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Abstract For an equivariant Morse stratification that contains a unique open stra-
tum, we introduce the notion of equivariant antiperfection, which means the differ-
ence of the equivariant Morse series and the equivariant Poincaré series achieves the
maximal possible value (instead of the minimal possible value O in the equivariantly
perfect case). We also introduce a weaker condition of local equivariant antiperfection.
We prove that the Morse stratification of the Yang-Mills functional on the space of
connections on a principal G-bundle over a connected, closed, nonorientable surface
¥ is locally equivariantly Q-antiperfect when G = U (2), SU(2), U(3), SU(3); we
propose that the Morse stratification is actually equivariantly Q-antiperfect in these
cases. Our proposal yields formulas of Poincaré series PtG (Hom(r(X), G); Q) when
G =UQ®),SU®2),U@B),SU3). Our U(2), SU(2) formulas agree with formulas
proved by T. Baird, who also verified our conjectural U (3) formula.

Keywords Morse theory - Moduli space

Mathematics Subject Classification (2010)  53C07

1 Introduction

Let f be a Morse function on a compact manifold M, so that it has finitely many
isolated nondegenerate critical points. The Morse polynomial of f is defined to be
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M(f)= D 1"

peCrit(f)

where Crit(f) is the set of critical points of f and A, is the Morse index of p. The
Morse polynomial of any Morse function satisfies the Morse inequalities

M (f) — Pi(M; K) = (1 +1)R;(K)

where P;(M; K) is the Poincaré polynomial of M relative to a coefficient field K
and R;(K) is a polynomial with nonnegative coefficients. A Morse function is called
K -perfectif R;(K) = 0.

In [1], Atiyah and Bott studied Morse theory in a much more general setting: the
manifold M is an infinite dimensional affine space A of connections on a principal
G-bundle P over a Riemann surface ¥, where G is a compact connected Lie group;
the functional f is the Yang-Mills functional L : A — R, A — | Fall2, which is
Morse-Bott instead of Morse;! the Yang-Mills functional is invariant under the action
of the gauge group G = Aut(P), and Atiyah and Bott consider the G-equivariant
Morse series M,g (L; K) of L and G-equivariant Poincaré series P,g (A; K) of A (they
are infinite series instead of polynomials). The Morse inequalities in this context are
encoded in the equation

MI(L; K) — PI(A; K) = (1 + DRI (K) (1)

where R,g (K) is a formal power series with nonnegative coefficients. When K = Q,
Atiyah and Bott computed P,g (A; Q) = P/(BG;Q), where BG is the classifying
space of the gauge group,? and proved that the Morse stratification of the Yang-Mills
functional is equivariantly Q-perfect, in the sense that R,g (Q) =0 (when G = U (n),
they also proved that it is equivariantly Z ,-perfect for any prime p). This leads to a
recursive formula computing the equivariant Poincaré series Ptg (Ass; Q) of the unique
open stratum As; C .A. When the obstruction class 02 (P) € H2(Z; 711(G)) Z 71(G)
is torsion, the absolute minimum of the Yang-Mills functional is zero and the unique
open stratum Ay, is the stable manifold of the space A of flat connections on P. We
have

PY(Ass: Q) = PE(Np: Q) = P (Hom(i (), G) p; Q) )

1 Indeed, L is not Morse-Bott in the strict sense, since its critical sets N, u are singular in general, but the
Morse index A, of N, u is well-defined, and

ME LK)y = > PN Ky = > 0 PY (Au K)
AEA AEA

where A, is the stable manifold of NVj,.

2 Atiyah-Bott computed P; (BG; Q) for G = U (n) in [1, Sect. 2]; their computation can be generalized to
any compact connected Lie group G [17, Theorem 3.3].
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where the subscript P labels the connected component corresponding to the topolog-
ical type P (which is classified by the obstruction class 02 (P)).

In [11,12], the authors generalized some aspects of [1] to connected, closed, non-
orientable surfaces. Let X be a connected, closed nonorientable surface, so that it is
the connected sum of m > 0 copies of RP%. Let 7 : & — X be the orientable double
cover, so that ¥ is a Riemann surface of genus m — 1. Let A and A denote the spaces
of connections on a principal G-bundle P — ¥ and on the pull back 7*P — %,
respectively. Then, A — 7*A defines an inclusion A4 — A whose image is the fixed
locus of an antiholomorphic, antisymplectic involution 7 on A, and the Yang-Mills
functional L : A — R is, by definition, the restriction of the Yang-Mills functional
on A to A. The absolute minimum of the Yang-Mills functional L : A — R is always
zero, achieved by flat connections. The normal bundles of Morse strata of A defined
by L are real vector bundles, so a priori one can only take K = Z,. Together with
Ramras, the authors proved that these bundles, and their associated homotopy orbit
bundles, are orientable when G = U (n) or SU (n) [13], so we may use any field coef-
ficient in this case. When G = U (n) or SU (n), the Morse stratification of A defined
by L is not equivariantly Q-perfect.

