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ABSTRACT. A discrete-delayed model of plasmid-bearing, plasmid-free organ-
isms competing for a single-limited nutrient in a chemostat is established. Rig-
orous mathematical analysis of the asymptotic behavior of this model is pre-
sented. An interesting method to analyze the local stability of interior equi-
librium is developed. The argument is also applicable to a model of plasmid-
bearing, plasmid-free organisms competing for two complementary nutrients in
a chemostat.

1. Introduction. The chemostat is a basic piece of laboratory apparatus. It plays
an important role in many fields, such as ecology, microbiology, chemical engineer-
ing, etc. Smith and Waltman had made thorough discussions about the chemostat
models in [I5]. Genetically altered organisms are used in industry to manufacture
a pharmaceutical product (e.g., in the production of insulin). The alternation is
accomplished by the introduction of DNA into the cell in the form of a plasmid.
Plasmid contains bits of DNA which exist separately from the chromosome and
replicates independently. The metabolic load imposed by the production can result
in the genetically altered (the plasmid-bearing) organism being a less competitor
than the plasmid-free organism. The plasmid can also be lost in the reproductive
process, that is, it may not be passed to the daughter cells, producing a plasmid-
free organism (the 'wild’ type). Since commercial production may take place on a
scale of many generations, it is important to understand the asymptotic behavior of
these models. A model of competition for a single-limited nutrient between plasmid-
bearing and plasmid-free organisms in a chemostat was proposed by Stephanopoulos
and Lapidus [17], who give a local analysis of various cases. A global analysis of
the behavior of system trajectories was presented by Hsu, Waltman, and Wolkowicz
(see [12]).
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The models contain discrete time delays which account for the (species-specific)
time period which lapses between uptake of nutrient and the assimilation of nutrient
into viable biomass. Golpalsamy [6] and Kuang [13] discussed various aspects of
models with discrete time delay. Freedman, So, and Waltman [5] were the first to
incorporate time delay in chemostat models. Ellermeyer [4], and Hsu, Waltman,
and Ellermeyer [11] analyzed a discrete time delay model with two competitive
organisms for a single nutrient in a chemostat.

We develop and analyze a model with discrete time delay and competition be-
tween plasmid-bearing, plasmid-free organisms in a chemostat. In section 2, we
describe the model and explain the biological meanings of the parameters and the
variables. Then we scale the model in non-dimensional form and then consider its
limiting system. In section [3, we analyze the local stability of the equilibria. Here
an interesting method to analyze the local stability of the interior equilibrium is
presented. In section 4, we use the Barbilat’s lemma and Fluctuation lemma to
prove the global stability of the boundary equilibria. Though we are unable to prove
the global stability of the interior equilibrium, we use a perturbation theory to show
that the global stability still holds when ¢ is sufficiently close to 0. We also prove
that the differential inequality theorem for ODEs is available for some discrete delay
equations. Section 5! is the discussion section. We also introduce a model in which
the plasmid-bearing, plasmid-free organisms competing for two complementary nu-
trients instead of one nutrient. At last, we present the computations used in section
3lin Appendix.

2. The Model. In this section, we introduce a discrete time delay model describ-
ing plasmid-bearing, plasmid-free organisms competing exploitatively for a single
growth-limit nutrient in a well-stirred chemostat as follows

5'0) = (59 - 5D - 2 pi(s0) - 2 py(s00),

(

Ys2
(t) = =Dy (t) + (1 — @)1 (t — 1) f1(S(t — 71)),
(

wh(t) = —Daa(t) + gu1(t — 7) f1(S(E = 7)) + 22(t — 72) oSt — 7)), D)
S(0) =vo(0), x1(0) =11(0), 22(0) =12(0), —7 <60 <0,

(7/}037[}1;7/}2) € C;—,

where Cf = {p = (¢0,¢1,¢2) : @i(f) > 0 and continuous for all § € [—7,0],i =
0,1,2, where 7 = maxz{r, 72} }. Here S(t) denotes the concentration of the nutrient
in the chemostat at time ¢; for ¢ = 1,2, z;(¢) denotes, at time ¢, the biomass of the
plasmid-bearing organisms and plasmid-free organisms, respectively; the growth
rates and the consumption rates of plasmid-bearing and plasmid-free organisms
are f1, fa, fi/ys1, and fa/ysa, respectively, where yg;, ¢ = 1,2, are the yield
constants; the constant ¢, 0 < ¢ < 1, represents the probability that plasmid-bearing
species lost its plasmid during duplication; the operating parameters are S(©, the
input concentration of the nutrient and D, the washout rate of the chemostat; the
constants 7y and 7o stand for the time delays in conversion of nutrient to viable
biomass for plasmid-bearing and plasmid-free organisms, respectively.

By using the method of steps, it can be shown that for each ¢ € C;r, there is a
unique solution of (1), 7(¢;t) = (S(¢;t), 21(p;t), T2(p;t)) € RT through ¢, that is
well-defined for all ¢ > 0 and satisfies 7(¢;-)||—r0) = ©
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For i = 1,2, we assume the growth rates f;(S) satisfy the following conditions:
f:(S) is continuously differentiable, f;(0) = 0, and f/(S) > 0 for all 0 < S < S©,
The most commonly used growth rate is the Michaelis-Menten type,

psS
Ks+ S’

There are some other types of f; discussed in Hsu, Waltman, and Wolkowicz [12].
Furthermore, we assume that the yield constants are the same for both populations,
ie., ys1 = ys2 = ys, and that the time delays for both organisms are the same, i.e.,
Ty =Tg =T.

By measuring concentrations of nutrient in units of $(9), time in units of 1/D, and
x; in units of ygS(®), the number of parameters can be reduced and the equations
take the non-dimensional form

S'(t)=1—8(t) —x1(t) f1(S(t)) — w2(t) f2(S(t)),

2y (t) = —z1(t) + (1 — @)z (t — 7) f1(S(t — 7)),

b (t) = —wa(t) + qu1(t — 7) f1(S(t — 7)) + 22(t — 7) f2(S(t — 7)), (2)
S(0) = o(0), z1(0) =1(0), 22(0) = ¢2(0), —7 <6 <0,

(o, ¢1,2) € CF.

Now we simplify system (2)) via taking its limiting system. Let 3(t) = 1 — S(t) —
x1(t+7)—22(t+7), then it follows from system (2) that X/(t) = —X(¢) for all t > 0
and consequently,

St)+z1(t+7) +aa(t+7)=1+4¢€(t), t>0, (3)

where €(t) — 0 exponentially as ¢ — oco.

