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ON THE ASYMMETRIC MAY-LEONARD MODEL OF THREE
COMPETING SPECIES*

CHIA-WEI CHIT, SZE-BI HSU', AND LIH-ING WU?

Abstract. In this paper we analyze the global asymptotic behavior of the asymmetric May—
Leonard model of three competing species: d;ti =x;(1—z; —Bizi—1 — aixiy1), ;(0) > 0,i=1,2,3
with g = z3, £4 = 1 under the assumption 0 < a; <1< 8;,1=1,2,3. Let A; =1—q; and B; =
Bi — 1,1 =1,2,3. The linear stability analysis shows that the interior equilibrium P = (p1,p2,p3)
is asymptotically stable if A1 A3 A3 > B1B2Bs and P is a saddle point with one-dimensional stable
manifold T' if Aj A As < B1B2B3. Hopf bifurcation occurs when A; A2 A3 = By B2 Bs. For the case
A1A3A3 # B1BgB3 we eliminate the possibility of the existence of periodic solutions by applying
the Stokes theorem. Then, from the Poincaré—Bendixson theorem for three-dimensional competitive
systems, we show that (i) if A1A2A3 > B1B2B3 then P is global asymptotically stable in Int(R:j_)7
(ii) if A1A2A3 < BjBg2Bs then for each initial condition zg ¢ T, the solution ¢(t,zo) cyclically
oscillates around the boundary of the coordinate planes as the trajectory of the symmetric May—
Leonard model does, and (iii) if A; A2 A3 = B1 B2 B3 then there exists a family of neutrally stable
periodic orbits.
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theorem, Poincaré—Bendixson theorem for three-dimensional competitive systems, Butler—-McGhee
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1. Introduction. In this paper we analyze the global asymptotic behavior of
the solutions of the following asymmetric May—Leonard model:

zy =21(1 — 21 — aqze — fra3),
(1.1) ry = 22(1 — fexy — T2 — 273),

: vy = x3(1 — azz1 — Baw2 — x3),
1’1(0) > 0, 1’2(0) > 0, (E3(0) > 0,

under the assumption
(1.2) O<a;<l<f, i=1,2,3.

The Lotka—Volterra system (1.1) models the competition between three species with
the same intrinsic growth rates and different competition coefficients. From the results
of a two-dimensional competitive system [W], the assumption in (1.2) ensures that
there is an orbit O3 on the z1z2 plane connecting the equilibrium es to the equilibrium
e1, an orbit Os on the ziz3 plane connecting the equilibrium e; to the equilibrium
es, and an orbit O; on the xox3 plane connecting equilibrium es to the equilibrium
es where e; = (1,0,0), e = (0,1,0), and e3 = (0,0,1). May and Leonard [ML)]
were the first to study the symmetric case of (1.1), i.e., a; = o, §; = 3, 1 = 1,2,3.
Under the assumptions 0 < @ < 1 < § and a + 8 > 2, they showed that there
exists a unique interior equilibrium P = ﬁ(l, 1,1) which is a saddle point with

*Received by the editors July 29, 1994; accepted for publication (in revised form) August 23,
1996. This research was supported by the National Council of Science, Republic of China.
http://www.siam.org/journals/siap/58-1/27206.html
TDepartment of Mathematics, Tsing Hua University, Hsin-Chu, Taiwan, 30043, Republic of China
(sbshsu@am.nthu.edu.tw).
fCurrent address: Department of Mathematics, Purdue University, West Lafayette, IN 47905.

211



212 CHIA-WEI CHI, SZI-BI HSU, AND LIH-ING WU

one-dimensional stable manifold. They also found numerically that the system (1.1)
exhibits a general class of solutions with nonperiodic oscillations of bounded ampli-
tude but ever-increasing cycle time; asymptotically, “the system cycles from being
composed almost wholly of population 1, to almost wholly 2, to almost wholly 3, back
to almost wholly 1 etc.” In [SSW] Schuster, Sigmund, and Wolf modified the proof in
[ML] and rigorously showed that for each initial condition zg = (21(0), 22(0), z3(0))
in Int(R3)\T, the w limit set w(xo) of the solution ¢(t, o) of (1.1) is precisely the
set O1 U Oz U O3. Moreover, they studied the general asymmetric system (1.1) and
showed that under the assumption (1.2) and the assumption

(1.3) Bi—1>1-a;, 1<i, j<3,

there exists an open set of orbits in the interior of Ri having O1 UO2 U O3 as w limit
set.