In this paper, we introduce the notion of equivariant K -antiperfection, which means
the discrepancy R,g (K) in (1) achieves the maximal possible value (instead of the min-
imal possible value 0 in the perfect case). We also introduce a weaker condition of
local equivariant K -antiperfection. We prove that the Morse stratification defined by
the Yang-Mills functional on the space of connections on a principal G-bundle over
a connected, closed, nonorientable surface X is locally equivariantly Q-antiperfect
when G = U(2), SU(2), U(3), SU (3); we propose that it is actually equivariantly Q-
antiperfect in these cases. (When G = U (1), there is only one stratum Ag; = A.) Our
proposal yields formulas for the following equivariant Poincaré series when n = 2, 3:

PY™ Hom(m (2), Um)+: Q),  PY™ Hom(m (), Un))_; Q),
PSY™ (Hom(r, (), SU(n)); Q),

where 4 and — label the components corresponding to the trivial and nontrivial U (n)-
bundles over X, respectively. Indeed, we show that these formulas hold if and only if
equivariant Q-antiperfection holds in the rank 2 and rank 3 cases. Our rank 2 formulas
(13), (14), (15) agree with formulas proved by T. Baird [3]. During the revision of
this paper, Baird established equivariant Q-antiperfection in the U (3) case and thus
verified our conjectural U (3) formula (16) [5].

2 Preliminaries, definitions, and statements of results
2.1 Morse stratification

Let A be the space of connections on a principal U (n)-bundle or SU (n)-bundle P
over a connected, closed, orientable or nonorientable surface X, and let G = Aut(P)
be the group of unitary gauge transformations. A is an infinite dimensional affine
space, equipped with a G-invariant Riemannian metric. The Yang-Mills functional
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L : A — R is invariant under the action of the gauge group G and defines a
G-equivariant Morse stratification

A= JAu=Asu [ A 3)

HEA nen

where Ay, is the unique open stratum. Whenn = 1, thereis only one stratum: A = Aj,.
From now on, we will assume n > 1.

The index set A is partially ordered such that given I C A, A; := |J A, is open
rel
if A € I, u < X = w € I; this partial ordering can be refined to a total ordering [19,

Sect. 2]. In the following discussion, we fix a total ordering on A so that we have a
filtration of A by open subsets. Given © € A’,let J = {A € A | A < u} and let
I = J —{u}, sothat A; C A; C A are inclusions of open subsets. We have the
following isomorphisms of G-equivariant cohomology groups:

excision Thom isomorphism
~

H (A AD = HE () (A) = Ad) = Hg " (Ay)
4)

where (A,,)c is a G-equivariant tubular neighborhood of 4, in A; (see [19, Sect. 3]
for a construction of (AM)G) and A, is the rank of the normal bundle N, of A, in A.
The normal bundle N, — A, is a G-equivariant complex vector bundle when X is
orientable and is a G-equivariant orientable real vector bundle when X is nonorientable
[13] (when X is the Klein bottle, we assume thatn = 2 or 3), so the Thom isomorphism
in (4) holds for any coefficient ring. We may identify the pair ((Au)e , (.AM)E —A))
with (N, (N,,),). where (N,,), is the complement of the zero section of the vector
bundle N, — A,,. We have the following commutative diagram for any coefficient
ring:

. k /sk k k41
HE(A; A —— HEA) ——— HEA) —— HE A A) ——— -

I I I o

4 B : 4 : ¢
Hé(Nw (Nu)o) — Hé (Ny) —— Hé((Nu)o) R HEI(NW (N/t)o) -

)

where i¥, Jj k sk are induced by inclusions. From the above Diagram (5), we see that

Ker ((xk) C Ker (af) under the identification Hé Ay, Ap) = Hé(NH, (Nu)o)~

2.2 Morse inequalities

We now consider field coefficient K, so that the cohomology groups are vector spaces
over K. For any u € A’, we define
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ak+

A
5 (A K) = Ker (Hg (Au: K) Z HG ™ (A, A K) 5 HG ™ (A K))
so that Z’é (Au; K) is a subspace of Hé (Au; K). We have an exact sequence

K .
) — HE (A K) — HE (A K) — Zg " (Au: K) — 0.

0— —
Zg " (A K)

(6)
Define a power series
o
z7 (A K) = > Fdimg Z§ (A, K) € ZI[1]].
k=0

Then, the exact sequence (6) implies
PI(As; K) + (1 + 007129 (A, K) = PY (A K) + 04 P9 (Au: K) . (T)

Given two power series p(t), g(t) € Z[[t]], we say p(t) < q(t)ifq(t) — p(t)isa
power series with nonnegative coefficients. Then,

0< 277 (A K) < PP (A K). )
Define

RY(K)= > 17120 (A K), MP(K)= > " 'Pf (A1 K).

HEAN' HEAN'

Note that A, — 1 > 0 for u € A', so R,g(K), M,Q(K) are power series in Z[[t]] with
nonnegative coefficients. The following lemma follows from the definitions and (8).

Lemma 1
0 < RY(K) < MY (K). ©9)

Moreover,
(1) R?(K):Oifandonlyifztg (Au; K) =0forall p e A';
(ii) R,g(K) = Mtg(K) if and only ithg (Au; K) = Ptg (Au; K) forall p € A'.

Remark 2 A priori the definitions Z,g (K) and Rtg (K) depends on the choice of the
total ordering when such total ordering is not unique, since the index set J = {A €
A | A < u} depends on the total ordering. By (11) below, R,g (K) does not depend on
the choice. R,g (K) can be defined for more general equivariant Morse stratification,
which contains a unique open stratum.
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Define the G-equivariant Morse series of the stratification (3) as follows.

Definition 3 (Morse series) We define the G-equivariant Morse series of the
G-equivariant stratification (3) relative to the coefficient field K to be

ME(K) =" " PF (Au1 K) = PY (Asss K) + tMF (K). (10)
HEN
From (7) and (9), we obtain the following.

