z(x) = Uy — Uy, YH)N = R(NDUI N, =0, x € (0, 1),

3.1
ng+M2(,l§—§)N2=o, x€(0,1), @1
dUJ + fr(z(x) = Uy = Uz, §)N2 + h(NDUIN, =0, x € (0, 1)
with boundary conditions
N/(0)=0, N(D+yNi(1)=0, i =1,2, 32)
Ul0)=0, U/(1) +yU;i(1) =0, i =1,2. '

Here we call (N, Uy, Ny, Uj) € CZ([O, 1]) a steady-state solution if the ratio % are finite a.e.,
and the equations (3.1) and (3.2) are satisfied a.e. in (0, 1). I

For i =1, 2, the functions p; (U;/N;) N; and f;(z(x) — Uy — Uz, U;/N;)N; can be respec-
tively extended to those similar to Eq. (4.9) and Eq. (4.10) in [8], if necessary. Then it follows
from Lemma 2.1 that there are three types of nonnegative steady-state solutions of (3.1)—(3.2):
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(i) Trivial solution Eg(x) = (0, 0, 0, 0) always exists;

(i1) Semi-trivial solution E;(x) = (Nf‘ d, x), U1* (d,x),0,0) exists provided that 0 <d < do,1,
and semi-trivial solution E>(x) = (0, 0, Ni"(d ,X), Uz*(d, x)) exists provided that 0 < d <
do2;

(iii) Positive solutions with (N1(x), Uy (x), N2(x), U2(x)) > 0 may exist.

The main task below is to study the positive solutions of (3.1)—(3.2). To this end, we first
establish a priori estimates for nonnegative solutions of the system (3.1)—(3.2).

Lemma 3.1. Suppose (N1, U1, Ny, Us) is a nonnegative solution of the system (3.1)—(3.2) with
Nl' %0, Ui %0. Then

i) Ni(x)>0,U;(x)>00n[0,1]withi =1,2;
(i) Up(x) 4+ Uz(x) < z(x) on [0, 1];
(iii) N1(x)Qmin,1 < U1(x) < N1(x) QF and N2(x) Qmin,2 < U2(x) < Na(x) Q5% on [0, 1], where
Q7 is defined by (2.3), and

05" :=inf{Q > 0: f2(z(x), Q) — u2(Q)Q +¢ (%) Q7 <0in[0,1]}.

Proof. We first prove N;(x) > 0 with i = 1,2. For any nonnegative solution (N{(x), U(x),
No(x), Uz (x)) of (3.1)—(3.2) with N; #£ 0, U; # 0, one concludes that C; (x) := u; (%) is well de-
fined for all x € (0, 1) with i = 1, 2. Rewrite C;(x) = C;' (x) — C;” (x), where C;" (x), C; (x) are
the positive part and negative part of C;(x), respectively, i = 1, 2. In view of g(N1) = h(N1)Ny,
the first equation of (3.1) becomes

dN{ —[C (x) + h(N)N2IN; = —C{ (x)N; <0

for x € (0,1). Clearly, C; (x) = ,ul(%—:)’ € L°°(0,1) based on the extension (1.12), and
C{ (x) + h(N1)N2 > 0 on [0, 1]. It follows from the strong maximum principle that Ny(x) > 0
in (0, 1). If N1(0) =0, it follows from the Hopf boundary lemma that N{(0) > 0, contradicting
the boundary condition N{(0) = 0. Hence, N1(0) > 0. Similarly, N1(1) > 0. Thus N{(x) > 0 on
[0, 1].

The equation for N, can be rewritten as

dNj — C5 (x)N, = —CF (x)N2 <01in (0, 1).

In view of C, (x) = Mz(%—;)_ € L*°(0, 1), similar arguments as above imply that N(x) > 0 on

[0, 1]. Thus, we have %” € C([0, 1]), and hence, the solution satisfying (3.1) is in the classical
sense everywhere.
Next, we claim Uy + Uy < z(x) on [0, 1]. Let ¥ = z — U} — U,. Then W satisfies

IR IR
V'(0)=—RO, W(1)+pw()=0.

—dW + [Ny [y B @w, Ydr + Ny [ 22 (0w, £)dew =0, x € 0, 1),
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By the strong maximum principle, we have ¥ > 0 on [0, 1]. That is, Uy 4+ Uz < z(x) on [0, 1].
Noting that U; # 0 (i=1, 2), and U, U, satisty

—dU{ +h(N)N2Us = fi(2(x) = Uy — Uz, §HN1 =0, x € (0, 1),

and

—dUY = fa(z(x) = U1 — Uz, §)N2 + h(N1)U1 N2 > 0, x € (0, 1),
U3(0) = Us(1) + y Us(1) =0.

Then we have Uy > 0, U, > 0 on [0, 1] by the strong maximum principle.
In order to show U; > N; Qmin,; on [0, 1] with i = 1,2, we set w; = U; — N; Qin,;.- Note that
fori=1,2,

Mz‘(ﬁ) = i (Qmin,i) + & (x, Qmini)(ﬂ — Omin,i) (3.3)
N; ’ "OON; ’
where
1
Gix 00) = [ WGy + (1= 1)@)dr >0, (3.4)
0

Then w1 (x), wy(x) satisfy

do| = (W(NDN2 + Quin, 181 (%, Qmin, 1)1 = =N fi(z = Uy — Uz, §) <0,
@} (0) =0, wj(1)+ywr(1)=0,

and

dw — Qmin282(x, Qmin2)w2 = —Na fo(z — Uy — Ua, %—i) - g(Nl)%—iNz <0,
wh(0) =0, w)(1)+ywr(1)=0.

By the strong maximum principle and the boundary conditions, we have w;(x) > 0 on [0, 1] or
w1(x)=0o0n[0, 1]. If w;(x) =0 on [0, 1], then U; = N1 Qmin,1, and

—dN{ +h(N1)N2 - N1 = 41(Qmin,1) N1 =0, x € (0, 1),
N{(0) = N[ (1) + y N1 (1) =0,

which implies N1 =0 on [0, 1], contradicting the fact N1 > 0 on [0, 1]. Hence w;(x) > 0 on [0,
1], thatis U1 > N1 Qmin,1 on [0, 1]. Similarly, we can show that Uy > N2 Qmin,2 on [0, 1].

It remains to show that U; (x) < N (x) Q7 and Uz(x) < N2(x) Q5" on [0, 1]. By the definition
of OF,(H2)and 0 < z — U; — U, < z on [0, 1], we can conclude that

filz = Uy = Ua, Q) — 1 (@) Q7 <0 for x € [0, 1]. 3.5)
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Let x1 = Uy — N1 Q7. Note that
Ui « L
fiz=U; = Us, Fl) = fi(z = U1 — Uz, Q7)) + &1 (x, Ql)(ﬁl - 01, (3.6)

U * * U *
M1(Fll)=u«1(Q1)+§1(x,Ql)(ﬁl—Ql), 3.7)

where ¢1(x, Q1) is given by (3.4), and

1

0 U
EI(X’QI)Z/B—SI(Z—Ul—UZ,TFi'F(l—T)QI)dTSO (3.8)

0

Then x1(x) satisfies

—dx; + (—&1(x, 09 + ¢1(x, 09 QF + h(N1)N2) x1
=[filz = U1 = Uz, 07) — 1 (@D QTIN1 <0, x € (0, 1),
x1©0) =0, x;(M)+yxi1(1)=0.

In view of (1.2), (3.4) and (3.8), we conclude that —&(x, Q) + ¢1(x, Q1) Q7 + h(N)N2 >0
in (0, 1). It follows from the strong maximum principle that x; < 0 on [0, 1], that is, Uj(x) <
Ni(x)Q7 on [0, 1].

Similarly, by the definition of Qﬁ*, the assumption (H2) and 0 < z — Uy — Uz < z on [0, 1],
we can conclude that

z(x)
Qmin,l

fz—= Ui = U, 03) — n2(059) 05" + ¢ ( ) Qf <Oforxe[0,11. (3.9

Let x2 = Us — N2 Q5*. Note that
U U
frz—Ui—Us, Fj) = oz — Ui = Us, 059 + &2(x, Q?*)(Vi — 0%, (3.10)
Uy U
p2(—) = u2(05%) + &a(x, 05°)(— — 03%), (3.11)
Ny N>
where ¢ (x, 0>) is given by (3.4), and

1
0 U
Ez(x,Q2)=0 3—52(2—U1 —Uz,rFiJr(l—T)Qz)dTSO- (3.12)

It follows from Np(x) < gy‘nf:)l < er(njlcn)l , %i gg < Q7 and (3.9) that x»(x) satisfies
—dx) 4+ (=&(x, 05%) + 02(x, 05 05 ) x2
=[fa(z = Uy — Uz, Q5) — u2(Q5") Q5" + h(NpU1IN2 <0, x € (0, 1),
x30) =0, x5(1)+yx2(1)=0
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It follows from (3.4) and (3.12) that —& (x, Q3*) + &2 (x, 03) Q3% > 0/in (0, 1). By the strong
maximum principle, we deduce that x, < 0 on [0, 1], thatis, U>(x) < N2(x)Q3* on [0, 1]. O

Next, we show the existence of positive steady state solutions by degree theory. By virtue of
Lemma 3.1, we introduce the spaces

X =C(0,1;RY), Xy=C(0,1;R}), D=C0,1],R3),

Wi =Ci ={(N1,U1) €D: Qmin,1N1(x) < Ui(x) < Q]Ni(x) onx € [0, 11},
Wao ={(N2, U2) € D: Qmin2N2(x) < Ua(x) < Q5" N2(x) on x € [0, 1]}.

