Exercises

1. Solve the initial value problem 
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 and determine the interval in which solution exists.

2. (A model of a fishery) The equation 
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provides an extremely simple model of a fishery. In the absence of fishing, the population is assumed to grow logistically. The effects of fishing are modeled by the term 
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, which says that fish are caught or "harvested" at a constant rate 
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, indepen​dent of their population 
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. (This assumes that the fishermen aren't worried about fishing the population dry—they simply catch the same number offish every day.) 
a) Show that the system can be rewritten in dimensionless form as 
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for suitably defined dimensionless quantities x, 
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, and h.
b) Plot the vector field for different values of h.
c) Show that a bifurcation occurs at a certain value 
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 and classify this bifurca​tion.
d) Discuss the long-term behavior of the fish population for 
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, and give the biological interpretation in each case
3. (A biochemical switch) Zebra stripes and butterfly wing patterns are two of the most spectacular examples of biological pattern formation. Explaining the development of these patterns is one of the outstanding problems of biology; see Murray (1989) for an excellent review of our current knowledge.
As one ingredient in a model of pattern formation, Lewis et al. (1977) considered a simple example of a biochemical switch, in which a gene 
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 is activated by a biochemical signal substance 
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. For example, the gene may normally be inactive but can be "switched on" to produce a pigment or other gene product when the concentration of 
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 exceeds a certain threshold. Let 
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 denote the concentration of the gene product, and assume that the concentration 
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 is fixed. The model is
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where the k's are positive constants. The production of 
[image: image19.wmf]g

 is stimulated by 
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 at a rate 
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, and by an autocatalytic or positive feedback process (the nonlinear term).

There is also a linear degradation of g at a rate 
[image: image22.wmf]2

k

.

a) Show that the system can be put in the dimensionless form 
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where 
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 are dimensionless groups
b) Show that if 
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, there are two positive fixed points 
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 is to be determined.

c) Assume that initially there is no gene product, i.e., 
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, and suppose s is slowly increased from zero (the activating signal is turned on); what happens to 
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? What happens if s then goes back to zero? Does the gene turn off again?
d) Find parametric equations for the bifurcation curves in 
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 space, and classify the bifurcations that occur.
e) Use the computer to give a quantitatively accurate plot of the stability diagram in 
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 space.
4. (Triangle wave) In the firefly model, the sinusoidal form of the firefly's response function was chosen somewhat arbitrarily. Consider the alternative model 
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, where 
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 is given now by a triangle wave, not a sine wave. Specifically, let
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on the interval 
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 and extend 
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 periodically outside this interval.
a) Graph 
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b) Find the range of entrainment.
c) Assuming that the firefly is phase-locked to the stimulus, find a formula for the phase difference 
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d) Find a formula for 
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5. (General response function) Redo as much of the previous exercise as possible, assuming only that 
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6. (Excitable systems) Suppose you stimulate a neuron by injecting it with a pulse of current. If the stimulus is small, nothing dramatic happens: the neuron in​creases its membrane potential slightly, and then relaxes back to its resting poten​tial. However, if the stimulus exceeds a certain threshold, the neuron will "fire" and produce a large voltage spike before returning to rest. Surprisingly, the size of the spike doesn't depend much on the size of the stimulus—anything above thresh​old will elicit essentially the same response.

Similar phenomena are found in other types of cells and even in some chemi​cal reactions (Winfree 1980, Rinzel and Ermentrout 1989, Murray 1989). These systems are called excitable. The term is hard to define precisely, but roughly speaking, an excitable system is characterized by two properties: (1) it has a unique, globally attracting rest state, and (2) a large enough stimulus can send the system on a long excursion through phase space before it returns to the rest​ing state.
This exercise deals with the simplest caricature of an excitable system. Let 
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 is slightly less than 1.
a) Show that the system satisfies the two properties mentioned above. What object plays the role of the "rest state"? And the "threshold"?
b) Let 
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. Sketch 
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 for various initial conditions. (Here 
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 is anal​ogous to the neuron's membrane potential, and the initial conditions corre​spond to different perturbations from the rest state.)
7. (Autocatalysis) Consider the model chemical reactionin which one molecule of X combines with one molecule of A to form two mole​cules of X . This means that the chemical X stimulates its own production, a process called autocatalysis. This positive feedback process leads to a chain reaction, which eventually is limited by a "back reaction" in which 2X returns to A + X.
According to the law of mass action of chemical kinetics, the rate of an elemen​tary reaction is proportional to the product of the concentrations of the reactants. We denote the concentrations by lowercase letters 
[image: image51.wmf]]

[

X

x

=

 and 
[image: image52.wmf]]

[

A

a

=

. Assume that there's an enormous surplus of chemical A, so that its concentration a can be regarded as constant. Then the equation for the kinetics of x is
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where 
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 are positive parameters called rate constants.
a) Find all the fixed points of this equation and classify their stability.
b) Sketch the graph of 
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 for various initial values 
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8. (Tumor growth) The growth of cancerous tumors can be modeled by the Gompertz law 
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 is proportional to the number of cells in the tumor, and 
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a) Interpret a and b biologically.
b) Sketch the vector field and then graph 
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 for various initial values. The predictions of this simple model agree surprisingly well with data on tumor growth, as long as N is not too small; see Aroesty et al. (1973) and Newton (1980) for examples
9. (The Allee effect) For certain species of organisms, the effective growth rate N/N is highest at intermediate N. This is the called the Allee effect (Edel-stein-Keshet 1988). For example, imagine that it is too hard to find mates when N is very small, and there is too much competition for food and other resources when N is large.

a) Show that 
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 provides an example of Allee effect, if r, a, and b satisfy certain constraints, to be determined.
b) Find all the fixed points of the system and classify their stability.
c) Sketch the solutions 
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 for different initial conditions.
d) Compare the solutions 
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 to those found for the logistic equation. What are the qualitative differences, if any?
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