Lemma 4 (Morse inequalities)
PI(A: K)+ (1 +DRY(K) = MY (K) = PI(Ag: K) +tME(K)  (11)
where

0<RY(K) < MI(K) = 7' P (A K).
HeN

Therefore,

PO K) = > " PI (Au K) < PY (A K) < PE(AIK)
nen’
+ > M PO (A K).

nen’

Remark 5 When ¥ is orientable, Atiyah and Bott proved that o is injective for all k
and for all © € A" when K = Q or K = Z, (p any prime) [1]. So when K = Q or

K =7, (p any prime), RY (K) =0, and

PE(AK) = > 1P (A K) = PF (A K).
nen’

2.3 Perfect stratification and antiperfect stratification

In Remark 5, the stratification is said to be equivariantly K -perfect. Motivated by
the definition of K -perfect stratification in [1] and the extremal cases of the Morse
inequalities (Lemma 4), we introduce the following definitions. Let o* and oz’g be as
in Diagram (5).

Definition 6 (perfect stratification and antiperfect stratification) We say the
G-equivariant stratification (3) is equivariantly K -perfect if

ok - Hé (Ay, A;; K) — Hé (Ay; K)

is injective for all k and all u € A’; we say (3) is equivariantly K -antiperfect if a* = 0
forall k and all u € A’.
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Remark 7 By Lemmas 10 and 11 below, the definitions in Definition 6 do not depend
on the choice of total ordering.

Definition 8 (locally perfect stratification and locally antiperfect stratification) We
say the G-equivariant stratification (3) is locally equivariantly K -perfect if

o+ HG(Nu, (Nu)g: K) = HG(Ny: K)

is injective for all k and all u € A’; we say (3) is locally equivariantly K-antiperfect
if ¥ = 0 forall k and all & € A’

Remark 9 Since Ker(ax) C Ker(ag), it is immediate from Definition 6 and Defini-
tion 8 that

(3) is locally equivariantly K-perfect = (3) is equivariantly K-perfect.
(3) isequivariantly K-antiperfect = (3) is locally equivariantly K-antiperfect.

From Definition 6 and the discussion in Sect. 2.2, we have the following equivalent
conditions of equivariant perfection and antiperfection.

Lemma 10 (reformulation of equivariant perfection) The following conditions are
equivalent:

P1. (3) is an equivariantly K -perfect stratification.
P2. Forany € N, the long exact sequence

o Hy " (A K) — HE Ay K) — HE (A1 K)

— Hy T (A K) - (12)

breaks into short exact sequences

k—A
0— Hg " (Au; K) — HE (As; K) — HE (Ar; K) — 0.
P3. Ztg (Au§ K) =0forallue A
P4. RY(K)=0.
PS. PI(AK) = PO(A K) + 3 0P (A K).
HEN'

Lemma 11 (reformulation of equivariant antiperfection) The following conditions are
equivalent:

Al. (3)is an equivariantly K -antiperfect stratification.
A2. Foranyu € A, the long exact sequence (12) breaks into short exact sequences
0 k . k . k+1_)‘# . 0
— Hg (Ay; K) — Hg (Ar; K) — Hg (Au: K) — 0.

A3. 79 (Au; K) = PY (A K) forall p e A
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A4. RY(K)= MY (K).
A5. PI(Ay; K) = PEAK)+ X ' PY (AL K)
. t 58 = Iy 5 t s .
HEN’
When X is orientable, and K = Q or K = Z, (p any prime), Atiyah and
Bott showed that eg (N, in the commutative diagram (5) is not a zero divisor’ in

Hé (.A,L; K ) Thus, af is injective. We may reformulate this result as follows.

Theorem 12 (Atiyah-Bott) Let A be the space of connections on a principal U (n)-
bundle or SU (n)-bundle over a Riemann surface. Let K = Q or K = Z, (p any
prime). Then, the stratification (3) is locally equivariantly K -perfect; therefore, it is
equivariantly K -perfect.

2.4 Yang-Mills theory on a closed nonorientable surface

Let X be a connected, closeq, nonorientable surface. Let P be the pull back of P to
the orientable double cover ¥ — X. Recall that a stratum .4, C A corresponds to

reduction in the structure group of P — ¥ (instead of P — £)toa subgroup
Umny) x---xUmy) CcU(n)
or
WUmy) x---xUm))yNSUMm) C SU(n)

where nj + - - - +n, = n. We say u contains a rank 1 factor if n; = 1 for some j. In
particular, when n = 2 or 3, every . € A’ contains a rank 1 factor (see Sect. 3).
In Sect. 3, we prove the following:

Theorem 13 (vanishing of equivariant Euler class) Let A be the space of connections
on a principal U (n)-bundle or SU (n)-bundle (n > 1) over a connected, closed, non-
orientable surface . When x (X) = 0, so that X is homeomorphic to the Klein bottle,
we assume in addition that n < 3. We use rational coefficient Q.

() IfE =RP*theneg (N,) =0forall e A
(i) If X is not homeomorphic to RIP? then eg (N M) = 0 if u contains a rank 1

factor.

Therefore, tx]e‘ = 0 for all k in the above two cases.

Corollary 14 Let A be the space of connections on a principal U (n)-bundle or
SU (n)-bundle (n > 1) over a connected, closed, nonorientable surface %. Then, the
Morse stratification (3) is locally equivariant Q-antiperfect in the following cases:

3 : : visor i 0. 0 :
Indeed, it suffices to show that egg (N/‘lBg) is not a zero divisor in Hgg (BM, K), where BM C Ay is

the subset of holomorphic structures compatible with a C° direct sum decomposition of E, and 92 cg
is the subgroup preserving the decomposition. See [1, p. 567-569] for details.
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(i) ¥ = RP?, n any positive integer greater than 1;
(i) X is not homeomorphic to RP?, n =2 or 3.