It is easy to see, for every ¢ € C5, the solution 7(p;t) remains positive and
bounded for ¢ > 0 by the following arguments. If S(£) = 0 for some £ > 0, then
S’(€) > 0. This implies that S(¢) > 0 for all ¢ > 0. That z1(t), x2(t) > 0 follows
directly by

t

21 (t) =p1(0)e™t + /0 ef(tfg)(l —q)f1(S(0 —7))x1(0 — 7)db

ra(®) =a(0) ™+ [ 00 (afi(S(0 = 7)1 (0= ) + (S0 = 7))aa0 = 7))o

for t > 0. That m(p;t) is bounded follows immediately from (3]).
Clearly lim;—. o 3(t) = 0. Since what we concern is the asymptotic behavior of
this model, we consider its limiting system

ah =~z + (1= @)ai(t — 1) fi(l -z — a2),
2y = =2 +qr1(t — 7) fr(l — 21 — 22) + 22(t — 7) f2(1 — 21 — 22).

We shall employ the following notation for the relevant rest points of system (2). We
say that a rest point of (2) does not exist if any one of its components is negative.
Since lim;_, o X(t) = 0, any rest point E = (5,%1,T2) of (2) must satisfy

(4)

1-S—-—71—7,=0.

The washout rest point is denoted by ES = (1,0,0). There is only one possi-
ble rest point involving plasmid-free organisms but no plasmid-bearing organisms,
denoted by E3 = (\2,0,1 — X3) where Ay is defined as the unique value of S where

f2(A2) =1 (5)
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Case | Criteria Rest points (stable one is bold)
I >\1q > 1, Ay >1 {Eo}
1I Ao <1< )\1q {Eo,Ez}
111 Ay < )\1[1 <1 {EO,E2}
v )\1q <1< A {Eo,Ec}
A% >\1q <A <1 {Eo,EQ,Ec}
TABLE 1.

(if one exists). The mixed culture rest point is denoted by E3 = (A1, 2}, z3), where
A1q is defined as the unique value that satisfies

1
)= ——
fi( lq) 1—¢
(if it exists). When E? exists (this will be discussed in section 3),
2 :(1 - )‘lq)(l — f2()‘1q))
P ) = ()

JZ; =1- /\1q —xi‘.

(6)

It can easily be seen that no rest point can exist where there are plasmid-bearing
organisms but no plasmid-free organisms.

The corresponding rest points of (4)) are simply the projections on (z; — x5 )-space
and are denoted by:

Ey=1(0,0), E;=(0,1-X), E.=(z7,23).

We assume that these do not exist if the sum of the components exceeds 1.

3. Local Stability Analysis. The local stability analysis of system (4) breaks
conveniently into five cases. These are summarized in Table 1.

The analysis for the local stability of Fy and FE5 is standard, for details see
Ellermeyer [4]. Note that Hayes’ theorem (see Bellman and Cooke [1] pg.444) is the
main tool for this analysis. However, Hayes’ theorem cannot be applied directly to
the analysis of the local stability of E.. To analyze the local stability of this steady
state, we develop an elementary but interesting method stated as follows.

We assume that A;; < 1 and A, < Ag, ie., the steady state E. exists. To
simplify our statement, we fix 7 and make g vary in the following argument. For
each ¢, the stability of F, with respect to (4) is determined by the stability of the
trivial solution of the linearized system

21(t) = —z1(t) + (1 =) fr(hg)za(t = 7) — (1 = q) f1(Mrg) w721 (2)
—(1 =) fi(Mig)ai22(t),
2(t) = —22(t) + ¢fr(Aig) 21 (t = 7) — af1(Mag) 2T 21(t) — af1 (Nig) 2] 22(2)

T f2(Aig)za(t — 1) = f3(A1g)a521(t) — f3(Aig)a522(2).
The above system has non-trivial solutions of the form (21 (), 2o(t)) = (k1e, koet)
if and only if A is a solution of the characteristic equation

HA7) = A+a—e ) A+8—e fo(Mg)) +af1 (Mg)zie M —(a—1)(—1) =0,
where

a=1+(1-q)fi(Mg)z7,

B=1+qfi(Mg)zi + fo(Aig)z3.
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It is clear that Hayes’ theorem is not applicable to this characteristic equation.

To show that the steady state E. is stable, first we claim that there is no w
satisfying H (iw,7) = 0 for all 7 > 0. Assume that 7 is fixed. From I'mH (iw,7) = 0,
we acquire that

" f2(Aq) sin(2wr) — ysin(wr) )
a+ 06— (1+ fa(Aig)) cos(wr)’
where v = 1 4+ fi(Aig)z5 + afa(A1g). Substituting equation (7) into the w in
ReH (iw,7) = 0 and simplifying it with elementary trigonometric rules, we have

F(cos(wT)) = —ay cos*(wr) + ag cos® (wr) — ag cos?(wr) + ay cos(wr) —ag = 0, (8)

where

as = 4f3(Myg),

az = 2f2(Mg)[27 + (o + B)(1 + f2(M1g))],

az = 7+ fa(Mg) (1 = fa(A1g))® + (1 + fa(Mig))* (@ + 6 — 1) ()
+7(1+ fa(Aig)) (@ + B) + 2fa(Aig) (e + B),

a1 = (1= fa(Aig))? 4+ 2(1 + fa(Aig))(a + B)(a + B = 1) +v(a + B),

ao = Y(a+B) A+ fa(hig)) =7° + (a4 B)*(a+ B —1— fa(Ayy)).

Note that a; > 0 for ¢ = 0,1,2,3,4. Now we only need to prove that F(X) = 0
has no solution lies in [—1,1]. It is not difficult to see F'(1) < 0 by the fact that
a+ B+ fa(Aig) > 147. Thus we only need to show that F'(X) > 0 for X € [—1,1].
This can be done if we can show that G'(Y) > 0 for Y < 0, where Y = X — 1 and
G(Y) = F(X). This is equivalent to show that

0< ay,

0< —12a4 + 3ags,

0< 12a4 — 6as3 + 2a2,

0< —4aq+ 3a3 —2as + a;.

From the facts a > 1, 8 > 1, a+ 8 > v > 14 fa(A1g), and a+ B+ fa(A1qg) > 1+,
we are able to prove the above inequalities (for details, see Appendix). Therefore,
this claim is proved.