W =W x Wa,

Q={(N1, U1, N2, U2) € W |N1 | + [|U1 | + | N2l + [|U2]| < Mo},

where | - | is the usual norm in C ([0, 1]) and Mo = 4 max{l, 5-—
is also a cone of X, where X is the natural positive cone of X. 1

Observe that for any (N1, U, Na, Uz) € Q@ C W, we have U;(xg) = 0 if N;(x9) = 0 at some
point xg € [0, 1] with i = 1, 2. Motivated by Eq. (4.9) and Eq. (4.10) in [8], for i =1, 2 and any
(N1,Uq, N2, Up) € 2, we define

, ﬁm}||z||. Clearly, W C X4

- 10 when N;(x) =0, for some x € [0, 1],
i (Ui (x), Ni(x)) = { (i (Ui (x)/N; (x))N; (x)  when N;(x) > 0, ¥ x € [0, 1], (.13)
and f;(R(x), U;(x), N;i(x))
10 when N;(x) =0, for some x € [0, 1], (3.14)
~ | fi(R(x), Uij(x)/N;(x))N;(x) when N;(x) >0, Vx €0, 1], :

with R(x) = z(x) — Ui(x) — Uz (x). Then for i = 1,2, the functions [;(U;(x), N;(x)) and
fi(z(x) — Ui(x) — Ux(x), Ui (x), Ni(x)) are continuous in €2. In particular, these two func-
tions are continuous at the steady-state solutions Eg, E; and E;. For our convenience,
we will still denote fi;(U;(x), Ni(x)) (resp. f,-(R(x), U;(x), Ni(x))) by w;(U;/N;)N; (resp.
fi(R(x), U;/N;)N;) in the subsequent discussions.

Define F : Q2 — X by

U

N p1(FHNL — g(N1)N2 + MN,
u | & 1| AAGR) = Ui = Uz, §HN1 = R(N)UL N2 + MU,
F = (—d— + M) U, 1 ,
N> dx MQ(N—Z)NZ + MN>
U2 £@@) = Uy = Us, 2Ny + h(N)UI Ny + MU,

where (—d dcl—i + M)~ is the inverse operator of —d di_22 + M subject to the boundary conditions
ux(0) =u, (1) + yu(l) =0, and M is sufficiently large such that
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1 () —h(N)N2 + M >0,

fi@(x) = Ui = U, gt = h(NDN2 + M >0,
Mz(%—i)—i—M >0,

F(x) = U= U, )3 + h(ND UL + M >0,

§1(x, Omin, 1) — Omin,161(X, Omin,1) — A(N1)N2 + M >0,
&1(x, 07) — 07¢1(x, Q) —h(N))N2+M >0,

&2(x, Omin,2) — Omin262(x, Omin2) + M >0,

& (x, 03%) — 05" o (x, Q3 ) + M >0

(3.15)

for all (N1, Uy, N2, Up) € Q. Here ¢i(x, Q;), &(x, Q1) and & (x, Q>) are defined by (3.4),
(3.8) and (3.12) respectively. By the assumptions (H1)-(H2) and the extensions (1.11)—(1.12)
and (3.13)—(3.14), one can conclude that F is compact.

Next, we show that F(2) C W by direct computations and the maximum principle.
To this end, let F(Ny,U;, N2, Us) = (N, Uy, Na, Us) for any (Ny, Uy, N2, Up) € Q. Then

(N1, Uy, Na, Up) satisfies

—dNi" + MN; = @i (§HN1 = g(NDN2 + MNy,
—dU" + MUy = fi(z(x) = U1 = Uz, GIN1 = h(NDU1 N2 + MU,

oL TR o (3.16)
—dNy + MNy = p2(F)N2+ MNy,
—d0;" + MUz = fr(z(x) = Ui = Uz, IN2 + h(NDUI N2 + MU,
for x € (0, 1) with boundary conditions
N/ (0)=0, N/ (1) +yN; (1) =0, i = 1,2, G7)
U/ ©0)=0, U (1) +yUi(1) =0, i = 1,2. '

In view of (3.15), it follows from the maximum principle that N >0,U >0,N,>0,U,>0
on [0, 1]. It remains to show that Qmin,lm <U < QTE and Qmin2N2 < U, < Q;*Vl on [0,
1]. With this in mind, let @; = U; — N; Qmin.; and @; = U; — N; Quin.; withi = 1,2. Then w; >0
on [0, 1] based on (N, Uy, N2, Uy) € Q C W. Note that fori =1, 2,

U; U
filz=U; = Uy, #) = fi(z = U1 — Uz, Omin,i) + & (x, Qmin,i)(ﬁl_ — Onin,i)>
1 1

where &1(x, Q1),&(x, Q2) are given by (3.8) and (3.12) respectively. It follows from
(3.16)—(3.17) and (3.3) that @;’(0) =0, @;’(1) + y@;(1) =0 and for x € (0, 1),

—doi”" + Moy
Uy U
= fiz(x) = Uy — Uy, F])Nl - MI(E)NI Omin,i —h(N1)Now1 + Mo

= (&1(x, Omin,1) — Omin,181(x, Omin,1) — A(ND) N2 + M)w1 + f1(z — Uy — Uz, Onin,1) N1
> (61(x, Omin,1) — Omin, 181 (X, Omin,1) — A(N1)N2 + M)wy,
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and
—dwy" + Mw;
Uy U,
= foalz(x) = Uy = Uy, V)Nz - MZ(F)NZQminJ +h(NDU N2 + Mo
bl p)

= (52(x, Omin,2) — Omin,282(x, Omin,2) + M)wy +h(N1)U1 N2 + f2(z — Uy — Uz, Omin,2) N2
> (52(x, Omin.2) — Omin,282(x, Omin,2) + M)ws.

By using (3.15) and the maximum principle, it is easy to see that w; > 0 on [0, 1]. Also, we have
Omin,i Ni < U; on [0, 1]. L o .

Similarly, let 7 = U; — QTN], x2=U; — Q;*Nz and y; =U;| — QTN], x2=U— Q;*Nz.
Then x; <0 on [0, 1] based on (Ni,U;, Na, Up) € Q € W. It follows from (3.5)—(3.7),
(3.9)—(3.11), (3.15) and (3.16)—(3.17) that ¥; < 0 on [0, 1] by similar computations and the
maximum principle. That is, U] < QTV] and U, < Q;*V] on [0, 1]. Hence, by the definition of
M, we have F(2) C W.By Lemma 3.1, we conclude that (3.1)—(3.2) have nonnegative solutions
if and only if the operator F has a fixed point in €2.

As mentioned before, due to a priori estimates for nonnegative solutions of the system
(3.1)-(3.2), we can establish the existence of positive solutions to (3.1)-(3.2) by using the topo-
logical fixed point theorems in the cone W (see Lemma 2.2). The selection of this special cone
W ensures the existence of M satisfying (3.15), and guarantees F(£2) C W, which enables us to
apply Lemma 2.2.

Lemma 3.2. For A > 1, the equation F (N1, Uy, N2, Uy) = A(N1, Uy, N2, Us) has no solution in
W satisfying ||N1]l + [[U1 || + N2l + | U2l = M.

Proof. Suppose (Ny, Uy, N2, Up) € W satisfies F(Ny, Uy, Np, Uz) = A(Ny, Uy, N2, U). Then

0<N; < QU on [0, 1] with i = 1,2, and for x € (0, 1),

MANT + i (N1 = g(NDN2 = .= DMN; = 0,

AdU|" + fi1(z(x) — Uy — Us, II\J,—;)N1 —h(NDU N, = (A —1)MU,; 20,
AN} + 2 (N2 = (b = )M N, > 0,

2dUJ + fo(z2(¥) = Ui = Uz, 2)N2 + H(NDUIN2 = . — DMU2 > 0

with the boundary conditions (3.2). By similar arguments as in Lemma 3.1, we have U; + U <
z(x) on [0, 1], which implies that 0 < N; < QU" 2(x)

< =, Hence, there exists no solution

min, i Qmin.i '
of F(Ny,Ur, N2, U2) = A(N1, Uy, N2, Uz) in W satistying [|Ni|| + [[Utll + [N2fl + [[U2]] =
My. O

As a consequence of Lemma 3.2 and Lemma 2.2, we have the following outcome.
Lemma 3.3. index(F, Q, W) =1, where Q denotes the interior of Qin W.
Lemma 3.4. Suppose 0 < d < dp 2. Then for § > 0 small enough,

index(F, Oy (Eg), W) =0,
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where OF (Eo) = (N1, U1, N2, Uz) € W [[N1[| + IU1 Il + I N2ll + | U2]] < S ROY is a neigh-
borhood of Eg in W.