Although local equivariant antiperfection does not imply equivariant antiperfec-
tion, it is natural to ask whether equivariant Q-antiperfection holds in the cases listed
in Corollary 14.

Notation 15 Given a principal bundle P over a connected, closed, orientable or non-
orientable surface, let A(P) denote the space of connections on P, and let Ny(P)
denote the space of flat connections on P. Let G(P) = Aut(P) and Gy(P) be the
gauge group and the based gauge group, respectively.

Let X be a closed, connected, nonorientable surface, so that it is the connected
sum of m > 0 copies of RP?. Then, the topological type of a principal U (n)-bundle
P — X is classified by ¢ (P) € H*(Z;Z) = Z/27. Let P§’+ and Py~ denote
the trivial (c; = 0 mod 2) and nontrivial (¢; = 1 mod 2) principal U (n)-bundles
over X, respectively, and let QY. be a principal SU (n)-bundle over X (which must be
topologically trivial).

We have

Hom(1 (%), U(n)) = Hom( (2), U(n))+1 U Hom(m (%), U(n)) -1,
where
Hom(1 (), Um)=1 = N (P ) / Go (P5*)-
We also have
Hom(m| (%), SU(n)) = Ny (0%) /Go (0%) -
When m > 1,Hom(m(X), U(n))+1 and Hom(m(X), U(n))_1 are the two con-

nected components of Hom (1 (%), U(n)), and Hom (1 (%), SU(n)) is connected.
Whenm =1,

Hom (m (RIP’Z) , U(n))il - {a e Un) | d® = I, det(a) = :l:l].

Hom (7 (RIP’Z) ,U())4+1 = Hom(my (RPz) , SU (n)) is disconnected for n > 2, and
Hom (g (RIP’Z) , U(n))_1 is disconnected for n > 3.
We derive the following result in Sect. 4.2.

Theorem 16 (equivariant Poincaré series, rank 2 case) Let ¥ be a connected, closed,
nonorientable surface, and let g be the genus of the orientable double cover ¥ of .

Then, the stratifications (3) on A (Pé’Jr) ,A (P)%’*), and A (Q%;) are equivariantly
Q-antiperfect if and only if the following (13), (14), and (15) hold, respectively:
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U(Z) . . (1 + l)g 3 g o o
PP (Hom(ry (%), U@) 1y Q) = A0 ((1 +7)" 4 +r)g)
(13)
1 g § - _
PY® (Hom(ri (%), U@) )65 Q) = (I _(t2)+(ll)_ ) ((1 +0) ’)g)
(14)
(1 +t3)g 181+ 108
- , giseven,
PY® (Hom(x (%), SU2)); Q) = ! (15)
(l—kt3)g + 8121 4+1)8
- , gisodd.

The formulas in Theorem 16 have been proved by T. Baird [3]:
Theorem 17 (Baird) (13), (14), and (15) hold for any g > 0.

From Theorem 16 and Theorem 17, we conclude that

Corollary 18 Let A be the space of connections on a principal U (2)-bundle or SU (2)-
bundle over a connected, closed, nonorientable surface. Then, the Morse stratification
(3) on A is equivariantly Q-antiperfect.

We derive the following result in Sect. 4.3.

Theorem 19 (equivariant Poincaré series, rank 3 case) Let X be a connected, closed,
nonorientable surface, and let g be the genus of the orientable double cover ¥ of .

Then, the stratifications (3) on A (Pé’i) and A (Q;) are equivariantly Q-antiperfect
if and only if the following (16) and (17) hold, respectively.

PY® (Hom(r (), UB)11: Q) = PP (Hom(ry (2), UG3))_1; Q)
_ (1+l‘)g 3 g 5 g
T =) (=) (1= ((”’) (1+7)
+38(1 4% (1 +24 14)) (16)

(1 + t3)g (1 + z5)§ + 1381 +1)28 (1 124 z4)

(1= (1)

PSY) (Hom(r (), SUG)): Q) =

7)

Motivated by Theorem 13 and 19, we make the following conjecture.
Conjecture 20 (16) and (17) hold for any g > 0.

During the revision of this paper, T. Baird showed that the stratifications (3) on
A(P§’+) and A(Pg’_) are equivariantly Q-antiperfect for n = 3, but not equivariant-
ly Q-antiperfect for n > 4 [5]. Therefore, (16) holds for any g > 0. Using a different
approach, Baird verified our conjectural rank 3 formulas (16) and (17) when X is the
real projective plane (g = 0) or the Klein bottle (g = 1) [4].



Antiperfect morse stratification 515

3 Equivariant euler class

Let X be a connected, closed, nonorientable surface, so that it is the connected sum

of m > 0 copies of ]RIP’Z, and let 7 : ¥ — X be the orientable double cover, so
that ¥ is a Riemann surface of genus § = m — 1. Let Py and Py~ be defined

as in Sect. 2.3, and let Pg’k denote the degree k principal U (n)-bundle on . Then,
J'[*Pg’i = g’o > U(n) x ¥ is a trivial U (n)-bundle over .

Let A(P), No(P), G(P), and Gy(P) be defined as in Notation 15. There is an
inclusion A(P;’i) > .A(P;’:’O) defined by A > 7*A, and the image is the fixed

locus of an antisymplectic, antiholomorphic involution 7+ on A(Pg’o). The Yang-
Mills functional on A(Pg’i) is, by definition, restriction of the Yang-Mills functional

on .A(Pg’o) to .A(P;’:’O)fi. The Yang-Mills functional on .A(P;’:‘O) and the metric on

A(Pg’o) are invariant under the involutions 7+, t—. The Morse strata of .A(Pg’i)

are of the form A, = A, N A(Pg’o)fi, where A, is a Morse stratum of A(Pg’o).