To show that the steady state E. is locally asymptotically stable, we claim that
H (X, 7) = 0 has no roots with non-negative real parts for all 7 > 0. We know that
the roots of H(A,0) = 0 are two roots with negative real parts by [12]. Then we
note that, for a retarded equation, the supremum of the real parts of the roots of
the transcendental equation varies continuously with 7 (see Datko [3], Cooke and
Grossman [2]). Now we define S(7) as a function of 7 to denote the supremum
of the real parts of the roots of H(A,7) = 0. If there exists a 79 > 0 and one
root of H(A,79) = 0 is with positive real part, i.e., S(79) > 0, then we know that
there exists a 7* between 0 and 7y such that S(7*) = 0 by §(0) < 0 and the above
continuity argument. Now we show that there exists a w* satisfying H (iw*,7*) = 0.
Since H (A, 7*) is analytic, it can have only a finite number of zeros in any compact
set of the complex plane. Thus, assume that there exists a sequence {z,} of roots
of H(A,7*) = 0 such that Re z, — 0—, Im z, — 0o as n — co. However, note that
0= tim ZCnT) _ g Bl ) o Y

n—oo n—oo
Z’ﬂ/ Z’ﬂ

(10)

where the last equality holds by the observation limy|_ H()‘;i;)_)‘z = 0. This
leads to a contradiction. Thus, we know that there are only a finite number of roots
for H(A,7*) = 0. Then, by S(7*) = 0, we know there exists a real number w* such
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that H (iw*,7*) = 0. However, this contradicts to the conclusion that there is no w
satisfying H(iw,7) = 0 for all 7 > 0. Hence, such 7y does not exist. This proves
the local stability of E.. We extend the above argument in the form of a theorem:

Theorem 1. Let H(A\,7) = 0 be a transcendental characteristic equation of an
equilibrium E. Assume that there exists a positive integer n such that

lim H(\1)— A _

0
[A]— o0 AR

holds for all T > 0. If the equilibrium is locally stable when 7 =0 and H(A\,7) =0
has no solution for \ on the imaginary axis when T > 0, then the equilibrium E is
locally stable for any delay T > 0.

Thus, we complete the local stability analysis of Table 1.

4. Global stability analysis. In this section, we shall prove that the local stable
equilibria in Table 1 are global stable. We can prove that this is true for the cases
I, TI, and III by Barbalat’s lemma and Fluctuation lemma. However, in cases IV
and V, we can only prove it is true when 0 < ¢ < 1.

Now we claim, via the outline of Wolkowicz and Xia [19], that the equilibria
FEy, E5, under desired conditions, are globally stable. First, we state the following
Barbalat’s lemma and Fluctuation lemma.

Lemma 1. Let a € (—o0,00) and f : [a,00) — R be a differentiable function. If
lim;_o f(¢) exists (finite) and the derivative function f'(t) is uniformly continuous
on (a,00), then lim;_ o f/(t) = 0.

Since we only consider the asymptotical behavior of system (2)), we may assume
the initial functions of it are bounded by equation (3). This assumption makes
7m(p;t) bounded. By the fact that f;, fo are continuously differentiable and 7 (y;t)
is bounded, we see that 7"/ (; t) is bounded. Thus, the uniform continuity condition
in Lemma [1/ holds.

Lemma 2. Let f : RY — R be a differentiable function. If liminf, . f(t) <
limsup,_, f(t), then there are sequences {t;,} 1T o0 and {s,} 1 oo such that for
all m

f(tm) — limsupf(t) as m — oo, f'(tm)=0 and

t—o00
flsm) — litminff(t) as m— o0, f'(sm)=0.
The proofs of Lemma [1]and Lemma [2/can be seen in Gopalsamy [6] and in Hirsch,
Hanisch, and Gabriel [8], respectively.
Before proving the results, we introduce the following notation

~v1 = lim sup 1 (t), 01 = liminf x4 (¢);

oo fmoe (11)
Yo = lim sup zo(t), 09 = htm inf zo(¢).

t—o0 oo

Now we prove the desired results in a series lemmas.

Lemma 3. If Ay <1 (or Ay < 1), then S(t) <1 for all sufficiently large t.
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Proof. First note that if S(f) = 1 for some ¢ > 0, then S’(¢) < 0 and so if S(T) <1
for some T' > 0 then S(t) < 1forallt > T.

Suppose that S(¢) > 1 for all large t. Then S’(t) < 0 and so S(t)
some S* as t — co. ( Since S(t) is bounded below and satisfies system
have S* = 1.) Thus S(t) > Ai4 (or S(¢) > A2). Define

1§ >1 for
(2)), we must

al) = a0+ [ (1= an(sE)n)d

: (12)
ra®)+ [ (@hi(S©)a1(6) + fa(S0))eal6))d0.

z9 (t)

Then
#(t) = —wi(t) + (1= ) f(S(t)za(t) >0,
(or  25(t) = —wa(t) + ¢f1(S{))z1(t) + f2( () z2(t) (13)
> —a(t) + f2(S(t))22(t) > 0,)

for all large t. Now set j = 1 when Ay < 1 (or set j = 2 when Ay < 1). Since
zj(t) is clearly bounded above, equation (13) shows that lim; . 2;(t) = 27 > 0. By
Barbalat’s Lemma, lim; . 2j(t) = 0. Since lim; . S(t) = 1, it follows that z; (%),
x2(t) | 0 as t — oo. But from (12) z;(t) — 0 which contradicts z;(t) T z; >0. O

Lemma 4. If A\ > 1, then tlim x1(t) = 0.

Proof. Tt can be seen from the proof of Lemma 3| that either S(¢) | 1 as ¢t — oo
or S(t) < 1 for all large ¢. Suppose that S(t) | 1 as t — co. By Barbalat’s Lemma,
lim;_,o S’(t) = 0. Hence, lim;_, o, f1(S(¢))x1(t) + f2(S(t))z2(t) = 0. This leads to
z1(t) — 0 ast — oo.

Now suppose that S(t) < 1 < Ay, for all large t. Then equation (13) gives 21 (t) =
z1(t)(—14+ (1 —¢q)f1(S(t))) <0. Thus 2 (t) | 2] as t — oco. By Barbalat’s Lemma
again, we have lim; o 21(t) = 0. Thus, lim;_o z1(¢)(—=1 + (1 — ¢)f1(S(t))) =
0. If there exists a sequence {t,,} T oo such that lim,, . #1(t;,) > 0, then
limy, oo f1(S(tm)) = 1/(1 — q). Hence lim,,—oo S(tm) = A1g. When Ay > 1,
this contradicts the fact that S(t,,) < 1 for all large t,,,. When A1, = 1, equation
(3) and the fact that lim,, oo S(tm) = Mg = 1 leads to hmmHoc x1(tm) = 0. This
also contradicts to the existence of {t,,} and we complete this proof. O

We prove the global stability of the steady state F; under the conditions of case
I as follows,

Lemma 5. If \iy > 1 and A > 1, then tlim (S(t),z1(t), z2(t)) = (1,0,0).

Proof. By Lemma 4 and the fact that Ay > 1, we have lim; o x1(t) = 0. As the
proof of Lemma 4], if S(t) | 1, we can see z2(t) — 0 as t — oo from equation (3).

Now assume S(t) < 1 for all large t. To prove this lemma, we only need to claim
that v = 0. If not, i.e., 72 > 0, we know, from Barbéalat’s lemma and Fluctuation
lemma, that there exists a sequence {¢,,} T co such that zo(t,,) — V2, 25(tm) — 0,
Stm —7) = ST <1, 2oty — 7) — xg < 72, as m — oo. Substituting into the
x9-equation in system (2), we have

0=—y+ fo(Shal < -+ (1)1 <0.
Then fo(1) =1, i.e, Ay =1 and limy, 00 S(tm —7) = 1, and limy, 00 22 (t, — 7) =
v2. However, this leads to lim,, . 22(t,, —7) = 0 by equation (3]), which contradicts
to 2 > 0. This ends the proof. O
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Next, we shall prove the global stability of E5 under the conditions of cases II
and III of Table 1. Again, we need the following lemmas.