In this paper we relax the assumption (1.3) to study the system (1.1). Under the
basic assumption (1.2), we classify the global asymptotic behavior of the solutions of
(1.1). In section 2 we shall show that under the assumption (1.2), the system (1.1) has
a unique interior equilibrium P = (p1,p2,p3) and P is locally asymptotically stable
provided Ay A>As > B1BsBs, while P is a saddle point with one-dimensional stable
manifold I' provided A;A3A3 < B1BsBs where the positive numbers A; = 1 — «; and
B; = (; —1,4i=1,2,3. In section 3, we prove the nonexistence of periodic solutions
for the system (1.1) by Stokes theorem provided A;AsAs # B1B2Bs. In section 4,
we employ the Poincaré-Bendixson theorem [H], [S] for three-dimensional competitive
systems and the Butler-McGhee lemma [BW], [SW] to establish our main results. For
the case A1 Ay A3 < B1BsBs, the equilibrium P is a saddle point with one-dimensional
stable manifold I'. We show that for zy ¢ T, the w-limit set w(xg) = O1 U Oz U Os.
Thus we generalize the results in [SSW]. For the case Ay A; A3 > BBy Bs, the equi-
librium P is locally asymptotically stable. We show that P is globally asymptotically
stable with respect to the interior of Ri. For the case A1 Ay A3 = B1ByBs, we show
that the Hopf bifurcation occurs and there is a family of neutrally stable periodic
solutions.

2. The local stability analysis. Under the assumption (1.2), the system (1.1)
has the equilibria O = (0,0,0), e; = (1,0,0), e = (0,1,0), and es = (0,0,1) on
the boundary of R; and no other equilibria are on the coordinate planes. Obviously
the equilibrium O is a repeller. From (1.2) it is easy to verify that the equilibrium
e1, €2, e3 attracts each point in the interior of the first quadrant of the 125, 2273, T123
plane, respectively. Hence there is an orbit O3 connecting the equilibrium ey to the
equilibrium e, an orbit Oz connecting the equilibrium e; to the equilibrium es, and
an orbit O; connecting the equilibrium ez to the equilibrium es. Each e; is a saddle
point with two-dimensional stable manifold and one-dimensional unstable manifold.
The orbits O1, 02, O3 are the unstable manifolds of es, e1, es, respectively.

In the following, we show that under the assumptions (1.2), the system (1.1) has
a unique interior equilibrium P, and we perform the linear stability analysis of the
equilibrium P.

LEMMA 2.1. Let (1.2) hold. Then the system (1.1) has a unique interior equilib-
rium P = (p1,p2,D3)-
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Proof. From (1.1), (p1,p2,p3) satisfies the equations

71+ arry + G = 1,
(21) ﬁgx1 4+ T2+ agxrs =1,
asry + B3z + w3 = 1.

Let
1a g, ﬂl 17 ar, /6)1
M = ﬂg, 1, (6) s A = det M, Al = det 1, ]., Qo s
as, 53a 1 ]-7 /837 1
1 1 51 1 a1 1
Ag = det 52 1 as s Az = det /82 1 1
as 11 az fs 1
From (1.2) we have
(22) A,-=1—Ozi>07 Bi=0p—-1>0, i=1,23.
A routine computation and (2.2) yield
(23) Al = A1A2 + AQB_B + B3By > O7
(24) AQ = A2A3 + A3Bl + B1By > 07
(25) A3 = A3A1 + A1Bs + BsB3 > 0,
and

A = B1ByB3 + B1By + ByBs + B3 By + A1 By + Ay B3 + A3 By
(2.6) + A1As + AsAs + AsA1(1 — Ay) > 0.
Hence, from Cramer’s rule it follows that
A1 Ay Aj
S182 88 S0 [
AAA)T
LEMMA 2.2. The variational matriz of (1.1) at the equilibrium P, DF(P) has —1

as its eigenvalue and P! as an eigenvector associated with —1.
Proof. A routine computation shows that the variational matrix of (1.1) at P is

(2.7) P = (p1,psps) = (

—p1, —o1p1, —Bip
DF(P) = | —f2p2, —p2, —aQp2
| —asps, —fsps  —Ds3
[ —P1, 07 0 1; aq, ﬂl
= 07 —p2, 0 52a ]-7 (6%)]
L 07 07 —P3 as, 637 1
Then
P1 —p1, 0, O 1 D1
DF(P) D2 == 07 —Pp2, 0 1 = - D2
D3 0, 0, —p3 1 D3

Hence —1 is an eigenvalue of DF(P) with associated eigenvector (p1, pa,p3)’. d



214 CHIA-WEI CHI, SZI-BI HSU, AND LIH-ING WU

We next compute the other two eigenvalues of DF(P). Expand the characteristic
polynomial of DF(P),

—-p1— A, —op1,  —Bip1
det(DF(P) — )\I) = det 7[32])27 —pP2 — )\, —Q2P2
—azps,  —[f3p3s,  —p3—A

=A% — /\2(191 + p2 + p3) — A(p1p2 + p2p3 + p3p1 — Piv2a1 B2 — Pap3azfs
—pap1as31) — pipeps det M.

Since —1 is an eigenvalue of DF(P), we have
det(DF(P) — XI) = —(A+1) [\’ + A(p1 + p2 + ps — 1) + p1paps det M] .

Then A\; = —1 and

1
A2, Az = 3 (1-m —p2—p3)i\/(p1 +p2+ps — 1)° — dpipopsdet M | .

Claim:
(p1+p2 + ps — 1)* — dp1paps det M < 0.