The Yang-Mills functional is invariant under the action of the gauge group, and each
Morse stratum is preserved by the action of the gauge group. Since the arguments for
A(P{ ™) and A(Pg™) are the same, we will use the notation A instead of .A(P;’i)
when there is no confusion.

3.1 Harder-Narasimhan types

The Morse strata on .A(Pg’k) are labeled by the Harder-Narasimhan types p € I, &,
where

kl k] km km

ik = Q= (1o ) = | ey ey =y ey

ni ni Ny Nm

ny Nm
m m ki k,,
nj€Z>0,kjeZ,Enjzn,gkak,—>~-~>—
— = ni N
]_ =

The Morse stratification on 4 (P)f’:‘k) is given by

AP = U A

WEIn k

The unique open stratum is

A (Pg")” - A

==
=~



516 N.-K. Ho, C.-C. M. Liu

The partial ordering on I, x is described by Shatz [20]:

v it > = v, Yi=1.n-1

j=i j=i
The involution 7 acts on strata by A, +> Aq(.), Where
TO:In,()_> II‘l,Ov 1y ey ) = (—fpy ooy — ).

Using the same notation as in [11, Sect. 7.1], denote [, = I,ff’o the fixed point set of
79 on I, 0. Then, any p € I, is of the form

N ki kr ko ok kr ky k
=y e w e Y T T T T
no
ny ny ny ny
(18)

where

ki k,

—>..>—>0, ng>0, n; >0, 2(n1+---+n,)+ng=n,

ni n,
Define

I,? ={uw e I, | u; = 0 for some i}.
For u € 19, A, intersects both A(Pg’o)r+ and .A(Pg’o)f_. Note that /, = I° when
n is odd.
When n = 2’ is even, any w € I, \ IV is of the form
w=Qw, W), velyr vi>...>vy >0 (19)
By[11,Sect. 7.1], A, intersectA(P}f':’O)er (resp. A(P;’:’O)f’) ifand only if n’x (£)+k
is even (resp. odd). Here, x (X) is the Euler characteristic of the nonorientable surface

%; if X is the connected sum of m copies of R]P’z, then x(X) =2 — m.
When n = 2n’ is even, we define

1EE) = {0,700 € L\ I [ v € Ly, (D)1 =41,

When 7 is odd, we define If(E) to be empty sets. Then,

AP = U A

HEIULY ()
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By the discussion in [13, Sect. 3.3], there is an inclusion ¢ : A(Q%,) < .A(Pg"L),
and the Morse stratification on A(Q%,) is given by

Aley)= U 4,

nelPULT (T)

where A}, = A, NA (0%). Let
G = Aut (0%) =Map(Z, SU(n)), G = Aut (P§’+) = Map(Z, U (n)),

and let N, (resp. N;L) be the normal bundle of A4, (resp. .A;L) in A(P;”L) (resp.
A(Q%)). Then, there are continuous maps

tn ‘m

(A/u)hg/ = (Au)yg = (Au)yg

and the vector bundle (N),)xg over (A},) ngy 18 the pullback of the vector bundle

(Nu)hg over (Aﬂ)hg under g, o 1. So if eg (Ny) = 0 then egr (N/,) = 0. There-
fore, to prove the vanishing of the equivariant Euler class (Theorem 13), it suffices to
consider the U (n) case.

3.2 Decomposition of the normal bundle

Let £ = Pg K x » C" be the complex vector bundle associated with the fundamental
representation p : U(n) - GL(n,C). Then, E — ¥ is a rank n, degree k complex
vector bundle equipped with a Hermitian metric 4, and .A(Pg’k ) can be identified with
A(E, h), the space of Hermitian connections on (E, &) (i.e. connections on E that are
compatible with the Hermitian metric /). Let C(E) denote the space of holomorphic
structures on E. Then, there is an isomorphism A(Pg’k) =l C(E) of complex affine
spaces, given by V > V0! (see e.g. [1, p. 570] or [16, Chap. VII § 1]). Let £ denote
E equipped with a (0,1)-connection (holomorphic structure), so that £ can be viewed
as a point in C(E) and thus a point in .A(Pg’k).
Let u € I? U IF(X) be as in (18), so that A, is a stratum of .A(P;’i), and

A=A, NA (Pgo)ri

where flu is the corresponding stratum of A(Pg’o) labeled by the same Harder-
Narasimhan type p. Let V), be the critical set of A, and leti : N}, < A, be
the inclusion map. There is a gauge equivariant deformation retraction r : A, — N,
(cf: [6,18]), so eg (N,,) = 0 if and only if eg (i*N,) = 0. We have the following
equivalences of equivariant pairs:
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(ool - (o)
() s ()T () 0 (5)

j=l1

When p € I,? so that ng > 0, the parity of Pgo’i can either agree or disagree with
that of PR
A point in \V,, corresponds to a holomorphic vector bundle £ of the form

E=D1®---®D, @Dy @1 (Dy)D...d1(D1)

where D; is a degree k;, rank n; polystable vector bundle, Dy is a degree 0, rank ng
polystable vector bundle, 7¢ (D;) = I*D/Y and (Do) = Do (see [13, Sect. 3] for
more details).