Lemma 6. If \ig <1, then 71 <1 — Ay

Proof. By Barbalat’s lemma and Fluctuation lemma, we know there exists a se-
quence {t,,} T oo such that z1(t,) — Y1, @) (tm) — 0, 2a(tm) — x§ > 0,
21(ty, — 7) — xJ{ < 7, as m — oo. Substituting into the x;-equation in sys-
tem (2) where S(t — 7) is replaced by 1 — z1(t) — x2(t) — €(¢) (from equation (3)),
we have

0= -7 +(1-qfi(l =7 —ahel.
Therefore,
n <=9 fil=y)n,
since x; > 0 and xl{ < 7. Hence, we conclude that either vy = 0 or v > 0

and 1 < (1 —¢)fi(1 —~1). This inequality leads to 1 — 1 > Ay or, equivalently,
1 — X1y 2 1. Then this lemma holds in either case. O

Lemma 7. If Ay <1 and Ay < Aiq, then d2 > 0.

Proof. First, we find a constant £y > 0 satisfies either eg <1 — Ag, if Ao <1 < Ayy;
or gg < Aig — Az, if Ao < Ay < 1. When Ay < 1 < Ayq, we know, by Lemma
4, that there exists T' > 7 such that z1(t) < €9/3 and |e(t)| < e0/3, as t > T.
While Ay < Ay < 1, we know, by Lemma, 6, that there exists a T > 7 such that
z1(t) <1—Aig +€0/3 and |e(t)] <eo/3,ast >T.
Suppose d; = 0. Then there exists tg > ¢ such that z5(ty) < £9/3. Define
o = min x5(t) >0, and
tE[to—T,to]
t =sup{t>tg—7:x2(s) >0 forall s €[ty — 7,t]}.

Then tg <t < co and
x2(t) > o forallt € [t — 7,t | and
x2(t) =0, xzh(t) <0.

Hence, when Ay <1 < Ay, we know

(14)

SE—7)=1—21(t) —22(t) +e(t—7)>1—¢60/3—0—¢e0/3>1—¢9 > Aa;
when Ay < Ay < 1, we know
Sit—7)=1—2z1(t)—22(t)+e(t—7) > 1—(1—Xig+e0/3)—0—¢c0/3 > Aig—€0 > Aa.
For both cases, we have

2h(t) > —xa(t) + fo(1 —z1(t) — 22(2) + €(t — 7))x2(t — 7)
> —o+o0 =0,

contradicting (14). Therefore, d2 > 0 and the proof is complete. O
The next two lemmas are for proving lim; .. z1(t) =0 as A2 < Ay < 1.

Lemma 8. If Ay < Aiq < 1, then 61 = 71.
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Proof. If 6; < 1. By Fluctuation lemma, there exists a sequence {t,,} T oo such

that 21 (tm) — 71, @, (tm) = 0, T2 (tm) — x4, 21 (tm —7) — x1, as m — oo, where z!

and xg satisfy :rJ{ <7 and x; > 9. Since x| (t;,) = 0, we know, by the z;-equation
of system (2)), that
21(tm) = (1 — @) f1(1 — z1(tm) — w2 (tm) + €(try — 7)1 (b — 7).

Letting m — oo, we have
Nn<A=gfi(l—m —d2)n.

Then we have either ; = 0 (this leads to a contradiction to the assumption §; < 71,
since y; = 61 = 0 in this case) or

1-— Y1 — 52 Z )\1q. (15)
By Barbalat’s lemma and Fluctuation lemma, we know there exists a sequence
{sn} T oo such that z5(s,) — 2, 25(s,) — 0, z2(s,, — 7) — x%, x1(8p — T) — x:{,

as n — oo, where 21, z} satisfy ! <~y and 2} > 6,. Since #(s,) — 0 as n — oo,

we know, by the xzo-equation of system (2)), that
za(sn) = (1= q@)fr(1 —21(sn) — w2(sn) + €(sn))z1(sn — 7)
+fo(l —z1(spn) — x2(sn) + €(sn))x2(sn — 7).

Letting n — oo, we have
02 > fo(1 — b2 — 71)d2.
From Lemma [7] 52 > 0, the above inequality leads to

1-— (52 -7 S )\2. (16)
Hence, by (15) and (16)), we know A2 > A1, which contradicts to Ae < A1 < 1. O
Lemma 9. If Ay < Ay <1, then 6; =71 =0.

Proof. Suppose that d; > 0. Note that lim; ., 1(t) = §;. By Barbalat’s lemma,
limy_, o 4 (t) = 0. Then we have

= tliréloxl(t) = tlirgo(l —q)fi(1 —z1(t) — x2(t) + €t — 7)1 (t — 7).
I

So we know that lim; . x2(t) = ) exists and

01 =1 —q)fi(l -6 —xb)dy,
and so
1-— (51 — a)‘; = )\1q. (17)
Since lim;—, o z2(t) = xi exists, we know, by Barbalat’s lemma and the argument
in the proof of previous lemma, that

02 > fo(1 =61 — $£)52~
Since 65 > 0, the above inequality leads to
1-46; — :v; < Aag.
Hence, Ay > Ay, which contradicts to A2 < Ajq < 1. O

So far, when Ay < 1 and Ay < Aqg, we already know that lim; . 21(¢) = 0 from
both Lemma 4/ and Lemma [9; that o > 0 by Lemma [7. To achieve the desired
result, we need the following lemma.

Lemma 10. If Ay <1 and A < Aiq, then d3 =v2 =1 — As.
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Proof. Suppose that d2 < 79, then we know, by Fluctuation lemma, that there
exists a sequence {t,,} T 0o such that 3(tn) — Y2, Th(tm) = 0, 2a(ty — 7) — x,
21(tm) — 21, as m — oo, where x|, z} satisfy #{ > 0 and 23 < 4. Since 2 (tn) = 0,

we know, by the za-equation of system (2), that

z2(tm) = (1= @) fi(l —21(tm) — 22(tm) + €(tm — 7))z1(tr — 7)
+f2(]. — (El(tm) — (EQ(tm) + G(tm - T))l’g(tm — 7').
Letting m — oo, we have, by the fact that lim;_ o, z1(t) = 0, that

Y2 < fa(1 = 2)72.

Since d2 > 0 (this implies 2 > 0), the above inequality leads to 1 — 2 > A2. Hence
1— Xy > .