Since
A
A=detM, p;,= Kz, 1=1,2,3,
from (2.3), (2.4), (2.5), (2.6), it follows that

(p1+p2+ps — 1)> — dp1pops det M

1
= E [(Al =+ A2 + A3 — A)2 — 4A1A2A3}

= [(B1B2B3 — A1 A2 A3)® — 4(A1 Ay + A2 Bs + B3By)

(A2A3 + A3By + B1B2)(A3A; + A1 By + By Bs)|

1

—4 (BiB3Bj3 + ATA3A3 4+ G (Ay, A3, A3, By, Ba, B))]
<0,

BiB3B3 + ATA3A3 —2A, Ay A3B1 By Bs

where G is a homogeneous polynomial of A; and B; and G > 0. Hence the claim
holds.

The real part of Ao, A3 determines the local stability property of the equilibrium
P. From (2.3)—(2.7), it is easy to verify that the real part of Ag, Ag is

€
2A

1

A= A=A - Ay = o

1

5(1 —p1—p2—p3) = [B1B3B3 — A1 AsAs].
Hence it follows that P is locally asymptotically stable if BiBsBs < A1 A3As and P
is a saddle point with one-dimensional stable manifold I' if By By B3 > Ay A3 As. The

Hopf bifurcation occurs when A; As A3 = B B2 Bs.
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3. Nonexistence of periodic solutions. In this section we prove that if A; A; A3
# BBy Bs, then the system (1.1) has no nontrivial periodic solutions.
Consider the system (1.1) with the assumptions (1.2),

(1 — 2z — oz — Bras),
x2(1 — Baxy — 2 — a2x3),
z3(1 — azzy — Bsz2 — 3),

:fl(xlax27x3)
&y = fo(x1, 22, x3)

3.1 .
(3.1) &3 = f3(x1,x2,x3)
2:(0)> 0, i = 1,2,

w |

Define a new vector field

(My, My, M3) = (1,72, 23) X (f1, fa2, f3)-
Then the routine computations yield

My = zoxs [(B2 — az)x1 + (1 — B3)z2 + (ag — 1)z3],
(3.2) My = 223 (a3 — D1 + (B3 — a1)wz + (1 — Br)xs],
Mz = z122 [(1 = B2)z1 + (a1 — D)o + (1 — a2)x3],

and

(3.3)
curl(My, My, M3)

81‘2 - 31‘3 ’ 8LE3 8x1 ’ 8561 83:2

21 [(A3 — Ba)z1 — (341 + Bs)xa + (3B1 + Az)xs)
= i) [(3B2 + A3)$1 + (A1 - B3)$2 - (3142 + Bl)l‘g]

I3 [*(3143 + Bg)fﬂl + (Al + 333)352 + (AQ — Bl)ﬂfg]

B <8M3 OM, OM, OMs OM, 8M1>

Let

(34) I'= {(plt,pgt,pgt)‘ t> 0} .

LEMMA 3.1. T is a positive invariant set under (3.1), and the solution ¥(t) of
(3.1) with nitial condition in T satisfies

lim (t) =

t—o0

Proof. 1If (0) € T then x(0) = (p1&,p2&,ps3§) for some & > 0. Let ¢(t)
satisfy ¢ (t) = ¢(t)(1 — ¢(t)),(0) = & Then it is easy to verify that ¢ (t) =
(p19(t), p2op(t), p3(t)) satisfies (3.1). Hence I is positively invariant and lim;—, o, 9(t) =
P. |

LEMMA 3.2. Let (z1,22,23) € RY and z; >0, i =1,2,3. If (z1,22,23) ¢ ' then
(My, My, M3) # 0 at (z1,22,23).

Proof. Since (My, Ma, M3) = (1,22, 73) X (f1, f2, f3), if (M1, Ma, M3) = 0, then
either (fl,fg,fg) =0or (fl,fg,fg) = (Il,.TQ,Ig)t for some t € R. If (fl,fg, f3) = O,
then (z1,x2,23) = P. If (f1, fo, f3) = (x1, z2, x3)t, then

(1 =21 —zp — fra3) = (1 — foxy — T2 — p3)

= (1 — Q31 — ﬁg&?g — xg) =t.

It follows that (z1,z2,23) = (1 —t)(p1,p2,p3) € T
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Hence either of the above two cases leads to a contradiction to the assumption
(.’El,xg,$3) gr O

LEMMA 3.3. The solutions of (3.1) are positive and bounded, and furthermore,
for any € > 0, there exists T > 0 such that for each i = 1,2,3, x;(t) < 1+ € for all
t>1T.

We omit the proof of Lemma 3.3 because it is quite standard.

THEOREM 3.4. If AjAyAs # B1B2Bs, then the system (3.1) has no periodic
solutions in the interior of Ri.

Proof. Suppose there exists a periodic solution z(t) = (x1(t), x2(t), x3(t)), with
period w, in the interior of R%. Let

C = {(z1(t), za(t), 23())] 0 < ¢ < w}.