Let N, be the normal bundle of A, in A ( Pz 0) Then, the fiber of N, at £ is

(N“)g = H' (£, End"(©))

= @ H! (Z Hom (D;, D; )EB @ (Z Hom (z¢ (D) , 7 (D))

O<i<j O<i<j

o) @ H' (i}, Hom (D;, ¢ (D])))
0<i,j

o@H' (z Hom(D;, DO)) ePH' (z Hom (Do, ‘L'c(D,'))).
i>0 i>0

As explained in [13, Sect. 4.1], T induces conjugate linear maps of complex vector
spaces:

H' (f),Hom (D,-,Dj)) — H! (E Hom (t¢ (D;) , wc(D; ))), and its inverse,
H' (£, Hom (D, 7¢ (D;)) — H' (£, Hom (D}, we(D)),
H](i, Hom(D;, Dy)) — Hl(fl, Hom(Dy, t¢(D;))), and its inverse.
+
Let N, be the normal bundle of A, in A ( PY jE) =A (Pg’o)r . Then, the fiber
of N, at & is
(Nu)g = H' (2 End”(&’))r

= @ #'($.Hom (D, D)) & @ H' (£, Hom (Di, ¢ (D))))

0<i<j O<i<j

& @ H' (£, Hom (D;, D)) & @) ' (£, Hom (D, 7 (D)) 20)

j>0 j>0



Antiperfect morse stratification 519

Therefore, i*N,, = NS @ Nﬂf, where

(Njf)g - @ H (f),Hom (D,-,D,-))@ P H' (i,Hom(Di,rc (:D,-))

O<i<j O<i<j
@@Hl (fJ,Hom (’Dj,'D())),
>0
(N]}f)s = jG?OHl (f), Hom (Dj, Tc (Dj)))T .

Note that NS is a complex vector bundle over V;, and N}f is a real vector bundle over
N,.. We have

eg (i"N,,) = eg (NE) Ueg (Nﬂj). 1)
Let
Ay = rankgpN,, AE = rank@NC, AE = rankRNﬂj.
Then,

A =205 + A
Lemma 21 Let K = Qor K = Z, (p any prime). Then, eg (NS) is not a zero divisor
in Hé Ny K).
Proof Let U(1); be the center of U (n ), the group of constant gauge transformation
on P Let T = U(1)y x---x U(1),. Then, T" C g( pro- i) T g( g"”‘f)
acts trivially on Ny ( P i) H | Nos ( njokj ) and the weights of the 7" -action
on NS are given by

H! (2 Hom (D;, D; )) i<,
z‘jt._l on H! (E Hom(D;, ¢ (DJ)), i <j,
H

1(2 Hom D],Do) j>0.

where (11, ...,t) € T" (cf: [1, p. 569]). So the representation of 7" on the fiber ofNE
is primitive. By [1, Proposition 13.4]), eg (NE) is not a zero divisor in Hj (N5 K).
O

By (21) and Lemma 21, eg(i*N,) = 0 if and only if eg (NE) = 0. To study

NIE, we reduce it to bundles over representation varieties, which we recall in the next
subsection.
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3.3 Representation varieties for Yang-Mills connections

Let Eg be the closed, compact, connected, orientable surface with £ > 0 handles. Let
Zf be the connected sum of Eé and RIF’z, and let Zf be the connected sum of Z(‘;
and a Klein bottle. Any connected, closed, nonorientable surface is of the form Ef,
where ¢ is a nonnegative integer and i = 1, 2. Note that Ef is the connected sum
of (2¢ + i)-copies of RP? and that the orientable double cover of Ef is Eg , Where
g=20+i—1.

A Yang-Mills G-connection on X gives rise to a homomorphism I'g(X) — G

where I'r (X) is the super central extension introduced in [11, Sect. 4.6]. Given V =
(ai, by, ...,ae, by) € G2, define

m(V) = [[lai, bil, (V) = (e, ar, ... b1, ).

In [11], the authors introduced the following symmetric representation varieties of
Yang-Mills connections on the orientable double cover Ze Zg

,,,,,

ZoUm)e 1« = (v, e, V', =21~ 1,,) |V, V eUm, ¢, eUMm),
m(V) = e_”«/jlk/"]ncc/’ m (V/) — enﬁk/nlnclc} ’

ZymU )k

.....

k
P = (V, d,e,V',d, c, —2\/—171—1”) |V, V' e Un)?,
n n
d,e,d,c e Um),m(V)=e ™y cq'c=1q,
m (V/) _ en\/jlk/nlnc/d (C/)*l d/} )

We also have the following representation variety of Yang-Mills connections on Eg :

X$m U m) k_[(v —2v/—1r = 1)|v€U(n)2é, m(V) = e 2V,

~ n,k n.k
= () foo (i)

Note that X9y (U (1)) x
apointifd € Z.
Th ot i . 7L 2£+z 1,0 .
e surjective maps @' : Zoy (U(n) ke &« — Xy (U(I’l))k ..k are given

,,,,,

by k
b1 (V, e, v, ¢, —2\/—17:71,,) - (V, ct (V) e™ ,—2«/—1;171,1)
n

.....
......

k
q:“(v doe, V', d c, —2v=In~ 1,,) (v d_lct(V/)c_ld,d_l,cc/,—2«/—17t71n)
n
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In particular, when n = 1, k € Z, we have

zELwayy = {(V e,V (=Dke™1 —2\/—171k) [V,VeUD, ce U(l)}
ZS Uy = [(V, d.e, V', (=Dka=' ¢, —2/=1xk) | V.V eUD)?**, d,c,c € U(l)}