Proof. By the definition of N (x), UJ (x), there exists €y, 5o > 0 small, such that
8 20 — 8 )
—R"™ < Ny(x) —€, —R" <U5(x) — €
14 14
hold for all x € [0, 1] and all § € (0, dp]. Denote the boundary
)
904 (Eg) = {(N1, U1, N2, Uz) € W : | N1 || + Uil + [ N2]| + V2]l = ;R“”}.

Thus ||N;|| <éz, |Uill <8z (i =1, 2) whenever (N, Uy, N2, Un) € 80;(E0).
Let x =24y — yx2. Then x > 0 on [0, 1] and satisfies

KXox <0in (0, 1), xx(0) =0, (1) +yx (1) =0.
Moreover, (X, Omin,1 X, X> Omin,2Xx) € W. Next, we show that for A > 0,
(N1,Ur, N2, Uz) — F(N1,Ut, N2, Uz) = A(x, Omin, 1 X> X> Omin,2X)

has no solution on Ss for small §. Assume on the contrary that it has a solution (N1, Uy, N2, Uz)
on Ss. Then (N3, U,) satisfies

AN} + pa(2)N2 =2(dx" — Mx), x€(0,1),
AU} + fr(z(x) = U = Uz, 2)N2 + h(NDUIN2 = 2.Qmin2(dx” — M), x € (0, 1),

By the definition of x, we have

ANy + ()N <0, x € (0.1,
AU} + fo((1 = 8)z(x) — U, FIN2 <0, x € (0, 1).

Let Aj = {(N°,U%) € C([0, 11;R?) : N* > 0, 0 < U < (1 - &)z(x), %Eg; > Qmin.2 on [0, 1]}.
We consider the following auxiliary problem

AN + pa(IN2 =0, x € (0. 1),
AU} + fo((1 = 8)z(x) = U, §IN2 =0, x € (0, 1), (3.18)
N3(0) =0, Ny(1) +yN2(1) =0, U;(0) =0, Us(1) +yUz(1) =0.

Let Ag(d) be the principal eigenvalue of the following nonlinear eigenvalue problem

2 () = de” () + (561 (x), x € (0, 1),
hp(x) = dg" () + (1= )z(x), $E)p ), x € (0, 1),
¢'(0)=¢'(D +y¢(1) =0, ¢'(0) =¢'(1) + y (1) =0.
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By similar arguments as in [8, Lemma 7.1], there is a dg,z > 0 such that
(d) >01f0<d<d02, 23 5d)=0ifd = dozv 2 2(d) <01fd>d02

By standard regularity theory, it is easy to deduce that a’g2 — dp as 6 — 0. In view of
0 <d < dp,, there exists §; > 0 small such that for any 0 < § < §;, we have 0 <d < dgﬁz.

It follows from Lemma 2.1 that (3.18) has a unique positive solution (NﬁS x), Ug (x)) which is
globally asymptotically stable in Ag. Since (3.18) is cooperative, it follows from the monotone
method and uniqueness of (N3 (x), U3 (x)) that N2(x) > N3 (x), Ua(x) > U (x). Meanwhile, by
L? estimates and the Sobolev embedding theorem, we proceed as in the proof of Theorem 2.5 in
[23] to obtain

lim N3 (x) = N3 (x), lim U3 (x) = U5 (x).
§—0 §—0

Hence, there exists §, > 0 such that for 0 < § < 82, N2 (x) > N2 (x) — €, U‘S(x) > U2 (x) — €p.
Set § = min{dp, 61, 82}. Then for any 0 < § < 8, we can find that No(x) > N (x) — € >
SR, Ur(x) > Uj(x) — €9 = SR, which contradicts (N1, U1, N2, Uz) € 905 (Eo). There-
fore, index(F, 0; (Ep), W)=0by Lemma2.2. O

Consider the following two nonlinear eigenvalue problems

A1 @) =dP] + pi(gHdr, x € (0, 1),
AW =dV] + fi(z— U5, )01, x€ (0, 1), (3.19)
d>/1(0)=<l>/1(1)+y<1>1(1)—0, W) (0) = Wi (1) +y (1) =0,

and

Ay ®y =d Y + pa(g2) P2, x € (0, 1),
AWy =d Wy + fo(z — U, g2)®2 + A(N)UF @2, x € (0, 1), (3.20)
CI>’2(O)=CI>’2(1)+)/<I>2(1)_O, W, (0) = Wy(1) + yWa(l) =0.

By similar arguments as in [8, Lemma 5.1] (see also [11]), the eigenvalue problem (3.19) (resp.
(3.20)) admits its principal eigenvalue, denoted by A0 (resp. A9 5) with the corresponding strongly
positive eigenfunctions (®1, ¥1) >p (0, 0) in Wy (resp (P, l112) >p (0,0) in Wy).

Now we turn to calculate the indices of the compact operator F at the neighborhood of the
semi-trivial positive solutions E(x) = (N{(d, x), U{(d, x),0,0) and E>(x) = (0,0, N5(d, x),
Uj(d,x))in W.

Lemma 3.5. Suppose 0 < d < dp,1 and F has no fixed point in Q. Then for 8 > 0 small enough

. 1if AY<0
+ _ 2 <Y
index(F, O (Ey), W) = { 0if Ag =0
where Of (E\) = {(N1, U1, Na, Uz) € W [N| — N[l + U1 — Uf || + [ N2l + | U2]| < 8} is a
neighborhood of E1(x) in W.
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Proof. For t € [0, 1], define

Ny 1 (N1 — 7g(N1)N2 + M N,
U d? N A =U = tUL, YNy — th(NDUIN, + MU,
FO | b [=Cagz w7 N :
2 dx /Lz(NZ)N2+MN2
U2 F2(x) = Uy = tUs, )Nz + h(NDUI N2 + MU;

where M is large enough such that (3.15) holds for all (N1, Uy, N2, Uz) € Q. Then F(t)(Ny, Uy,
Nz, Uz) = (N1, Up, N2, Up) leads to

dN{ + @1 (N1 — tg(NDN2 =0, x € (0, 1),

dU{ + f1(z(x) = U — Uz, §HN1 — th(NDUIN2 =0, x € (0, 1),
dN} + m(%—;)Nz =0, x € (0, 1),

AU} + fr(z(x) = Uy — tUs, IN2 + h(NDUIN2 =0, x € (0, 1)

(3.21)

with the boundary conditions (3.2). If (N, U1, N3, U>) is a fixed point of F(7) on the boundary
IO (E1) ={(N1,U1, N2, Up) € W : [Ny = N[+ U1 = US| + | N2]| + | U2 || = 8} of OF (E)
in W, we can deduce that

Ni(x) >0,U;i(x) >0, Na(x) >0, Uz(x) >0

and

N1(x) Qmin,1 <U1(x) < N1 (x)QF, N2(x)Qmin2 < Ua(x) < N2(x) 05"

on [0, 1]. Furthermore, we can show that N>(x) > 0, U>(x) > 0, otherwise we have (N, Uy,
N>, Up) = E|. This is a contradiction to (N, Uy, N, Uy) € 80;(E1).