We claim that the periodic orbit C' is disjoint from the set I'. From Lemma 3.1, it
follows that if C NI # 0, then z(t) — P as t — co. This contradicts the fact that
x(t) is a periodic solution. Next, we construct the following conical surface S:

S = {A(z1(t),z2(t), z3(t))| A € [0,1] and ¢ € [0,w]}.

Since (3.1) is a competitive system, from the nonordering principle, for any two points
z,y € C, x # y, z,y are unrelated; ie., z —y ¢ Int(R}) or y — z ¢ Int(R3)
(Proposition 3.3 in [S1]). Hence the surface S does not cross itself.

Given a point (z1(tg), z2(to), z3(to)) € C, consider the segment from 0 to z(ty).
Then from Lemma 3.2,

N = (z1(to), x2(to), 23(to)) X (f1, fo. f3)|amato)
= (M17 M, M3)|x:m(to) #0

is a normal vector of the surface S at each point of the segment (0, z(¢o)).
Normalize the vector N. Then we have the unit normal vector,
1

n= E(Mh M2a M3)|:I/’:a:(to)a

where K; = |N| # 0. For each point on the segment (0,z(fo)), we compute
curl(My, My, M3) - i at the point x = s(x1(to), z2(¢)), z3(t0)), s € [0,1]. Then from
(3.3) and (3.2), it follows that

curl(M1, MQ, Mg) -7
1

= 320ur1(M1,M27M3)‘z:r(t0) 'K
1

(Mla M27 M3)|:v:13(t0)

1
= 52?;519529@, G(21, 22, 3) | sma(to)
1

where

G($1,I2,$3)
By + A3
= (Il,xg,xg) —Bg (Ag — 3273141 — B3,3B1 + AQ)
_A2
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—As
+ Bs + A (3B2—|—A3,A1—Bg,—3A2—Bl)
_B
—By x1
+ A (=343 — B2,3B3 + A1, A2 — By) )
B1 + Ag T3

A routine computation shows G(z1, z2,x3) = 0.
Hence

curl(M;, My, M3) - i = 0 on segment (0, z(to)) for all to € [0, w]
and
(3.5) curl(My, Ma, M3) -7t =0 on the surface S.
1,.62,.03 _

Let the surface C’ = {(xl, Xa,T3)| x‘i TRPT = c} where the positive numbers 61, 62, 83

will be selected and ¢ > 0 is sufficiently small such that C’ is disjoint from the peri-
odic orbit C. Let Y be the intersection of the surface C’ and the cone (bounded by
S). Then C’ divides the surface S into two parts S; and S5 such that C C S; and

(0,0,0) € Ss.

Let S = Y US;. Then S is a surface with 85’ = C. On the surface Y, the
outward normal vector N = — v/ (z0'z5'23?) = —c(i—ll, 2—2, z—z) . '{hus the outward
unit normal vector 7 on Y is i = —& (2, 82 93 where Ky = |N|. From (3.3), it

2 %17 T2’ T3

follows that on the surface Y, we have

curl(Ml, Mo, Mg) = _Ki {1‘1(((51 + 69 — 363)143 — (61 — 369 + (53)32)
2

+$2(7(3(51 — 62 — 63)141 — (61 -+ 52 — 3(53)33)
+$3((51 — 362 + 63)A2 + (351 — 69 — 63)B1)} .

Choose 61, 62, 03 satisfying

61+ 69 — 363 = —A1Bo,
01 — 302 + 03 = — A1 A3,
361 — 69 — 63 = B9y B3

or
o1 = i(AlBg + A1As +2B;Bs) > 0,
bg = E(AlBg +2A, A3 + B2B3) > 0,
03 = 3(2/1132 + ByB3 + A143) > 0.
Then we have

(3.6) curl(M;, My, M3)-7i = —Kixg(BlBng—AlAgAg) <0 or >0 forall z€VY.
2
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Now we are in a position to prove Theorem 3.4 by Stokes’s theorem [BD]. Since
S1 and Y are smooth enough for the application of Stokes’s theorem,

(37) % Mld.’El + Mzdl’z + Mgdxg = // curl(Ml, MQ, Mg) - dA.
C S1UY
From the fact that (]\417 Mo, M3) = (1‘1,1‘2, .173) X (fl, fg, fg), it follows that
w
(38) % Midxq, + Msdxs + Msdxs = / (lel + Mgfz + M3f3)dt =0.
C 0

From (3.5) and (3.6)

// CuI‘l(Ml,MQ,Mg) -ndA
S UY
= // CuI‘l(Ml,M27M3) ﬁdA+// CuI‘l(MhMQ,Mg) -ndA
S1 Y
(3.9) —0- = // (B BB — Ay Ay As)sdA # 0.
Ky y

Thus (3.7), (3.8), (3.9) lead to a desired contradiction. |

THEOREM 3.5. For the system (1.1) the periodic solutions exist if and only if
A1A2A3 = BlBQBg.