By Fluctuation Lemma again, we know there exists a sequence {s,} T oo such
that 5(s,) — 0, 2h(sn) = 0, To(sp — 7) — @}, 1(s,) — 0, as n — oo, where z}

satisfy a:é > 02. We know, by the zs-equation of system (2)), that
Ta(sn) = (1= q)fr(1 —z1(sn) — z2(sn) + €(sn — 7)) 21 (50 — 7)
+fo(l —z1(8n) — wa(sn) + €(sn, — 7))x2(8$H — T)-
Note that lim;_, o z1(t) = 0. Letting n — oo, we have
92 > fa(1 — 62)02.
Since 65 > 0, the above inequality leads to
1— 063 < Ao

Hence, 1 — Ay < d2. Combining with the previous result 1 — Ay > 5, we know this
leads to a contradiction of the assumption dy < ~s.

Thus, we have d3 = 72 > 0. By Barbdilat’s lemma, we have lim;_, ., x5 (t) = 0.
Note that lim;,., 21(t) = 0. By the zs-equation of system (2) again, we have
0= —72 + fo(1 — 72)y2. Therefore, 75 =1 — Ao = d5. O

Combining the above lemmas, we conclude the following theorem.

Theorem 2. If Ay <1 and Ay < Aiq, then limy—. o (S(t), z1(2), 22(t)) = (A2,0,1 —
Az).

Next, we shall prove the global stability of E. under conditions A, < 1 and
A1g < A2 when ¢ is perturbed from 0. The proof follows the outline of a similar
result of Hsu and Waltman [10].

Theorem 3. For q > 0 sufficiently small, then the equilibrium E3 of system (2) is
globally stable.

Since our model is of infinite dimensional nature, the proof of Theorem 3 is
slightly different from that of Theorem 4.2. in Hsu and Waltman [10]. We intro-
duce the notation in Smith and Waltman [16]:

Let T : U x [0,00) x A — U be continuous and define a family of semi-dynamical
systems on U parameterized by A € A. Note that U C X, X is a Banach space,
and A is a metric space. Often T'(xz,t,\) is written as Tix. More precisely, the
continuous map T defines a family of semi-dynamical systems on U parameterized
by A € A provided that for each A € A: (i) TY = idx; (ii) Tf o Ty = Ty for
t,s > 0. The following theorem is cited from Smith and Waltman [16]:
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Theorem 4. Let T be a family of semi-dynamical systems parameterized by A. Let
(x0,Ao) € U x A, Bx(x9,0) C U for some § > 0 and assume that D,T(x,t, \)
exists for (x,t,\) € Bx(xg,0) x [0,00) x A and for each fized t > 0, DT (x,t, \)
is continuous on Bx(zo,d) x A. Suppose that T§ xo = xo for all t > 0, U(t) =
DxT)t\D (z0) defines a strongly continuous semigroup with negative growth bound (
r(U(t)) = exp(—wt) with w > 0 ), and T (x) — o for each x € U. In addition,
suppose that:

(H1) For each A € A, there is a subset By of U such that for each x € U, Ti(x) €
B, for all large t.

(H2) C = Uyep T3 (B2) is compact in U for some s > 0.

Then there exist ¢g¢ > 0 and a continuous map & : Ba(Mo,e9) — U such that
(o) = xo, ThE(A) = &(N) fort >0, and

T;\I]C — ff?()\), x € U,)\ € BA()\(),E()).
Note that, in practical situation, we employ the following

(H3) there exists a compact set D C U such that for each A € A and each z € U,
Ti(z) € D for all large ¢.

to replace (H1) and (H2), since (H1) and (H2) hold if (H3) holds. Note that,
in system (2), A is [0,1), X is g. We already know, from [19], that, when ¢ = 0,
the corresponding equilibrium, E3(= E?), is both locally and globally stable. The
set U in the previous theorem is {(S,z1,x2) : S > 0,21 > 0,22 > 0} in our case.
Though E3 is not an interior point of U as the theorem required, this theorem is
still applicable by the fact that B(E$,d) NU is convex and the following remark in
[16]:
”Remark 2.1 The assumption that z( is an interior point of U is unnecessarily
restrictive. An examination of the proof indicates that it is sufficient that T can
be extended to Bx(zg,d) x A for some 6 > 0 and has a continuous derivative on
the set and that Bx(zg,d) NU is convex. Alternatively, one-sided derivatives with
respect to some cone or wedge in X may also be used.”
We have already noted that all trajectories with initial conditions in the non-
negative octant eventually lie in the compact set Q@ = UN{(S,z1,22) : 1 -5 — 21 —
x9 < 0}. Constructing the compact set required in the previous theorem will be a
question of uniform persistence uniformly in the parameter ¢ so that the other equi-
libria different from E2 are away from the compact set D = QN{(S,z1,x2) : 22 < e}
for some small € > 0.

The differential inequalities theorem for delay systems is required. We extend
the result of differential inequalities for ordinary differential equations (see Hale [7]
p.31) as follows

Lemma 11. Let z(t) be a scalar, differentiable function satisfying
' (t) > f(t,x(t),z(t—7)), 0<t<hb,
z(t) = P(t), Y(t) = ¢(t), —T7<t<0,

where ¢(t) € CF = {4 : (0) > 0 and continuous for all § € [—7,0]} and f(t,x,z)
is mon-decreasing in z. Let ¢ be the solution of

' (t) = f(t,x(t),z(t — 7)), 0<t<hb,
a(t) = o(t), —7<t<0,
Then x(t) > p(t), for —7 <t <b.
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Proof. To show this lemma, we need the continuous dependence theorem for delay
systems, which is stated in Kuang [13] p.13.

Now we follow the outline of Hale [7] to complete the proof. Consider the fol-
lowing systems

n

#(0) = (6 a(0)2at =) = 1, 0150,
Zn(t) = ¢(t) = —, —7<t<0.

By the continuous dependence theorem, we know that x,(t) — () uniformly on
[—7,0].

It suffices to show that, for n sufficiently large, x(t) > =, (t), on t € [0,b] . If not,
then there exists n large and 0 < ¢; < to < b such that z(¢) > z,(¢) for t < t; and
x(t) < zp(t) for t € (t1,t2). Note that x(t1) = x,(t1) Then, for ¢ > t; and ¢ near
t1, we have

a(t) —x(ty) _ wn(t) —an(t)
t—t t—t '
Let t — tq, then we have

a'(ty) < a(h)
= J{tnalta), ol 1)~
< f(tlax(tl)v‘r(tl - T))

The last inequality holds when f(¢,x, z) is non-decreasing in z and it also leads to
a contradiction. O

Note that the inequality holds for the other direction. Note also that we can
extend the result of this lemma to more general delay systems easily.

To proceed the following discussion, we need to consider the behavior of the
scalar delay system

Y = —y(t) + f2(1 — y(t)y(t — 1), (18)
y(t) =), —7<t<0, ¥eCy.

Note that the previous lemma is applicable to this system since fa(1 — y(t)) > 0.
Now we employ the following lemma to analyze these systems.