Next, we show that for t € [0, 1], F(7) has no fixed point on BOj(El). Assume on the
contrary that (N, Uy, N2, U») € 80;(E1) is a fixed point of F(t). Then N;(x) > 0, U; (x) >
0 and Ni(x)Omin,1 < Ur(x) < N1(x) QF, N2(x) Omin,2 < Ua(x) < N2(x) Q3" on [0, 1] by the
above arguments. But for 7 = 0, we can find that (N1, Uy) = (N}, U{) based on 0 < d < dp,1,
and (N, Up) € W, satisfies

Ing + a2 (FIN2 =0, 3.22)

dUj + fo(z(x) — U}, %)Nz +h(NUFN, =0
with the usual boundary conditions, which implies A(z) =0, a contradiction to Ag # 0. For t > 0,
it follows from the equation (3.21) that (N1, U1, tN2, tUz) € W is a fixed point of F in Q,

which is a contradiction to the hypothesis of this lemma. Thus by the homotopy invariance of
topological degree that

index(F, O5 (E1), W) = index(F (1), O5 (E1), W) = index(F (0), O (E1), W),

where
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U
N, i p1(Fr)INL + MUN1
U d | i) = U, §-)N1 + MU,
FO | N | =(d—+m)™ U, N
Ny dx Mz(ﬁz)]\b + M N>
v F(2(x) = Uy, IN2 + h(N)UI N2 + MU

The remain task is to calculate index(F (0), 05+(E 1), W). For this purpose, we first investigate
the fixed points of F(0). Suppose (N1, Uy, N2, U3) is a fixed point of F(0) in 0;(E1). Then
N1 >0,U;>0,N,>0,Up; >0and

dN{ + 1 (FHN1 =0, x € (0. 1),

dU} + fiz(x) = U1, gHN =0, x €0, 1),

dANY + pa()N2 =0, x € (0, 1),

AU} + fr(z(x) = U1, N2 + h(NDUIN2 =0, x € (0, 1)

with the boundary conditions (3.2). It is easy to conclude that (N1, Uy) = (N7, U;) based on
0 <d <dp,1,and (N2, Uy) satisfies (3.22). Similar arguments as before indicate that (N2, Uz) =
(0, 0) when Ag # 0. Hence, E is the unique fixed point of F'(0) in O(;F(El), and

index(F (0), 0;(E1), W) =index(F(0), E1, W).

For o € [0, 1], let T (o) be defined by

N X MI(Z—;)N1+UMN1

T(©) Ui :(—dd——i—M)_l Jiz = UL, 57)N1+ MU,
N> dx2 Mz(%—i)Nz—i—MNz ’
Uz T4(N1, Uy, N2, Ux) + MU,

where T4(N1, Uy, Na, Uz) = fo(z = [(1 = o)Us + o U], %—;)Nz +h((1 —o)Ny +o NI —
U)U1+GU]*]N2.Then T(o)(Ny1, Ui, No, Up) = (Ny, Uy, Ny, Uy) satisfies

dAN{ + i (N =0, x € 0, 1),
dU{ + fi(z(x) — Uy, ;’,—:)Nl =0, x€(0,1),
AN} + p2 (53N =0, x € (0, 1), (3.23)
dUY + fo(z = [(1 = o)Us + o U7, Il\],—i)Nz
+h((1 —0)Ni + o NH[(1 —0)Uy +aUFIN, =0, x € (0, 1)

with the boundary conditions (3.2). Next, we show that T (o) has no fixed point on BOj(E DN
W. Otherwise, it follows from the first and second equations of (3.23) that (N, Uy) = (N}, U 1*),
and hence (N>, U») satisfies (3.22). Similar arguments as before indicate that (N», Uz) = (0, 0)
when Ag # 0. Hence the only fixed point of 7 (o) on 80;'(E 1) is E1, a contradiction. On the
other hand, it is easy to see that

FQO)=T(©), T()=T1 x Tz,
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where

m1(FHN+ MN, )

d2
Ti(N1,Uy) =(—d— +
NN =g (f(Z—UhV:)Nl"i‘MUI

& 12 (82)N> + M N,
T5(Na, Up) = (—d — + M)~! N ,
2(N2, U2) = (=d 37 + M) (fz(z—Uj",%—;)er—h(Nf‘)Uf‘er—MUz

and (T1 x T»)(Ny1, Uy, N2, Up) = (T1 (N1, Uy), To (N2, Uz)). Hence, by the homotopy invariance
of topological degree and the product theorem for fixed points that

index(F (0), E1, W) =index(T (0), E1, W) =index(T (1), E{, W)
=index(T1, (N}, Uf), W1) - index(T>, (0, 0), W).

Next, we show that index(Ty, (N{,Uy), W1) = 1. Let A = 2max{1 }||Z|| Py =
{(N1,UD) e Wit [Nt + IULll = A}, 9Py ={(N1, U) € Wi 2 [N1]| + U || = A} For A > 1,
T1 (N1, Uy) = A(Ny, Uj) leads to

dNy + ;L,U«I( L)N1=(1—$)MN; =0, x € (0, 1),
duy + Aﬁ(z(x) Ui, %—1)N1 =(1—-1HMU =0, x€ (0, 1),
with the usual boundary conditions. By the similar arguments as in the proof of Lemma 3.1, we

can show that | N;|| < &, ||U; || < &. Hence for > > 1, T1(N;, U;) = A(Ny, U;) has no solution
on d Py . It follows from Lemma 2. 2 that

index(Tl, PA, W]) =1.

Let 0 < §g < %min[ogl]{NI",Ul*}. Observe that x =2 4+ y — yx?> > 0 on [0, 1]. Hence,
(X> Omin,1X) € Wi. Suppose that for A > 0, the equation (N1, U1) —T1 (N1, U1) = A(x, Qmin,1X)
has a solution (Ny, Uy) on 9 Ps,. Then we have

dNY + i (FHN1 = (dx" = Mx) <0, x € (0, 1),
AU} + fi(z(x) = U1, §H)N1 =2 Qmin1(dXx" = Mx) <0, x € (0, 1),

with the usual boundary conditions, which implies that (N1, Uy) is a super-solution of

dNy + pi (2R =0, x € 0, 1),

1 A
dO} + f1(z(0) = 01, 5D 81 =0, x € 0. 1),
N{©) =0, N/(1)+yNi(1)=0, x € (0, 1),
Ul0)=0, Uj(1)+yUi(1)=0, x € (0, ).

By the monotone method and the uniqueness of (N}, U{“), one can conclude that (N, U;) >
(N{,U}). This is a contradiction to | Ny || + ||U; || = 6. Hence,
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index(Ty, Ps,, W1) =0.
Since (N7, U7) is the unique fixed point of 77 in P \ Ps,, we have

index(Tl, (N*, Ul*)’ W]) = index(Tl, PA \ Pgo, W])
= index(Tl, PA, Wl) — il’ldeX(Tl, Pgo, Wl) =1.

Next, we claim that

1 provided Ag <0,

index(72, (0.0), W2) = { 0 provided A >0
5>0.

We first consider the case of Ag < 0. Suppose that for A > 1, T5(N3, Uz) = A(N», U3) has a

solution (N2, U>) on 803L (0, 0), where O;‘ (0, 0) is a small neighborhood of (0, 0) in W5. Then
we have

AN} + pa(FIN2 = (1 = 1)(M + pa(F2)N2, x € (0, 1),
Uz”-i-fz(z(X) Ur, UZ)N2+h<N )U*Nz
=(1— MUy + @) — Uy, FIN2 + h(NHUFN2), x € (0, 1)

with the usual boundary conditions, which implies that

dN”—i—/Lz( 2)N2 20, x € (0, 1),

dUy + fz(z(x) —Up, @IN2+R(NDUFN2 20, x € (0, 1).
Therefore, (N», U;) is a lower solution to the following cooperative parabolic system
AN, 92N
0_ =d 3x22

17 92 U2 * ﬁz N7 * * N7

G =d52 + fre@) = UL N2+ h(NDUFN2, x € (0, 1).1>0,
%(0, 1) =0, d’V2(1 D+yNa(1,6)=0, t >0, (3.24)
820, =0, aUZ(1 N +yUs(1,1)=0, t >0,
Na(x,0) = Ny (x), Ua(x,0)=Us(x), x €0, 1].

+ 12N, x € (0.1).1>0

Meanwhile, observing that (N, Uj) € 80;(0, 0), there exists an oy > 0 such that (N,, Up) <
(02 P2, apW7), where (P, Wy) is the strongly positive eigenfunction associated with Ag. Let
(Na(x, 1), Ua(x, 1)) = (azeA(Z)’d>2, ageAg’\Ilz). Then it is easy to see that (N (x, 1), Ua(x, 1)) is
an upper solution to (3.24) based on Ag < 0. It follows from the comparison principle for coop-
erative parabolic system that

(N2, Us) < (Na(x, 1), Un(x, 1)) = (022 By, ane2 W)

for all x € [0,1] and 7 > 0. Letting + — oo in the above inequality, and using Ag < 0,
we deduce that (N, Us) = (0,0) on [0, 1], contradicting the fact (N, Us) € 80;(0, 0).
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Hence, T>(N», Uy) = A(N3, Uy) has no solution on 30;‘(0, 0), and index(73, (0,0), W») =1
by Lemma 2.2(i).