Proof. From Lemma 2.2, the variational matrix DF(P) has eigenvalues —1, Aa, A3
where

A2, Az = a(p) £iB(w),
alp) = p def 35 [B1B2Bs — A1 A3 A3, B(p) > 0. Obviously a(0) = 0,0/(0) = 1. By
Hopf bifurcation [R, p. 226], there exists a periodic solution for |u| sufficiently small.
From Theorem 3.4, there exist no periodic solutions for y # 0, and thus we complete
the proof of Theorem 3.5. ]

Remark. From Theorem 3.4, the Hopf bifurcation for the system (1.1) is degen-
erate. In the next section we shall show that there is a family of neutrally stable
periodic solutions for the case A1A;A3 = B1B2Bs.

4. Global asymptotic behavior. In this section we analyze the global asymp-
totic behavior of the solutions of system (1.1) under the assumptions (1.2). In Theo-
rem 4.3 we analyze the case A1 Ay A3 < B Bs Bs where the interior equilibrium P, from
Lemma 3.1 and section 2, is a saddle point with one-dimensional stable manifold T,
' = {(p1t, pat,pst) : t > 0}. In Theorem 4.4 we analyze the case A;AsAs > B1B2B3
where the interior equilibrium P is locally asymptotically stable. In Theorem 4.5 we
analyze the case A1 Ay A3 = B1Bs Bz where Hopf bifurcation occurs. Before we prove
these theorems we need the following lemma and theorem.

LEMMA 4.1 (Butler-McGhee [SW], [BW]). Suppose that P is a hyperbolic equi-
librium of an autonomous system y' = f(y) which is in the w-limit set, w(x), of the
positive orbit v+ (xz) but is not the entire w-limit set. Then w(x) has a nontrivial (i.e.,
different from P) intersection with the stable and the unstable manifolds of P.

The following is the Poincaré-Bendixson-like theorem for the competitive system
in R3.
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THEOREM 4.2 (see [H], [S], [S1]). Let L be a compact o or w limit set of an
irreducible cooperative or competitive system in R3. If L contains no equilibria then
L s a closed orbit.

THEOREM 4.3. Let (1.2) hold and A1 Ay A3z < B1ByBs. For each xy € Int(Ri)\F,
the w-limit set w(xo) of the solution ¢(t,xg) of (1.1) is precisely the set O1UO02UOs3.

Proof. Since xg € T, limy_ o ¢(t, o) # P. From Theorems 3.4 and 4.2, it follows
that w(xzg) contains an equilibrium of the system (1.1). If P € w(xp), then from
the Butler-McGhee lemma there exists a point yo € I' N w(xp). From the invariance
of the w-limit set, we have either lim; ._ o @(t,y0) = 0 or lim;—,_ w(t,y0) = 0.
If limy, oo ¢(t,40) = O then from the invariance of the w-limit set, the origin O
is in w(xg). This contradicts the fact that O is a repeller. From Lemma 3.3 the
w-limit set w(zg) is bounded. It is impossible that lim;— ., ¢(¢,y0) = oo. Hence
P ¢ w(xo),0 ¢ w(xg), and e; € w(xg) for some i. Without loss of generality, we
assume that e; € w(zg). Since e is a saddle point with the zix5 plane as its stable
manifold and Os as its unstable manifold, we have lim;_ . ©(t,29) # e1. Again from
the Butler-McGhee lemma, there exists a point yg € O Nw(zg). The invariance of
w-limit set yields Oy C w(xp) and e3 € w(xp). The same arguments applied to es yield
that O1 C w(xp), e2 € w(xg). Similarly O3 C w(zg). Hence O1 U O3 U O3 C w(xg).

Next we want to show that w(zg) € O U Oz U Os. First we show that w(zg) N
bdry(R3) € O1UO0,UO3, where bdry (R3) is the boundary of R%.. If not, without loss
of generality we may assume that there exist y € w(zg) in the first quadrant of z;xo
plane, y ¢ Oz. Then we have either lim;_._ ., ¢(¢,y) = O or lim;_,_ p(t,y) = co.
Both lead to a contradiction, as we argued before. To complete the proof of Theorem
4.3, it suffices to show that w(zo) C bdry(R3).

Let Q(z1,x2,23) = x‘flxgzxgg’, where the positive numbers 61, 62, 63 will be se-
lected. Then we have

d@
4.1 -~ —
(41) Y _qs
where
S(x1, @2, 3) = (61 + b2 + 63)(1 — &1 — 22 — x3) — 1 (62 B2 — 63A43)
(42) — .’E2(6333 — 61A1) — (E3(51.Bl — 52142).

From the assumption B;ByB3 > Ay AsAs, we can choose 01, 62,63 > 0 satisfying
62 By — 63A3 > 0,
(43) 63B3 — 61 A1 > 0,
61B1 — 6945 > 0.
Then S(e;) < 0 for i = 1,2,3. Let s > 0 such that S(e;) < —s < 0. Choose r > 0
such that S(z) < —s on each open ball N(e;,r), i =1,2,3. Set
"= Ol\ (N(GQ,T) U N(eg,’f')) )

Y2 = 02\ (N(ehr) U N(e37r>)7
v3 = O3\ (N(e1,r) UN(ea, 1)),

(4.4) D={zeR3: S(z)<—s}.
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For each x € ~;, i = 1,2,3, there exists T(z) > 0 such that ¢(t,z) € D for all
t > T(x). Let

2(6 6o+ 6
> (61 + 62 + 63)

(4.5) -

+ 1.