30wy = {(v —2«/—17rk) |V e U(1)2§} =y,
Themaps q)ﬁ,i . Z%IZ\/[(U(l))k U(1)4E+2l I _ X2€+l 10(U(1))k ~ U(1)4g+2i_2
i =1, 2, are given by

O (Voo VI (=1 —2v/=Tmk) = (V.e (V) ~2v/=Tk)
®2(Vod,ce, V', (~Dha7 ¢ =2V =Tmk) = (Voe (V). a7l e, ~2V/= k)

3.4 Vanishing of equivariant Euler class

Let Vy, k;, — Nis ( nioki ) be the real vector bundle whose fiber over D; €
Nis (P"/ ) is H! (Z Hom (D/, TCc (D ))) . Then, V,,j,kj is a §j-equivariant real
vector bundle of rank 2n jk; + n?(g —1),whereG; =G (Pg’"kj) and g is the genus

of .
Forj=1,...,r,let

pj+ N (PEF) HNM(P 4y — NG (P

be the natural projection. Under the isomorphism of equivariant pairs

r

(Ve (P27)) = (s () grg ) o TT (45 (757) - 90)

j=1

the G-equivariant vector bundle N ; R over V,, is isomorphic to the H;'=1 G j-equivariant

vector bundle @j lp]V,,j k; over ]_[] 1/\/“ ( - k'). In other words, there is a
homeomorphism of the total spaces of vector bundles

hG " WG
R)" ~ *
(N“) =D PV i,
j=1
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which covers the homeomorphism of the bases

ng, £

ng(p r e NKG;
NI = N (P () [T (PE) ™
So

,
g (Nﬂf) = H eg; (Vi k)
=1

. . .’k.
The §j-equivariant vector bundle Vi, i, — 55 (Pg’ J) descends to a

U (nj)-equivariant vector bundle V;,; 1, over X 5’18[ (U (nj))x; & .and eg; (V)
e
descends to ey () (Vi k;)-

In the remainder of this subsection, we use rational coefficient Q.

Lemma 22 Whenn = 1,k > 0, the U (1)-action on Vi j is trivial, and
eyy(Vip) =e(Vig) =0

Proof The U (1)-action is similar to that in Lemma 21.

We first review some discussion in [13, Sect. 6.2]. Given ¢ € U(1), let ¢ = ¢~
denote the complex conjugate. Given V = (ay, by, ..., a¢, by) € UMD and V' =
(aq,b/], S ap, bz), let

1

V=(@by,....a0 b)), VV' = (aiay,bib, ..., awa,, beby).
The map £ +— Hom(L, 1¢(£)) = LY ® t*LV, where L is a degree k > 0 holomor-

phic line bundle over 3, induces a map ¢z : Z%&(U(l))k — fo’li,l(U(l))_Z;< given
by

(v, e, V' (=1, —N—Tnk)
. (VV’, (DK, V'V, (=12, 4«/—_1nk) L i=1,
(V, d.c, V', (=Dkd, ¢, —2J—_1nk)
> (Vv/, (=@ & V'V, (—1)kd2,5’c,4\/—_lnk), i=2.

It descends to a map ¢y : X%ﬁiil‘o(U(l))k — X%ZJF]’O(U(I))_ZIC given by

(Vl, Vs, —2«/—_1k) > (c(vz)Vl,t(Vl)Vz,w—_lnk), i=1

(Vl, Va.d, c, —2«/—1k) > (t(Vz)Vl,t(Vl)Vz, (=D, 1,4«/—17rk), P=2.
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The map M — t*M, where M is a degree —2k holomorphic line bundle over ¥,
induces an involution 7z : ZYM(U(l)) % —> ZYM(U(I)) 2k given by

(v, e V.G 4«/—lnk) > (\7/,(:, \7,6,4«/—1nk), i=1,

(V, dc V', d, c',4«/—1nk) > (V’,d, & V.d,é 4\/—1nk), i=2.
It descends to an involution Ty : XMJ” YUy g — XMJ” L0 (1)) o given
by

(Vl, V2,4\/—17rk) > (‘c(‘_/z),t(\?l),4«/—l7'rk), i=1

(vl, Va.d,c, 4«/—lnk) > (t(\_/z),t(\_/l),d,é, 4«/—1nk), i=2.
We have
Im ¢z =25 (U)%, = U)X, Imgy=X241""0wan™, = um+i-,

Let Uy — Zyi(U(1))_o and Fx — X33 "0(U(1))_a be the vector bun-

dles whose fiber over M is H'(Z, M). Then, the involution 7 (resp. 7x) lifts to an
involution on Uy (resp. Fy):

WU = Fopm = H' (5, M) —> U og = (F)eqg = H' (£, 7M).

The fixed locus kaz (resp. F fX) is a real vector bundle over Z%&(U (1))fZ (resp.

ZHZ L 0(U(l)) o) Let W — ZYM(U(I))k be the vector bundle whose fiber over
E is H (=, Hom(ﬁ, ¢ (L))", Then,

PyUZ = Wi, $3FF =Vir,
rankp V) x = rankRkaX =rankcFy =2k + 20 +1i — 2.

The U (1)-action on Hom (L, T (L)) is given by ¢ - +~1, and thus the weights of the
U(1)-actionon (Vi i)z = H'(Z, Hom(L, t¢(£)))T are also given by 7 - t~!, which
is trivial. So ey (1) (Vi) = e(V1 1)

We have

rankp F¥ =2k +204+i —2 > 204i — 1 = dimg X2 0wy,

since k > 0. So e (kax) = 0. Therefore,

e(Vix) = phe(FX) =0.
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Proof of Theorem 13 Part (ii) follows from Lemma 22. For part (i), recall that
X%&(U(n))& ¢ is empty unless % € Z and X%‘&(U(n))d,... .4 consists of a point if

,,,,, n

d € Z. We need to prove that for any positive integers n, d > 0,

evmVna) € Higny (X34 U 00)a....a: Q)

.....