In the case of Ag >0,let xy =24y — yx2 on [0, 1]. Then (), Omin2x) € W2. Suppose for
A >0, (N2, Uz) — Tr(N2, Uz) = A(x, Omin,2x) has a solution (N3, Uz) on 80;’(0, 0). Then we
have

AN} + 2 (FIN2 = h(dx” —Mx) <0, x € (0, 1),
AU + f2(z(x) = UF, §2)N2 + h(N))UF N2 = AQmin2(dx" — Mx) <0, x € (0, 1)

with the usual boundary conditions, which implies (N», U>) is a upper solution of (3.24).
Meanwhile, observing that (N>, Us) € 80;(0, 0), there exists an € > 0 such that (N,, Up) >
€(dy, ). In view of Ag > 0, it is easy to check that (eeAg’QDQ, eeAg"lfz) is a lower solution of
(3.24). It follows from the comparison principle for cooperative parabolic system that

(N2, Uz) > (éeAgICDz, GeAgt‘Pz)

for all x € [0, 1] and ¢ > 0. Letting  — oo in the above inequality, and using Ag > (0, we deduce
that (N,, Uy) is unbounded. This contradicts the fact (N, Uj) € 80;‘(0, 0). Hence, for A > 0,
(N2, Uz) — To(N2, Uz) = A(X, Omin,2x) has no solution on 80;r (0, 0) when Ag > 0. It follows
from Lemma 2.2(ii) that index(7>, (0, 0), W) = 0 when Ag > 0.

Combining the above results, we obtain

index(F, O; (E1), W) =index(F(0), 05 (E1), W) = index(F (0), E1, W)
=index(T (1), E1, W)
= index(T}, (N}, U§), Wy) - index (T3, (0, 0), W»)
_ | 1 provided Ag <0,

B { 0 provided A > 0.

Lemma 3.6. Suppose 0 < d < dp 2. Then for § > 0 small enough

Lif AY <0,

index(F, Of (E2), W) = { 0if Ab>0
1 ’

where OF (E2) = {(N1, Uy, N2, Uz) € Wi |Ny[| + Ui || + N2 — Ni || + |Us — U5 || < 8}.

Proof. For t € [0, 1], define

Ny 11 (FHN1 = Tg(N1)N2 + M N,
- d2 — Uy — Uy, YN — th(N))U; N> + MN
o) U, =(—d—2+M)71 fl(ZL(/iC) U 2, 7)) N1 — Th(NDUI N2 + 2 ’
N, dx m2(75)N2 + MUy

Uz fizx) — Uy — Uy, %)N2+rh(N1)U1N2+MU2

wherEM is large enough such that (3.15) holds for all (N1, Uj, N2, Uz) € Q. At first, we claim
that F(7) has no fixed point on d0; (E>) if A9 # 0. Here 905 (E2) = (N1, U1, N2, Up) €
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W IN || + [[UL || + [N2 — N3 || + [[U2 — Uj || = &}. Otherwise, there exists (N1, U1, N2, Uz) €
80;(E2) such that F(t)(Ny, Uy, No, Uy) = (N1, Uy, No, Uy), which leads to

dAN{ + i (FHN1 = Tg(NDN2 =0, x € (0, 1),

dU{ + fi(z(x) — U — Ua, §N1 — Th(NDUI N2 =0, x € (0, 1),
dANY + pa()N2 =0, x € 0, 1),

duj + fz(z(x) — U1 = Uy, §2)N2+ Th(NDUIN2 =0, x € (0, 1)

(3.25)

with the boundary conditions (3.2).
For 7 =0, we can find that (N2, Uz) = (N;, Uy) based on 0 < d < dp2, and (N1, Uy) € W)
satisfies

{dzv;’ + pi (RN =0, x € (0, 1),

dU{ + fi(z(x) = U3, §-)N1 =0, x € (0, 1)

with the usual boundary conditions, which implies A(l) =0, a contradiction to A(l) #0.
For T > 0, in view of (N1, U, N2, Us) € 005 (E»), we get

0<N <68, 0<U; <8, NN—8<N,<Nj+38, Uy —8<U,<Uj+3. (3.26)
Thus it follows from (3.25) that

AN{ + 1 (FN1 =0, x € 0, 1),
AU + fi(z(x) +8 — U3, §HN1 =0, x € (0, 1)

with the usual boundary conditions. Hence, (N1, Uj) is a lower solution to the following coop-
erative parabolic system

=d +M1(U')N1, x€(0,1),7>0,

BUl_d

0+ fiz) + 8 — US, U')Nl, xe(0,1),1>0,

0x2
W10,1)=0, 20 (1, 1)+ yRi(1,0) =0, 1 >0, (3.27)
aUl(o 1) =0, 8Ul(1 N +yUi(1,1)=0, t >0,
Ni(x,0)= N1 (x), U1(x,0)=U;(x), x €[0,1].

If A(l) < 0, by choosing § small enough, we have A’i < 0, where A‘i is the principal eigen-
value of the following eigenvalue problem with the corresponding strongly positive eigenfunction
(@} ¥

Wo
ASDE =d s +m(3%)c1>5, x€(0,1),
\IJ’S
ATV =dW) + iz +8 = U3, gy, x € 0, 1),
@] (0) = @] (D) +yP}(1) =0, ¥} (0) = W] (1) +y¥(1) =0.
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In view of (3.26), there exists an & > O such that (Ny, Uy) < (a1 ®3, a1 W9). Let (Ny(x,1),

Ui(x,1) = (aleA?[CD‘}, aleA?’\If‘}). Then it is easy to see that (Ni(x,1), Ui (x, 1)) is an upper
solution to (3.27). It follows from the comparison principle for cooperative parabolic system that

(N1, Up) < (N1 (e, 0), U1 (x, 1) = (1 ™17 08, arp 10

for all x € [0, 1] and ¢ > 0. Since A(l) < 0, we immediately deduce that (N1, U1) = (0, 0) on [0,
1] after we let + — oo in the above inequality. It follows from (3.25) that (N, Uz) = (N7, U2*)
based on 0 < d < dp». That is, (N1, U1, N2, Uz) = E3, a contradiction to (N1, Uy, Na, Ua) €
305 (Ey).

If AY > 0, then there exists p; > 0 small such that 1~\f > 0 for all p € [0, p1), where IN\'f is
the principal eigenvalue of the following eigenvalue problem with the corresponding strongly
positive eigenfunction (CT)'O , Ef ):

A/’q>*’—dc1>'§m+m( )de—pCDp, x €(0,1),
APW = d\Il‘fxx+(f1(z—U2 cI)ﬂ) P)®) — p, x €(0,1),
7 (0) = (1)+V<I>”(1)—0 \If" 0 = ‘fx(l)+)/\1/f(1)=0.

Consider the following cooperative system

dﬁi/_l_(ul(%i_)_p)ﬁlzo, xG(O, 1)5 (3 28)
U] + (fiz0) = U5 = O, ) = N1 = pl1 =0, x € 0, 1) |

with the usual boundary conditions. Noting that Ap > 0, for €] > 0 small, it is easy to check
that (elfbl,el\IJ ) is a lower solution of (3.28). Furthermore, by similar arguments as in
Lemma 2.1, one can conclude that (3.28) has a unique positive solution (N1 .0-U1,p). More-
over, (N; 0 U, 0) = (NY,UY) as s p— 0 by standard elliptic regularity theory. Hence, by further

choosing p > 0 small, we have (Nl,p, Ul,p) > 2(N*, Uy) on [0, 1].
In view of (3.26), we conclude that for p > 0 given above, there exists §o > 0 small such that
g(N1)N2 =h(N1)N2- N1 < pNy,
h(NDU N2 =h(N1)N, - Uy < pUy,
filz—=1tU; — Uy, Z—i) > fi(z = Uy —tUy, %—i) —p
and
l * *
(N17U1)<§(N1,U1) (3.29)
hold for all (N, Uy, N>, Up) € 80;'(E2) and § € (0, §¢]. It follows from (3.25) that

N”+(M1(N1)—,0)N1<0 x€ (0,1,
dU{ + (fi(z(x) = U3 —tU1, §) = p)N1 — pU1 <0, x € (0, 1)
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with the usual boundary conditions. Hence, (t N1, tUp) is an upper solution to (3.28). Recall
that (e <I>1 , ellllp ) is a lower solution of (3.28). It follows from the monotone method and the
unlqueness of positive solutions to (3.28) that (er, tUy) > (N1 0 U1 .p)- Hence, (tNy,tUy) >
(N1 , U ), which contradicts (3.29). Therefore, F(r) has no fixed point on 9 03 (Ep) if A0 #0.
By the homotopy invariance of topological degree that

index(F, Of (E2), W) = index(F (1), 05 (E2), W) = index(F (0), 05 (E2), W),

where
N, . l/«l([[\]/_i)Nl + MUNI
~ U, d _ f1(z(x)—U2,—l)N1+MU1
F (O =(—d M
© N> = dx o " Mz( 2)N2 + MN,
U2 LG — Uz, BIN: + MU,

It remains to calculate mdex(F 0), 05 (E»), W). To this end, we first work out the fixed
points (N1, Uy, N2, Up) of F(O) Suppose (N1, U1, N>, U») is a fixed pomt of F(O) in 0 (E»).
Then N1 >0,U; >0, N2 > 0,U> >0, Qmm1< <07, Qmm2§N<Q and

dAN{ + 1 (FHN1 =0, x € 0, 1),
dU{ + fi(z(x) — Uz, N1 =0, x € 0, 1),
dNY + o (2 2)N> =0, x € (0, 1),
U2”+fz(z(x) U, IN2=0, x € (0, 1)

with the boundary conditions (3.2). It is easy to see that (N, Uz) = (N5, Uy) basedon 0 < d <
do.2, and (N1, Uy) € Wy satisfies

dN{ + pi(gHN1 =0, x € 0, 1),

M « Uy (3.30)
dUy + fiz(x) = Uy, 5))N1=0, x € (0, )

with the usual boundary conditions. Similar arguments as before implies that (N1, Up) = (0, 0)
when A(l) # 0. That is, E3 is the unique fixed point of F(0) in 0;(E2), and

index(F (0), O (E2), W) = index(F (0), E2, W).