For each & € U3_,~; from the property of continuous dependence on initial data, there
exists 6(x) > 0 such that ¢(¢,y) € D for all y € N(z,6(x)) and ¢ € [T'(z), mT(x) +1].
Since U_7; is a compact set and {N(z,8(2))},e,, i1.2.3 covers Uj_;7;, there exists
T1,...,oE € U_1v; such that U;?:lN(xj,é(xj)) D U3, Choose § > 0 sufficiently
small such that the set

I(6) = Uy {y € RY : dist(y,v;) < 6}
is contained in U?ZlN(a:j, 8(x;)). Let T = maxi<j<i (k).
To show that w(zo) C bdry(R%), it suffices to show that lim; .. Q(¢(t, o)) = 0.
Set
(4.6) G=inf{Q(z): = ¢ I(6) and x &€ N(e;,r) and 0 < z; <1,i=1,2,3}.

Choose 0 < n < ¢ sufficiently small such that

4.7) qexp (51 + 62+ 85)T) < 2,
where
(4.8) G=max{Q(z): zcl(n)},

I(n) =Ui {y e R3 : dist(y,v:) <n} and I(n) is the closure of I(n).

Since O1UO2UO3 C w(xg), there exists t,, sufficiently large such that ¢(t,, z¢) € I(n).
Then

(4.9) Q (p(tn, x0)) < 4.

Suppose @(t,,z0) € N (z;,6(x;)) for some j. Then from (4.1), (4.2), (4.3), and (4.4),
it follows that for ¢, <t <t, + T(x;)

Q (ot 20)) = Q (9(tm, 0)) exp ( / s<@<t,xo>>dt>

(4.10) < Q (p(tn, o)) exp (61 + b2 + 63)T (x5))
(4.11) < Q (p(tn,xo))exp ((61 + 62 + 63)T)
and

Q (p(tn +mT(x;) + 1, 20))

tn+mT (z;)+1
= Q (p(tn + T(x;), z0)) - exp (/t S (¢(t, o)) dt)

ntT(z;)
(4.12) < Q(p(tn +T(z)), 20)) exp (—s ((m — 1)T'(z;) +1)).
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From (4.10), (4.12), and (4.5), we have

Q (p(tn + mT'(z;) +1,20))
Q (p(tn, o)) e™* - exp[(61 + 02 + 63 — s(m — 1)) T'(x;)]
Q (p(tn, o)) e ".

From (4.9), (4.11), (4.7) it follows that for all t € [t,,, t,+T(z;)], ¢(t, xo) stays in either
I(8) or U2 N(z4,7) and Q(¢(t, z0)) is bounded by Q(¢(t,, o)) exp((61 + 62 + 83)T).
For t € [t, + T(xj),t,, + mT(x;) + 1], p(t, zo) is decreasing and Q(p(t, + mT(z;) +
1,20)) < Q(p(tn,xo))e®. Set tpi1 = tn, + mT(z;) + 1; then p(tn41,z0) € I(n).
Repeat the same arguments: we obtain a sequence {tx}7,  ,,tx — 00, such that
Q(p(t,0)) < Q(p(tn, o)) (%) exp((61 + 6o +63)T) for all t € [ty ik, tnirr1). Hence
it follows that lim; .. Q(p(t,z9)) = 0. Thus we complete the proof of
Theorem 4.3. O

THEOREM 4.4. Let (1.2) hold and A1As Az > B1BoBs. Then the equilibrium P
s globally asymptotically stable with respect to the interior of R3+.

Proof. Since A1 A3As > BjBsBs, the equilibrium P is locally asymptotically
stable. If P is not globally asymptotically stable with respect to the interior of Riv
then the domain of attraction W (P) of the equilibrium P is properly contained in
Int(R%). From Theorems 3.4 and 4.2, there exists no periodic orbit in Int(R?%) and
there exists zo € Int(R3)\W™(P) such that the w-limit set w(zo) contains an equi-
librium. Similar arguments in Theorem 4.3 yield O; U O2 U Oy C w(xg). Introduce
the function Q(x1, zo,23) = x‘flx?:ﬁ? where the positive numbers 81, 62, 3 will be se-
lected. Then Q(z) satisfies (4.1) and (4.2). From the assumption A; As A3 > By B2 Bs,
we can choose 61, 02, 63 > 0 satisfying

<
(4.13) <

6232 — §3A3 < 0,
(414) 03B3 — 61 A1 < 0,
61B1 — 6545 < 0.

Then S(e;) > 0 for i = 1,2,3. Let s > 0 such that S(e;) > s. Choose r > 0 such that
S(x) > s on each open ball N(e;,r), i = 1,2,3. Define the set v1,7v2,73 in (4.4) and

(4.15) D={zeR3: S(z)>s}.