Lemma 12. Let y be the solution of system (18). If Ao > 1, then the only equilib-
rium 0 is globally stable. If Ao < 1, then the equilibrium 1 — Xy is globally stable.

Proof. When Ay > 1, it is easy to see that there is a unique rest point y = 0. Let
~ be limsup,_, ., y(t). By Barbalat’s lemma and Fluctuation lemma, we know that
there exist {t,,} T oo such that 3/ (t,) — 0, y(tm) — v, Y(tm —T) — 3°, as m — oo,
where 3° satisfies > < . Thus, we know from system (18)

0 =—y+fo(l=7)y
< —v+ fal=7)7.
Since Ay > 1, we know —1 + fo(1 — ) < 0. Hence, v = 0. Thus, we know that
y = 0 is globally stable.

On the other hand, when Ay < 1, it is easy to see that there are two rest points
y=0and y =1— A2. Again, let v be limsup,_, . y(t) and 6 be liminf; . y(t).
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By Barbalat’s lemma and Fluctuation lemma, we know that there exists {t,,,} T
oo so that 4/ (ty,) — 0, Y(tm) — 0, y(tm — 7) — y' as m — oo, where y satisfies
y' > 6. Then we have

0= =04 fo1 =0y’ > =6+ fo(1 — 8)s.

Thus, we know § <0 or §d > 1— Ao.

By Barbalat’s lemma and Fluctuation lemma again, we know that there exists
{sn} 1 0o so that v/(s,) — 0, y(s,) — 7, y(s, —7) — y* as n — oo, where y*
satisfies y* < . Then we have

0=—y+foll =7yt < =y + fall =)
Thus, we know 0 <y <1 — As.

Due to the well-posed property of this system, we know § > 0. Now we claim
that 6 > 0. If 6 = 0, then there exists an €* < 1— X and g > 0 such that y(tg) < &*.
Let 0 = mingep, 74, y(t), then o < . Let ¢ = sup{t > to | y(s) > o, for all s €
[t — 7,t]}. Then y(t) =0, y'(t) <0, and

y'(t) =—y@) + 20 —y@)y(t—7)
=—0+ f2(1-o)y(t—1)
> —0+ f2(1 — (1 — )\2))0’ =0.
This contradicts to y/(t) < 0.

Summarizing the above results, we conclude that 1 — A9 is globally stable in
system (18). O

Next, we want to see some systems which are perturbed from system (I18) have
similar dynamical behavior. Here we separate the results in the following lemmas.
Before proceeding our claims, we note that to acquire the equilibria of a system

y'(t) = F(y(t),y(t — 7))
is equivalent to solve the equation F'(y,y) = 0. Now we consider the equation
—y+ fo(l+e—y)y+e =0,

where €, €y are small positive numbers. When Ay < 1 and € = ¢g = 0, it is easy to
see 0 and 1 — Ay are two solutions. Hence, by the monotonicity of fs, we know that
there are also two solutions —&; (< 0) and n4 (> 1 — A3) when €, € are small (see
FIGURE 1 for an example). Since ¢, ¢y are small, we may assume that . < 1 by
the continuity of fs.

Lemma 13. Suppose that Ao < 1. Let y be the solution of system
y'(t) = —y(t) + fa(l+ e —y(t)y(t — 7) + €0,

where € and €y are small positive numbers. Then y(t) — ny ast — oo, where ny is
the equilibrium of the system which is close to 1 — Ay.

Note that all values of the initial function cannot be less than —&, for all —7 <
t<0.

Proof. Let 7. = limsup,_, . y(t) and 6, = liminf; o y(t).
By Barbalat’s lemma and Fluctuation lemma, we know that there exists {¢,,} T

oo 50 that ¥ (tm) — 0, Y(tm) — ¢, y(tm —7) — yt as m — oo, where y' satisfies
yT > §.. Then we have

0= =0+ foll+e—6)y" +e0 > =0+ fo(1 4+ € —5.)dc + €o.
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FIGURE 1. The solid curve, "*-curve, and '+’-curve denotes the

function g1(y) = —y + T41=5 » 02(y) = —y + TETEETS + 0.05,
4y(1-0.1—y)

93(y) =—-y+ Tr(=01=y) 0.05, respectively.

Thus, by FIGURE 1, we know §. < —&4 or d > 1.

By Barbalat’s lemma and Fluctuation lemma again, we know that there exists
{5} 1 00 50 that §/(s2) — 0, y(5n) — e Y(sn — 7) — y* as n — oo, where y}
satisfies y* < .. Then we have

0=+ fo(1 + e =7y + €0 < —7e + f2(1 + € — Ye)7e + €0

Therefore, we know —&, < v, < n4.

Due to the well-posed property of this system, we know §. > —&,;. Now we
claim that 6, > —&;. If 6. = —&,, then there exists an €* > —¢&; and ty > 0
such that y(to) = &*. Let oc = mingep,—r ] y(t), then =&, < oo < €%, Let
t=sup{t >to | y(s) > o, for all s € [to — 7,t0]}. Then y(t) = o, ¥'(¢) <0, and

y'(t) =—yt)+ f2(1+e—y)y(t —7) + €
=—0c+ fo(l+e—0o )yt —7)+e
2 _Ue+f2(1+6_05)06+60 2 0.

The last inequality holds for —¢, < o, < &*. This contradicts to y'(t) < 0.
Summarizing the above results, we conclude that 7 is globally stable in this
system and note that n4 is close to 1 — As. O

Now we consider the equation
—y+ fa(l—€e—y)y—eo =0.
By an argument similar to the one before Lemma 13|, we know that there are two
solutions £_ (> 0 and close to 0) and n— (< 1 — A2 and close to 1 — A2) when ¢, ¢

are small positive numbers. The proof is very similar to that of Lemma 13| we do
not repeat the argument.

Lemma 14. Suppose that Ao < 1. Let y be the solution of system
y'(t) = —y(t) + fa(1 — e —y(®)y(t — 7) — €0,

where € and €y are small positive numbers. Then y(t) — n— as t — oo.
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Now consider the case Ay > 1 and the equation
—y+ fo(l4+e—y)y+e =0.

When € = ¢y = 0, it is easy to see 0 is the only solution. Hence, by the monotonicity
of fo, we know that there is also one solution &4 (> 0 and close to 0) when ¢, ¢ are
small (see FIGURE 2 for an example).

Lemma 15. Suppose that Ao > 1. Let y be the solution of system
y'(t) = —y(t) + fo(1+ e —y(t)y(t — 7) + €0,

where € and €y are small positive numbers. Then y(t) — &4 ast — oo.

05

0.4 q

0.3 b

-0.4
-0.2 -0.1 0 0.1 0.2 03 0.4 0.5

FIGURE 2. The solid curve, "*-curve, and '+’-curve denotes the
function hq(y) = —y + gi((lﬂz)) ,ha(y) = —y + % +0.05,
hs(y) = —y+ % — 0.03, respectively.