For o € [0, 1], let T (o) be defined by

N Ml(N')NH-MNl

For | U | 2 ca i~ 10 =0)Us + 0 U1, YNy + MU,
N» dx? w2 (N2 + MN;
U £ Uz, )Ny + MU,

Then f(a)(Nl, Ui, No, Uy) = (Ny, Uy, Ny, Uy) satisfies
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AN + i (FHN1 =0, x € (0, ),

dUJ + fi(z(x) = [(1 —0)Us + 0 U}], %)Nl =0, x € (0, 1),
AN} + p2(§2)N2 =0, x € (0, 1),

AU} + fo(z = Us, IN2 =0, x € (0, 1)

(3.31)

with the boundary conditions (3.2). First, we show that T(o) has no fixed point on 80;(E2).
Otherwise, it follows from the last two equations of (3.31) that (N,, Uz) = (N, U;‘ ), and hence
(N1, Uy) satisfies (3.30). Similar arguments as before indicate that (N, Uy) = (0, 0) when A(l) #*
0. Hence the only fixed point of T(o) on 0 05+(E2) is E5, a contradiction. On the other hand, it
is easy to see that

FO)=T©), T()=T x T,

where
~ d? w1 (ZHNy + M N,
T1(N1,Up) = (—d—5 + M) ™! M :
O = g b (fl(z—v;,%prMUl
- d? 2 (2)N2 + M N,
T>(N2, Uy) = (—d— + M)~ ! Ny ,
2(V2. ) = ( dx? ) (fz(z—Uz,%—i)Nz-i-MUz

and (ﬁ X Tz)(Nl, Ui, Ny, Up) = (ﬁ (N1, Uy), Tz(Nz, U,)). Hence, by the homotopy invariance
of topological degree and the product theorem for fixed points that

index(F(0), E, W) =index(T (0), Es, W) = index(T (1), E2, W)
= index (T}, (0, 0), W) - index(T5, (N3, UZ), Wa).

By similar arguments as in Lemma 3.5, we can show index(fz, (N3, U3),W2) =1, and

1 provided A(l) <0,

index(71. (0, 0), W) = { 0 provided AY > 0.

In summary, we obtain

index(F, Of (E2), W) = index(E(O), 05 (Ex), W) = igdex(?(l), 05 (E2), W)
=index (T, (0, 0), Wy) - index(T», (N5, U5), W»)
_J 1 provided A(l) <0,

B { 0 provided A{ > 0.

Theorem 3.1. Suppose 0 < d < min{dy 1, do,2}. Then the steady state system (3.1)—(3.2) has
positive solution zfA(l) <0, Ag <0or A(l) > 0, Ag > 0.

Proof. It follows from Lemma 3.1 that (Np, Up, N2, Us) is a positive solution to system
(3.1)—(3.2) if and only if it is a fixed point of the operator F in 2. Assume that F has no fixed
point in Q. Then F has only a trivial solution Eg and two semi-trivial solutions £ (x) and E»(x).
It follows from the additivity of the fixed point index that



H. Nie et al. / J. Differential Equations 266 (2019) 8459-8491 8483

index(F, Q, W) = index(F, Ws(Eo), W)
+index(F, O (E1), W) + index(F, Of (E2), W).

If A(l) <0, Ag < 0, it follows from Lemmas 3.3, 3.4, 3.5 and 3.6 that
index(F, Ws(Eo), W) + index(F, O5 (E}), W) + index(F, O; (E»), W) =2,

which contradicts index(F, Q, wW)=1.
If A >0, AY > 0, it follows from Lemmas 3.3, 3.4, 3.5 and 3.6 that

index(F, Ws(Eo), W) + index(F, O5 (E1), W) + index(F, O5 (E2), W) =0.
This also contradicts index(F, Q, W) = 1, which implies the conclusion holds. O
4. Discussion

In this paper, we focus on the investigation of the existence of positive steady-state solu-
tions of system (1.5)—(1.7) (or (1.8)—(1.10)) describing the interactions of an intraguild preda-
tor (Ochromonas) and an intraguild prey (Microcystis) when grown in ammonium. System
(1.5)-(1.7) was extended from the ordinary differential equation (1.1) in [20] by incorporating
the spatial factors. As pointed out in the previous works [7-9], the main difficulties in mathemati-
cal analysis of system (1.5)—(1.7) are caused by the singularity in the ratios U1 /N1 and U, /N7 at
the trivial or semitrivial steady states with (Uy, N1) = (0, 0) or (Uz, N2) = (0, 0). Thus, standard
technique such as linearization can not be applied here.

Instead of doing linearization around semitrivial steady states of system (1.5)—(1.7), the au-
thors in [11] directly used the following cooperative systems

%Zda;;\gl +M1(1l\]/_i)N1’ xe(0,1), t>0,
W= a%0 4 fi(e@) — U3 (0. YN, 1€ 0. 1), >0, @D
20,1 =2210+ywl.n=0,1>0, w=Ny, Up,

and

2
HR=d% +M2(%)Nz, xe(0,1), t>0,

9x2
2
B = a2 8 + frz(x) - Uf(x), RN, (4.2)

+h(N{(x)UJ(x)N2, x € (0, 1), t >0,
W0, =321, +yw(l,1)=0,t>0, w=N,, Uy,

to determine the conditions such that two semitrivial steady states are “uniform weak re-
pellers”, respectively (see also [8]). Note that the nonlinear eigenvalue problem (3.19) (resp.
(3.20)) comes from system (4.1) (resp. (4.2)) and admits the principal eigenvalue A(l) (resp.
Ag). Such kinds of nonlinear eigenvalue problems were also studied in [8]. Under the condi-
tion 0 < d < min{dp,1, dp 2}, we see that both of the semitrivial steady-state solutions exist, that
is, each species can survive alone in the absence of its competitor. Then the authors in [11] es-
tablished the existence of a (robust) coexistence steady state of system (1.5)—(1.7) by applying
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the theory of uniform persistence, provided that A(l) > 0 and Ag > 0, which corresponds to the
case where both of the semitrivial steady-state solutions are uniform weak repellers. Under the
condition 0 < dp2» < d < dp,1, we see that the semi-trivial solution E(x) exists but E>(x) does
not exist. This means the intraguild prey can survive in the absence of predator, but the intraguild
predator can not survive in the absence of prey. Then another interesting case of coexistence
for system (1.5)—(1.7) can also occur when Ej(x) is a uniform weak repeller (i.e. Ag > 0). We
note that this case is also included in [11], and it can be established by the theory of uniform
persistence.

Ecologically, we also expect another case that if both of the semitrivial steady-state solutions
exist (i.e. 0 < d < min{dy 1,dp2}) and neither of the semitrivial steady states can be invaded,
then positive steady-state solutions of system (1.5)—(1.7) can also exist. By using the theory of
the fixed point index in cones, we proved our main results in Theorem 3.1 of this paper, where
we showed that a positive steady state solution (should be unstable) of system (1.5)—(1.7) ex-
ists if A(l) < 0 and Ag < 0, which usually corresponds to the case where both of the semitrivial
steady-state solutions are locally asymptotically stable. In the Appendix section, we will rigor-
ously show that the semi-trivial solution E(x) (resp. E1(x)) is locally asymptotically stable for
system (1.8)—(1.10) if A? < 0 (resp. Ag < 0). Thus, this study may answer the possibility of
bistability for system (1.5)—(1.7).

The sharp a priori estimates for nonnegative solutions of the system (3.1)—(3.2) assure that any
nonnegative solution of (3.1)—(3.2) belongs to the special cone W. Thus we only need to search
positive solutions of (3.1)—(3.2) in this special cone W. The selection of this special cone ensures
the existence of M satisfying (3.15), and guarantees F'(€2) C W, which enables us to apply the
topological fixed point theorems in the cone W (see Lemma 2.2) to establish the existence of
positive solutions to (3.1)—(3.2).