Following the same arguments in the proof of Theorem 4.3, we define m, T (x), é(x),
Zg, 6(xk), 6,1(8), T which have the same properties as in Theorem 4.3. Set

G=inf{Q(z): = & I(6),z ¢ N(e;,r),0<x; <1,i=1,2,3}.

Since O1UO2UO3 C w(xp), there exists ¢, sufficiently large such that p(t,,x0) € 1(6).
Suppose p(t,,zo) € N(xj,6(x;)) for some j. Then from (4.1), (4.2), (4.14), (4.15) it
follows that

Q (p(tn + T(x;), 20))

tntT(2;)
= Q (¢(tn, o)) exp </t S(e(t, :vo))dt>

n

(4.16) > Q(p(ty, mg))e2(01+62+85)T ()
(417) > Q(@(tm330))@—2(51+62+63)T7
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Q (p(tn, +mT'(z;) + 1,20

)
tn+mT (xz;)+1
= Q(p(tn + T(x;),70)) exp / S (ot o)) dt
tn+T(IJ)

(4.18) > Q (p(tn +T(x;),z0)) exp (s (m — )T (z;) + 1))
From (4.16), (4.18), and (4.5), we have

Q (p(tn + mT'(z;) +1,20))
> Q (p(tn, x0)) e’ exp ((—2(61 + b2 + 83) + s(m — 1)) T'(x;))
(4.19) > Q (p(tn, o)) €”.

Set tp+1 = tn + mT(x;) + 1. If p(tny1,20) € I(6) then we repeat the same ar-
guments to obtain t,yo > t,41 satisfying Q(p(tnie2,x0)) > Q(o(tnt1,xo))e® >
Q(¢(tn,x0))e*®. If we can continue this process, then there is a sequence {tx}72, 4
such that Q(p(tnik, o)) > Q(p(tn,70))er®. This leads to a contradiction that
Q(¢(t,x0)) is bounded for t > 0.

Thus it is impossible for the trajectory ¢(t, zg) to stay in either I(§) or U3_; N(e;, )
for all ¢ > t,. Hence there exists 7 > 0 such that (¢, + 7,20) ¢ I(6) and
o(tn + T,20) € US_;N(ei,r). Then Q(p(t, + 7,70)) > . From (4.17) and (4.19),
Q (o(t,z0)) > Ge 201+82+8)T for all t > ¢, + 7. This contradicts the fact that
01 U002 U O3 C w(zxg). Thus we complete the proof of Theorem 4.4. O

THEOREM 4.5. Let (1.2) hold and A1 A2 A3 = B1BaBs. Then there exists a family
of meutrally stable periodic orbits of (1.1).

Proof. Let

and surface
(4.21) C= {(1’1,$2,$3) eR3 : 2fial?al = 1}.
Consider the plane 7y,
(4.22) —x1+ —33+ —a3 =k,
p
where k£ > 0 is a parameter satisfying
(4.23) b1+ 65+ 8 # b (000

When £ is sufficiently large, the plane 7 intersects the surface C. Their intersection
T’y is a closed curve. We construct the surface Sy by joining each point of I'y to the
origin O. From (4.23) it follows that the equilibrium P = (p1,p2,ps3) is not on the
surface Si. If the flow generated by (1.1) is invariant on the surface S, then from
the fact that equilibrium O is a repeller and from Theorem 4.2, there exists at least
a neutrally stable periodic orbit P, on the surface S;. Note that if k&1 # ko, and
both k; and ko satisfy (4.23), then Py, # Py,. It is easy to see that {Py} in fact
forms a family of neutrally stable periodic orbits. Then we complete the proof of
Theorem 4.5.
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To show that the flow of (1.1) is invariant on S, it suffices to show that
F-N=0 on Sk,

where F = (f1, f2, f3) is the vector field of (1.1) and N is an outward normal vector
on Si. Let (&1, &9, 23) € T'y, and

(4.24) (21,2, 23) = s (&1, d2,23) for some 0< s < 1.

Let T be a tangent to the curve I'y at (&1,&o,4&3). Since I'y = C' N my, then T is

perpendicular to the normal vector of 7y, (Z—i, 2—2, 2—2), and the normal vector of C,
51,626

3
V(xl To" T3 ‘(Il,ﬂiz,m3):(i1,i2,i3))' Hence choose

— <61 62 (53) (61 62 63>
T = Ty Ty T X ~ v A ) A~ .
pP1 P2 P3 xT1 X2 T3
Then

o 1 1 1 1 1 1
azm) 1 (o (L) (L ) e (L L)),
p2x3 P32 p3x1 P13 P12 P21

The normal vector N to the surface Sj at (1,29, x3) is

—

N = (i?l,i'g,i‘g) X f: (N17N2,N3) .