Here we note that the values of the initial function have to be no less than £
for all -7 <t <0.

Proof. Again, let v, = limsup,_ . y(t). By Barbalat’s lemma and Fluctuation
lemma, we know that there exist {t,,} T oo such that ¥'(tn) — 0, y(tm) — e,
y(tm — 7) — 3°, as m — oo, where 3y satisfies 3” < .. Thus, we know from this
system
0 =7+ fa(l+e—7)y +eo
< =Y+ f2(1 +e— ’YE),YE + €o-

It is easy to see that v, < &;. Thus, by the well-posed property of this system, we
know v, = £ and that y = £, is globally stable. O

Now we consider the equation

—y+ fa(l—e—y)y—e =0,
where € and ¢y are small positive numbers. It is easy to see that there is only
one solution —¢_ < 0 and close to 0 (see FIGURE 2 as an example). Since the
argument of the proof is very similar to that of Lemma (15, we state the lemma
without proof.
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Lemma 16. Suppose that Ao < 1. Let y be the solution of system
y'(t) =—y(t) + fo(1 — e —y()y(t — 7) — e,

where € and €y are small positive numbers. Then y(t) — —&£_ as t — co.
With the above comments and lemmas, we shall prove Theorem (3l

Proof of Theorem 3. For convenience, we use A1(q) to represent A1,. As indicated
before, we know that the equilibrium Ef = (A\;(0),1 — A1(0),0) is global stable
from Wolkowicz and Xia [19] if A1(0) < 1 and A\;(0) < Ag. We also know that
E? — E? as ¢ — 0. Hence, we only need to show that system (2) is uniformly
persistent, uniformly in ¢ near 0, or, equivalently, that there exist n > 0 and
go > 0 such that if 0 < ¢ < qo, then liminf; .o || (x1): ||> 1. Proposition
1.2. in Thieme [I§] shows that one can prove liminf; .o | (z1): [|> n pro-
vided that one can prove limsup, ., || (z1)¢ [|> € for some ¢ > 0, uniformly
in g. Suppose, on the contrary, there exists ¢, — 0, g, > 0 such that the
corresponding solutions, ((Sp)¢, (Z1n)t, (T2n)t), of system (2) with ¢ = g, satisfy

limy, 00 limsup,_, o || (x1n)¢ [|= 0.
From system (2), it follows that
S’;L(t) =1- Sn(t) - x2n(t)f2(sn(t ) - nn(t) (19)

T (t) = —@2n(t) + @20 (t = 7) f2(Sn(t — 7)) + &t — 7)
where
M (t) = f1(Sn(t))z1n(t), and & (t —7) = qf1(Sn(t — 7)) @10 (t — 7).
For € > 0 and n sufficiently large,
0<mn(t) <e and 0<&,(t—7)<e (20)
From (19) and (20)), we have that for n > Ny, Ny large,

(Sn(t) +zon(t+ 7)) =1—(Sp(t) +xon(t + 7)) — n(t) + &u(2)

<1 = (Sn(t) + zan(t + 7)) + € (21)

and that
1= (Sn(t) + 220 (t + 7)) — € < (Su(t) + 220 (t + 7)) (22)
By the differential inequalities (21) and (22), for €, ¢; > 0 and Ny as above, there
exist T = T'(e, €1, Np) such that, when ¢ > T
l—e—e1 <Sp(t) +zan(t+7)<1+4+e+e€. (23)
To simplify our notations, we may rewrite € 4 €; as €. Using the second equation in
(19)), and (23)) for t > T', one has
2o (t) < —@20(t) + f2(1 + € = 220 (1)) 720 (t — 7) + €0 (24)
29, (t) 2 —Tan(t) + f2(1 — € — 2o () 22n(t — 7) — €0 (25)
By the differential inequalities (24), (25) and Lemma 11, we have, for ¢ suffi-
ciently large,
Pn(t) < xan(t) < @n(t), (26)
and, by Lemma 13! - 16,
lim @n(t) = gy, lim LZn(t) = Zon.
t—o0 t—o0
Note that @, (t) and @, (t) are solutions of the corresponding equalities. By Lemma

12 - 16, for n sufficiently large, the limits %3, and Zs, are either close to 0 when
A2 > 1, or close to 1 — Ag when A\ < 1. From equation (23)) and equation (26]),
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Sp(t) is either close to 1 when Ay > 1, or close to A2 when A2 < 1. However,
the z1-equation of system (2)) implies that, in both cases, 21,(t) — oo as t — oo,
contradicting that 21, (t) is bounded. This completes the proof of this theorem. O

5. Discussion. We discuss a chemostat model including discrete time delay which
concerns the time period which lapses between uptake of nutrient and the assimi-
lation of nutrient into viable biomass. This extends the model in [12] to a scenario
which is closer to the realistic world. Though Ellermeyer [4], and Wolkowicz and Xia
[19] had made complete analysis for the chemostat models with delayed response in
growth, the factor of plasmid lost in our model, i.e., ¢ # 0, makes the analysis in
their paper unapplicable to our model. For example, we only need Hayes’ theorem
to accomplish the local analysis of the models when ¢ = 0. However, we need to de-
velop a new method to analyze the local stability of the interior equilibrium for the
case ¢ # 0. While analyzing the global behavior of the equilibria, Ellermeyer, etc,
use the differential inequalities (or, equivalently, the Barbalat’s lemma and Fluctu-
ation lemma) due to these equilibria are boundary equilibria. The global analysis
of the interior equilibrium in our model is difficult, since their methods are not ap-
plicable. This difficulty forces us to use perturbation theory which is similar to that
in Hsu and Waltman [10] to prove the global stability of the interior equilibrium
under the scenario that 0 < ¢ < 1 instead of proving that for 0 < g < 1. Another
difficulty is that the model that Hsu and Waltman concerned is an ODE system,
which is finite dimensional. Unlike their case, our model is infinite dimensional.
Though our models are infinitely dimensional, the theorems in [16] and [I8] are
still applicable. Note that a differential inequality theorem for discrete time delay
equations is developed. The proof of this theorem is easy but this theorem is useful
for application. Even if we cannot prove the global stability of the interior equilib-
rium, but we cannot exclude the possibility of the existence of periodic solutions
and chaotic solutions, which are often seen in the models with discrete time de-
lays. Nevertheless, the numerical simulations suggests that the interior equilibrium
is globally stable.