5. Appendix

In this section, we shall prove that the semi-trivial solution E;(x) (resp. Ej(x)) is locally
asymptotically stable for system (1.8)—(1.10) if A? < 0 (resp. Ag <0).

Proposition 5.1. Suppose 0 < d < do2. Then the semi-trivial solution E»(x) = (0,0, N; (x),
U3 (x)) is locally asymptotically stable if A(l) < 0.

Proof. Recall that D := CO([O, 1], Ri) and >p is the partial order in co([o, 11, Rz). Let the
cone K:="D x (—D). Then K generates a partial order on C (10, 11, R*) as follows

(N1, Uy, N2, Ua) <k (N1, Uy, Na, Uz) & (N1, Uy) <p (N1, Uy) and (N2, Ua) >p (N2, D).

For § > 0, we assume that (N1 (x, ), Ui (x,t), Na(x,t), Uy(x,t)) is a solution of (1.8)—(1.9) with
initial condition

(N1(x,0), Ui (x,0), Na(x, 0), Ua(x, 0)) = (N (x), U (x), N3 (x), UL(x)) € OFf (En).

Then (N1(x,1), Ui(x,t), Na(x,t), Ua(x,t)) >0 forall > 0 and x € [0, 1]. Moreover, it is easy
to see that
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D < a2+ (RN, t>0,xe (1),

W <d®8 4+ fiz0) — Ui = Up. Y9ON1, 1> 0,x€ (0. 1), 5
W > a2+ s (PN, t>0,x€(0,1), '
W2 > d%% 4 fr(z(0) — Ui — U, @)Na, 1> 0.x€ (0, 1).

Hence, for all ¢ > 0, it follows that

(N1(x,0), Ui (x, 1), Na(x, 1), Ua(x, 1)) <k (N1 (x, 1), Uy (x, 1), Na(x, 1), Uz(x, 1)) on [0, 1],

5.2)
where (1\71 (x,1), th (x,1), Nz(x, 1), Uz(x, t)) is a solution of the following system
M= a %8 4 (G0, £>0,x€0,1),
7 2717 ! v v ¥ v
T =d5gt+ fie) = U= U §HN, 1> 0.x€ 0. 1),
31\72 _ 32]\72 02 N (53)
ot _d axz +I’L2(K/_2)N2a t>0,x€(0, l)s
. o . e
P =dGE + @) = Ui =0 N, 1> 0,xe (0,1,

with the boundary conditions (1.9) and the initial condition (1\71, l71, 1\72, 02)(x, 0) = (N?(x),
U ?(x), Ng (x), Ug (x)) on [0, 1]. We note that system (5.3) is monotone under the partial order
<K (see, e.g., [7,17]), and hence, the inequality in (5.2) holds (see, e.g., [17, Theorem 7.3.4]).
For small € > 0, we define (N, U1, N,,U,) = (en®y,en¥y, (1 —€)NJ(x), (1 — e)UJ (x)),
where n > 0 is small such that U; (x)—n¥;>0o0n|[0,1]. If A(l) < 0 and € > 0 is small enough,

we can show that (N, U], N,,U,) is an upper solution of (5.3) with the boundary conditions
(1.9) under the partial order <k in the following sense,

AN D+ 11 (GON = €1 [d(@ 1) + 11 (GH1 | = enafr <0,
d(U1)xx + f1(@(x) = U1 = Uy, N
= en[ADW1 + (/1200 — UF +€(U3 —n¥n), 39 = fi() = U, )1 ] <0,
d(Ny) e+ M2 (N = (1= ©) [d(V)x + n2(5EINF| =0,
dUp)xx + 2z (x) = U1 = Uy, )N,y
= (1= O[dWU)ex + folz = U} + U3 —n¥1), FINF| > 0.

5.4)
Since (N?(x), U?(x), Ng(x), Ug(x)) € O;'(Ez), we can choose a smaller § > 0 such that
(NP (), UP(x), NJ(x), U (x)) <k (N1, U1, N,, U,) on [0, 1],
where (N1, U, N,, U,) satisfies (5.4). Thus, for all # > 0 and x € [0, 1], we have

(N1, Uy, Na, Ua)(x, 1) <k (N1, Uy, No, Ua)(x, 1) <k (N1, U1, Ny, Us)(x).
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That is,

0 <p (N1, U1)(x,1) <p e(mP1, n¥1) and (N2, Uz)(x, 1) =p (1 — €)(N3, U3) (5.5)

for all + > 0 and x € [0, 1]. Hence, there exists a positive constant 7{ such that Z(N)U; < He
for all + > 0 and x € [0, 1], which implies that

8 sd*’a,{? + 12 () N2, t>0,x€(0,1),
We <d%% 4 () — Un, )+ HONy. 1> 0,x€ (0, 1).

It~f0110WS thait (Na(x,t), Uzy(x,1)) <p (ﬁz,e(x, 1), (72,€(x, t)) forall t > 0 and x € [0, 1], where
(N2,e(x,1), Uz e(x, 1)) satisfies

Blav?‘ ZdB?XV%e + 2(*’—)Nze, t>0,xe(0,1),
B%‘=d82§%f+(fz(z(x> Use. U“)Jr”He)Nzg, t>0,x€(0,1),

aﬁ“ 0,1)=0, 3N“(l 1) +yNpe(1,)=0 t>0, (5.6)
"U“<o =0, "U“u D+ ylhe(l,1)=0, t>0,

Nzie(x,O) = Nz(x), Uz,g(x,()) = U2 (x), x €[0,1].

Since 0 < d < dp,2, we may use the similar arguments as in Lemma 2.1 (see also [9, Theo-
rem 2.2]) together with perturbation theory to deduce that

(Nae (6, 1), Une (x, 1)) = (N3 (x), U5 . (x)) on [0, 1] as  — oo,

where (ﬁ; (x), ﬁz (%)) is the unique positive steady state solution of (5.6). By standard regu-
larity theory, it is easy to deduce that (Ni"é(x) U2 () — (N2 x), U2 (x))on [0, 1] as € — 0.
Hence, there exists Ty > 0 such that (N2 elx, 1), U2 (x,1)) <p (1 +€)(N5(x), U5 (x)) for all
t > Tp and x € [0, 1], which implies that

(N2(x,1), Uz (x,1)) <p (1 +€)(N; (x),Uj (x)), YVt >Tp, x€[0,1]. 5.7

In view of (5.5) and (5.7), we can conclude that the semi-trivial solution E>(x) = (0,0, Ni“ (x),
U5 (x)) is locally stable when A(l) <0.

We next show that the solutions of (N1 (x, 1), Uj(x,t)) in system (1.8)—(1.10) exponentially
decay to zero as t — 00, by constructing exponentially decaying in time solution associated with
suitable eigenfunctions. In view of the first two equations of system (1.8)—(1.10) and (5.5), we
have

W< g2 4y (YN, t>0,x€(0,1),
w0, _da U, +f1(z(x) —(l=e)U; = Uy, §HNi, 1>0,x€(0, 1), (58)
300, =0, (1, 0) +yNi(1,1) =0, t>0,

8U'(o =0, aUl(l N +yUi(1,1)=0 t>0.
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Since A(l) < 0, we may assume that € > 0 in the previous discussions is small enough such that
A5 <0, where Af is the principal eigenvalue of the following eigenvalue problem

AS DS _dq>§xx+m(¢ )@, x € (0, 1)
AW, =dWS, + iz — (1= OUS, i 2Lo<, x (0, 1),

&5, (0) = &5, (1) + y &5 (1) =0, WE, (0) = W§, (1) + W5 (1) =0.

Let (], ¥{) be a strongly positive eigenfunction associated with A{ < 0. Clearly, there exists a
B1 > 0 such that

(NP (x), U (x)) <p B1(DS, ¥$) on [0, 1]. (5.9)

Let (N (x,1), U (x, 1) = (B121 @, 121/ WS). Then (N (x, 1), Uy (x, 1)) satisfies the follow-
ing system

W = a2+ (DR, xe(0,1),1>0,

0 — g0 +f1(z—(1 —OUs, U‘)Nl, xe©1),1>0,

%(0,;):0 WL+ yNi(L,) =0, >0, (5.10)
%(0,;):0 3U1(1 H+yUi(1,0)=0, >0,

Ni(x,0)=B1®¢, U(x,0) =B ¥, x€[0,1].

It follows from (5.8)—(5.10) and the comparison principle that for ¢ > 0 and x € [0, 1], we have

(0,0) <p (N1 (x,1), Ui(x,1)) <p (N1(x, 1), Uy (x, 1)) = 121 (0, ¥5).