Since (1,22, &3) satisfies (4.22), then a routine computation shows

) k
Ny = *1(51 + 69+ 63) — —6b1,
151 J;{/}
(4.26) Ny = £(61 + 09 + 63) — — 09,
152 522
N3 = (81 4 65 + 63) — —6s.
p3 T3

From (4.26), (4.24), and (3.1), a routine computation yields

[ 6 6 6 6
F-N = (614 062+ 63) {1961 + 2ay+ g - 2L (23 + arzy2o + Bra1as)
p1 b2 p3 Y4t

1 1)
_z (ﬂgmlxg + a2+ azwzms) -2 (0435613?3 + B3wamws + fﬂg,)
D2 b3
1) 6 6
—01 (lxl + ixz + 3$3> (1 —T1 — 12 — 51$3)
b1 b2 b3
1 6 6
—b9 (1:1:1 + il’g + 3563) (1 — Pax1 — X2 — 012333) (4-27)
P b2 ps3

6 6 19
—03 <1$1 + —2332 + 3.233) (1 — azxy — P30 — $3).
Y4 b2 b3

Canceling the term (61 + 62 + 63) (%xl + g—zwg + Z—img) in (4.27) yields

F.N= —z" Mz,
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where
mii, Mi2, M13
M = | mo1, mao2, ma3
m31, MM32, 1MM33
with
01
mi1 = p— ((51 + 62 + (53) — 61 - ﬂ262 - O‘363) )
1
6
Moo = p—z (((51 + (52 + (53) - 041(51 - 62 - ﬁ363) ;
6
Mma3 = p—z ((51 + 69 + 63) — 3161 — 62 — 63) )
6
mio = p—i (a1(51 —+ 52 + (53) - 0[161 - 62 - /8363) )
1
(428) mo1 = ZTz (ﬂg(él + 62 + 63) - 61 - /8262 - 04363) )

mi3 = — (ﬁl(&l + 62 + 63) - ﬁlél - a262 - 63) )

o
m31 = 172 <a3(61 + 62 + 53) - 61 - ﬁ262 - 04363),

D2

6
May = ZTZ (B3(61 + 62 4 03) — 161 — 62 — [363) .

From (4.28), (4.20) and the assumption A; Ay A3 = By By B3, we have

6
mi = 271 (1 —a3z)dz — (B2 —1)d2) =0,
1
6
(4.29) Mag = p% (1 —a1)ér — (Bs — 1)63) =0,
03
ms3 = — ((1 — Oé2>(52 — (ﬂl — 1)61) =0.
b3
From (2.7), (2.3), (2.4), (2.5), and A1 A A3 = B; B Bs, it follows that
(4.30) p1Bo =p3As, paBz=piAs, p3Bi =piA;.

From (4.32), (4.20), and (4.30) we have

s 8
Mo + Moy = p% (—62A; — 63(A1 + Bs)) + p—z (Bb2 + 63(Ba + As))

(4.31) _ 1
P1p2
+ 63 (B1B3Bap1 — AaB3Aips)] = 0.

[62 (A1 A2 Aspr — Ao B3 Ayps) + 61 (B1B3Bapy — A1 AsBsps)

Similarly, we have

my3 +mz; =0
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and

(4.32) mo3 + mga = 0.

Then (4.28), (4.31), (4.32) yield
F-N=—z"Mz=0.

Thus we complete the proof of Theorem 4.5. O

5. Discussion. The general Lotka—Volterra system of three competing species
can be scaled into the following form [Z]:

dzx
2 =z (1 — 21 — arze — fras),
dt
dx
(5.1) 7dt2 = roxg (1 — Box1 — 2 — aox3),
dzx
7; = r3zs (1 — aszy — f3xe — x3),

ag, Bi,ri >0, 1 =1,2,3.

In this paper we study the case r|1 = ro = r3 = r; i.e., the species have the same intrin-
sic growth rate. Let 7 = rt; then we convert the system (5.1) into (1.1). The assump-
tion (1.2) states that only one species survives when the competition occurs among
two species and species 1, 2, 3 are the winners of the competitions among species 1 and
species 2, species 2 and species 3, species 3 and species 1, respectively. In [ML], May
and Leonard showed that under the symmetric assumptions a; = o, 3; = 3,71 =1,2,3,
the system (1.1) has nonperiodic oscillations if o + 5 > 2. For the asymmetric case,
Schuster, Sigmund, and Wolf [SSW] showed that if a; +8; > 2, j = 1,2, 3, there exists
an open set of orbits of (1.1) having nonperiodic oscillations. Their result is local.
In this paper we give a complete analysis for the global asymptotic behavior of the
solutions of the asymmetric May—Leonard model (1.1). Under the assumptions (1.2),
if A1A2A3 > BlBgB3 (Al =1- (o7 Bi = ﬂ’i — 1)7 then the populations will converge
to a steady state. On the other hand, if A;A;A3 < B1BsBs, then the populations
oscillate aperiodically around the coordinate planes. If A;A3A3 = B1ByBj3, then
Hopf bifurcation occurs and there is a family of neutrally stable periodic solutions.

Our results critically depend on the assumption r1 = ro = r3 = r in (5.1).
When 7,79, r3 are not identical, Zeeman [Z] shows that Hopf bifurcation may occur
as parameters vary. Coste, Peyraud, and Coullet [CPC] perform the calculations to
show that at the bifurcation point, a Hopf bifurcation is nondegenerate in the sense
that it gives rise to a hyperbolic periodic orbit.
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