A model of competition for two complementary nutrients between plasmid-bearing
and plasmid-free organisms in a chemostat was established and its global behavior
was discussed by Hsu and Tzeng (see [9]). We modify their ODE system into a
discrete time delay system as follows

st = (50— s@yp -0 p s r) — 20 p 5 R
Ys1 Ys2
R(t)= (RO —R()D - =) £1(S,R) — 22(t) £2(S, R),
YR1 YR2
()= —Dzxi(t)+ (1 —q)z1(t —7)f1(S{t —7),R(t — 7)), (27)
zh(t) = —Duxo(t) + qui(t — 1) f1(S(t —7), R(t — 7))

+ao(t — 1) fo(S(t—7),R(t— 1)),

S(t) = qu(t)v R(t) = q/}R(t)’ l'l(t) =y, (t)7 xQ(t) = Yy, (t),
—7<t< 0; (ws,i/JRﬂ/leﬂbxz) S C4+»

where
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F(S. ) = min (2 e )

Ks1+ S Kga+ S
(28)

. mriR mp2R
o, ) =i (o el )

and O is an extension of C3 . Here S and R denotes the concentrations of two
complementary nutrients; the parameters mg;, mp;, Kg;, Kpri, i = 1,2, are the
maximal growth of the ith competitor and the Michaelis-Menten (or half-saturation)
constants with respect to the nutrients S and R alone. Again, yg;, i = 1,2, are
the yield constants with respect to nutrient R. Biologically we may assume that
Ys1 = Ys2 = ys and yr1 = Yre = yr as noted in Hsu and Tzeng [9].

Though system (27)) appears more complicated than system (1), we observe a
special partial order relation by using an assumption on the equality of the yield
constants for both plasmid-bearing organisms and plasmid-free organisms and this
relation makes the analysis for system (1) applicable to system (27). Due to the
similarity, we skip the details of the analysis.

Unlike discrete delay models, Li, Wolkowicz, and Kuang had made a complete
asymptotic analysis for a distributed delay chemostat model with two complemen-
tary resources in [14]. However, their approach is different and we cannot convert
their model into a discrete delay model.

Finally, remark that we cannot prove the global stability of the interior equi-
librium when ¢ is not close to 0. Lyapunov functional may be a good method to
achieve this, though it may be difficult to find such a functional.

Appendix. Hereweusea > 1, 5> 1, a+08 > v > 1+ fa(A14), and a4+ f2(A1q) >
1 + 7 to show that the inequalities in (10) hold. It is clear that a4 > 0.
Note that we abbreviate A\, by A1.
az —4day = 2fo(M)[2y + (a+ B) (1 + f2(\1)] — 162 (A1)
=2f2(A1)[2y + (@ + B) (L + f2(A1)) = 8f2(A1)] > 0
The last inequality holds for v > 2fa(A1), a + 3 > 2, 1 + fa(A1) > 2f2(A\1). Thus,
we prove that 0 < —12a4 + 3as.
Now we claim that —12a4 + 6as — 2a2 < 0 by
6ayg + ag — 3asg
= 24f7(M)+7 + LA)1 = fa(A\))® + (14 f2(M)* (@ + B —1)
(14 f2(A)) (a4 B) + 2f2(A1) (o + B)® — 12f2(A1)y
—6f2(M)(a+ B)(1+ f2(A1))
= —12(M) (v —2f2(M) + (v + 1+ f2(M) (v — 1 = fa(M1))
+(1+ fo(A)(a+ B) (L = f2(A1)) + (o + B)(1 + f2(M)) (v — 2f2(M))
+2fa(A)(a+ B)(a+ B — 1= f2(A)) + fa(A) (1 = fa(A1))?
(v = 2f2(M) (e + B) (A + fa(Ar)) — 4f2(A1)]
+2fo(AM)(a+B)(a+ B —1— fa(A1) =7+ 2f2(\1))
+(v=1=f2(M)) (v + 1+ fa(A1) — 4f2(M1))
+(1 = 21+ f2(00) (@ + B) = 4f2(A)] + f2(A) (1 = f2(A1))?
> 0.

Y
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Now we claim that —4a4 + 3as — 2a2 + a1 > 0 by
3as + a1 — 4ay — 2as
= 12foa(M)y + 6f2(A) (@ + B) (1 + fa(M)) +v(1 = f2(A1))?
+2(1+ foQ) (@ + B)(a+ B — 1) +y(a+ B)* — 165 (A1)
—29* = 2fo(M)(1 = f2(M))? =201+ fo(M))* (@ + 5 = 1)
—29(1 + f2(M))(a + B) — 4f2(M1)(a + B)°
= 8fo(A)y+ [y(1+ f2(A))? + (@ +0)? = 2(1+ fo(M))(a + B)]
+6f2(A1)(a + B)(1 + f2(A1))
+2(1 4 f2(M) (@ + B)* = 2(1 + fa(M)) (e + B)]
—16f35(M) —27% — [2f2(A) (1 + f2(M1))? = 85 (A1)
—[2(1+ f2(M))?(a + B) = 2(1 + fa(M))?] = 4fa(M1)(a + B)?
= 8fa(M)y+ (@48 —1— f2(M))* + 6 2(M)(a+ B)(1 + f2(A1))
+2(1+ fa (M) (@ + )2 +8FF (A1) +2(1 + f2(M1))?
—2(1+ fa(M)) (e + B) =165 (M) = 29% = 2fa(M) (1 + fa(M1))?
—2(1+ fa(M))*(a+ B) — 4f2(M)(a + B)?
= 8fa(M)(y = 2f2(M)) +y(a+ B —1 = fa(M1)? + 65 (M) (a+ B)
+6f2(M)(a + B) +2(1+ f2(M) (@ + B)* +8f5 (A1) +2(1 + fa(\1))?
—2(1+ faQ\))(a+ ) =29 = 2fa(A) (1 + fa(M1))? = 2(a + )
—4fa(M)(a+ B) = 2fF (M) (a+ B) — 4fo(A\)(a + B)?
= 8f2(AM)(v — 2fa(M1)) + (e + B —1— f2(A1))* + 2fo(M1) (e + B)
FAfF M) (@ + B) +2(1 + fa(A))(a+ B)% + 85 (M) +2(1 + fa(M))?
—4(a+ B) = 2fa(A)(a+ B) = 29° = 2fa(M) (1 + f2(M1))?
—4f2(M)(a + B)?
= 8f2(M)(v —2fa(M)) + (@ + B —1— f2(M))* + 45 (M) (e + B)
+2(1 = fo(A))(a + B)* + 85 (M) +2(1 + foa(M))? — 4(a + )
—27% = 2fo(A) (1 + f2(M))?
= 8f2(M)(v —2fa(M1)) + (@ + B—1— fo(A1)? +2(1 — fo( M) (a + B)?
+8£5 (A1) +2(1+ f2(A))*(1 = fa(M)) — 4+ B)(1 = fF (A1) — 29
= 8fo(M)(y—2fa(M)) +v(a+ B — 1= fa(\))?
+2(1 = o)) (@ + B =1 = fo(M))? = 2(v + 2fo(M)) (7 = 2f2(\1))
= 20+ 3~ L)@+ 8- 1= L) -2y - 2f2(0))?
> 0.
The last inequality holds for 143 — fo(A1) > 1 and a4+ —1— fa(A1) > v—2f2(A1).
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