Since A§ < 0, it follows from the above inequality that (Ni(x,?),U;(x,1)) — (0,0) uni-
formly on [0, 1] as ¢t — oo. Thus, we have proved that the solutions of (Ni(x,1), Ui(x,?))
in system (1.8)—(1.10) exponentially decay to zero as t — oo. Then (Na(x, 1), Uz(x, t)) in sys-
tem (1.8)—(1.10) is asymptotic to the system (2.1) with i = 2. Since 0 < d < dp 2, it follows
from the theory for asymptotically autonomous semiflows (see, e.g., [19, Corollary 4.3]) and
Lemma 2.1 (ii) that (N2(x,t), Uz (x,1)) — (N5(x), U5 (x)) uniformly on [0, 1] as t — oo.
Hence, the semi-trivial solution E>(x) = (0, 0, N;‘ (x), U; (x)) is locally asymptotically stable
if AY<0. O

Next, we are in a position to investigate the local stability of E(x). Since the function & (Ny)
is non-monotone with respect to N, we note that the arguments in Proposition 5.1 don’t work
for this case. We first consider the following auxiliary nonlinear system
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20 =a P2+ [ (b - N*m(,v*)]/vl 1 (U = (NN,

"’f;f‘ a%U 4 [ﬁ(z(x)—ur, W) = e - up, gh k|
+|-Hew -t Z*>N*+ B - U, g |t
—h(N}UFN2 — 3 (2(x) — Ul,N—eruz,
20— a2 + (NG,

sz

%Z’fz dauz-i-fz(z(x) U, YN + RN UEAG,

(5.11)

for (x,7) € (0,1) x (0,00) with boundary conditions (1.9). Just as before, the functions
w2 Uz JN2) N7 and for(z(x) — U 1* ,Ur /N2)N> can be respectively extended to those similar to
Eq. (4.9) and Eq. (4.10) in [8], if necessary. Hence, we call (N, U1, Na,Up) = (0,0,0,0) a
steady state solution of (5.11) on [0, 1] with boundary conditions (1.9). Substituting

N1, 1), Ui (x, 1), Na(x, 1), Ua (x, 1)) = € (01(x), 91 (x), 62(x), P2 (x))

into (5.11) with (62(x), 92(x)) € Wo C D := C°([0, 1], R? <), we obtain the associated nonlinear
eigenvalue problem

01\ 01 g(N*) 0 . 0,
A<ﬁ1>_[’1(ﬁ1) (h(N )U* %(Z(x)_Uik’Z_%)NT <1}2), XG(O,I),

A(?i):ﬁz(gi), x€(0,1), (5.12)

ow ow

a—x(0)=a—x(1)+yw(1)=0, w =01, ¥, 02, D2,
where

d6] + m(,’é—fi)—N*m(N*)]elwl(N*)m,
L (?;1 ) = | doy + fl (z(x) — U}, Zw— Th-(2(x) — U}, %L) ]
+[ 31 (2(x) — U, N*)Nl + 2 (2(x) - U}, N*)] 9

and

; <92): a0y + pa(3)62
2\ v, Aoy + f(z(x) = Uf, 2)0, + h(NHUS0, |

Clearly, the eigenvalues of (5.12) consist of the eigenvalues of £; and £,. It follows from the
proof of Lemma 2.1 in [9] that the principal eigenvalue A{(L) < O of the cooperative linear
operator £1. Meanwhile, it is easy to see that the principal eigenvalue A (L) = Ag < 0. Hence,
the steady state solution (0, 0, 0, 0) of (5.11) is exponentially stable. Finally, we will show that the
exponential stability of the steady state solution (0, 0, 0, 0) to (5.11) implies the local asymptotic
stability of the semi-trivial solution E(x) to system (1.8)—(1.10). That is, we have the following
result.
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Proposition 5.2. Suppose 0 < d < do,1. Then the semi-trivial solution E1(x) = (N{(x), U{ (x),
0, 0) is locally asymptotically stable if Ag <0.

Proof. For § > 0, let (N{(x,t),Ui(x,t), No(x,t),Us(x,t)) be a solution of (1.8)—(1.9) with
initial condition

(N1(x,0), Ui (x,0), Na(x, 0), Us(x,0)) = (N) (x), U (x), NS (x), US(x)) € O5 (E1).
Then (Ni(x,t), Uj(x,t), Na(x,t),Us(x,t)) >0 forall r > 0and x € [0, 1]. Let

Vx,t) = (Vi(x,1), Va(x, 1), V3(x, 1), Valx, 1))
= (Ni(x, 1), Ui(x, 1), Na(x, 1), Ua(x, 1)) — (N{ (x), U{ (%), 0, 0).

By using the Taylor expansion at E(x) = (N} (x), U (x), 0, 0), we have

Ui U U
Ml(ﬁ)Nl Ml( )N1 [Ml( )—Fl( )}V1+M1( D Vat+odlVill+1V2lD,
1 NY

fiz(x) — Uz, N')Nl
_ * « Ul af1 « UT\UT
fl(z(x)—Ul,W)N +[f1(z(X)—U1,N—?)—@(z(x)—Ul,N—f)N—f]W
Uf U*
— 3 (z(x) - UF, N*)N* + ahk(z(x) — UF, N—p] Vo — G @) = Uf, gON;Va
+o(||v1 I+ V2l + Val),
g(N1) =g(N]) + O(IVil), h(N)UL = h(NDUF + O(| Vil + IV,

U U
F2(:0) = Ut = Uz, SIN2 = fa2(x) = Uf'. 22Nz +o(I V2 ).
2 N2

Hence, V (x, t) satisfies
(W Vi F1(V)
il = + 0 0,1
at<V2> £1<V2) (Fz(V) = 0xe@D,

(Vs _ V3 0
5(V4>_£2<V4)+<F4(V)>’ t>0,xe(0,1), (5.13)

aV;
—8—’(1,z)+yv,-(1,r)=o, i=1,2,3,4, t>0,
X

where

F1(V)=—=g(ND)V3 +o(IVill + IV2ID) + O (I Vi) V3,

F V——hN*U*V—% ) —Us U—)NV+(V)
2(V) = ( 1) 1V3 aR(Z(x 1’N1 1 Y4 o(|VI

Fa(V)=o(IN2fl) + O(IVill + V21D V3,

with initial condition V (x, 0) := VO(x) = (N?(x) — NY, U]O(x) - Uy, Ng(x), Ug(x)). Here we
comment on the problem in linearizing system (1.8)—(1.9) around E;(x). Since both of N} (x)
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and U{(x) are strictly positive everywhere in x, we can linearize the first two equations of
(1.8)—(1.9) around E(x). This corresponds to the equations of V| and V5 in (5.13). However, the
linearization of the last two equations in (1.8)—(1.9) around E(x) fails, due to the singularity in
the ratio of Uz /N> at (N», Uz) = (0, 0). Thus, one needs to introduce the 1-homogeneous opera-
tor £, for the equations of V3 and Vy in (5.13). We rewrite system (5.13) as the abstract ordinary
differential equation in C ([0, 1], R2) x W, and the so-called mild solutions can be obtained for
any given initial data. More precisely,

t
i\ _ v F1(V(s))
(V2> _Gl(t)<V;O> +/G1(t—s)- <F2(V(s))>ds’
0

t
i\ NY) 0
<V4>—G2(I)<U§)>+/G2(t—s)~<r4(v(s)))ds,
0

where G (¢) is the positive, non-expansive, analytic semigroup on C ([0, 1], Rz) (see, e.g., Chap-
ter 7 in [17]) such that (V;, V2)T = G1(z) - (V?, VZO)T satisfies the linear initial value problem

(Vi) _ Vi
E(V2>_£1<V2>’ t>0,xe(0,1),

oV,
0x
Vi(x,0) =V (x), Walx,0)=V(x), x [0, 1],

AV
0,1) = a—l(l,t)—i-)/Vi(l,t):O, i=1,2,1>0,
X

and G,(¢) is the continuous, compact, homogeneous of degree one and D-strongly-order-
preserving semiflow on W, (see Lemma 5.1 in [8]) such that (V3, V)T = G2 (¢) - (V30, Vf)T
satisfies the initial value problem

d (V3) V3
8t(V4)_£2<V4>’ t>0,xe(0,1),

Vv YV,
L0,0)=—(1,0)+yVi(1,1)=0, i =3,4, t >0,
0x 0x

Vi(x,0) = V{(x), Va(x,0) =V} (x), x €0, 1].

Note that the positive steady state solution (N 1*(~), U 1*(-)) is globally asymptotically stable in
A1 for system (2.1) with i = 1 (see Lemma 2.1), and the principal eigenvalue of the cooperative
linear operator £ is negative, that is, Aj(L1) < 0. Clearly, the principal eigenvalue A(Ly) =
Ag < 0. By arguments analogous to those in Theorem 9.6.3 of [24], one may deduce that the
semi-trivial solution E(x) is locally asymptotically stable. O
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