T = U(1)" C U(n) induces an injective ring homomorphism
B Hy iy Yna: Q) = Qluy, ..., un] — Hf(Ypa: Q) = Qluy, ..., uy).

So it suffices to show that er (V;, . 4) = B (eU(,,)(V,,,nd)) is zero. We have

T

n n
Vyna = H' [ P!, Hom @Eh @TC (£)
=1 j=1

=@PH (P‘,E,Y ® 1 (ﬁj)) @éH‘ (P‘,EY ®TC(£i))T

i<j i=1

where £; = Opi(d) fori = 1,...,n and 1¢ (Lj) = Opi(—=d) forj =1,...,n.
The weights of T-action on H' (P!, £} ® t¢ (L;)) is t;t
U)"=T.Let

1, where (t(,...,1;) €

n
ve=@u' (Pl 0w (). Va=@u' (B @) .
i<j i=1
Then,

Vn,nd =Vc® VR

where V¢ is a complex vector space, Vg is areal vector space on which 7 -acts trivially,
and

dimg V. pa=n*>Q2d — 1), dimc Vo=

—1
%(m — 1), dimg Vg = n(2d — 1).

We have

et (Vina) = er (Vo)er (Vr),
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where

er(Vo) =+ [ [ —up)*™", er(ve) =0,

i<j

since rankg Vg = dimg Vg > 0 = dimp Y, 4. Therefore, er (V,, na) = 0. O

4 Equivariant Poincaré series

By P5 of Lemma 10, the stratification is equivariantly Q-perfect if and only if

PO A Q) = PIAQ) = Dt PI(A; Q) (22)

e

By A5 of Lemma 11, the stratification is equivariantly Q-antiperfect if and only if

PiUi Q) = PAAQ + D 7 PI (A Q). (23)

nen’

4.1 Representation varieties for flat connections
A flat G-connection on X gives rise to a homomorphism 1(X) — G. Recall that

L
7 (2f) = (A1 Bi, . Ac, B C 1 T4, Bil = €2,
i=1
I4
- (Ef) = (A1, Bi..... A¢. B, D.C | [[[A:. Bl = CDC™' D).
i=l1

Representation varieties of flat U (n)-connections and SU (n)-connections on Ef
and Ef are given by

X W) ={(v.e) |V eum* ce um, my) =

X Wmar = {(v,0) € Xl ) | dete = +1]
XU = {(v.e) |V e SUm™, ¢ € SUm, m(V) = 2}
Xﬁﬁ(U(n) = {(V,d,c) |VeUmn?* dceUm),m(V)= cdc_ld}

XU )z = {(V d.c) e XL Um) | detd = :l:l}

X42(SU(n)) = {(V, d,c) |V eSUm*, d,c e SU@n),m(V) = cdc*ld}
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Fori =1,2,

Hom (m (Ef), U(n))il = Xﬁ’;t(U(n))i],

Hom (m (zf), SU(n)) = XEL(SU®™)).

4.2 Rank 2 case

p2t

Proof of Theorem 16 There are two possible principal U (2)-bundles VA

2. —
P_, over
Ei

the nonorientable surface Ef. In notation in Sect. 3.1,

=
I (zf) =1 (25) —{(Qr—1,1=2r) | r €Z.g),
(z

I f) =I5 (25) — (@2r, —2r) | r € Zo).

Sowhen A= A (P3*), A = I(%).
Let g = 2¢ + i — 1 be the genus of the oriented double cover of Ef. From [11,

Example 7.5], The codimension of each stratum is
dr,fr = 2r+§ -1,
and the equivariant Poincaré series for stratum u = (r, —r) is
2 ] 1 g0
Pf (A (=) @) = P/ (X W, @) = P (x§hwan,; Q)

(14 1)

= PtUa)(U(])zg) = 1—1¢2

By [12, Theorem 2.5],

oo

(I+08(1+£

(=) ()

PY(A; Q) = P,(BG: Q) =

We have

g g+2
Z ldr’fr_l = ! s Z l‘dr'fr_l = —t .
1 -4 1 -4

rodd reven
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Therefore, (23) is equivalent to the following identities

PYO (X W@ C1ys Q) = PBGQ + > 1 pf (A (Ei{)w ; Q)

r even

1 g g . .

pY® (xf;;;(U<2)><,])f+.; @) = P(BG:Q) + »_ 1= pf (A (Ef), L Q)

rodd

1 g g _ _
- % ((1+t3)g+tg(1+t)g).

We now consider the principal SU (2)-bundles Qé{ = Ef x SU(2) over the non-

orientable surface Ef together with the gauge group G’ = Aut (sz g) action. The set

i

of Harder-Narasimhan types is 120 u 12+ (Ef), SO
AN ={(r,—r) |r € Zog, r =i (mod?2)}.

The codimension of A] _, in A(Qé@) is the same as the codimension of A, _, in

i

A (Pé’[’), whichisd, _, =2r +3 — 1.

We now derive the reduction formula for each stratum yu = (r, —r),r > 0. The
corresponding representation varieties are
X5 (SU@)), = {(V, ¢, X) € SUR* ™ x CuplV e (SUQ)x),
Ad(©O)X = =X, m(V) = exp(X)cz},
XGHSU@), = {(Vod. e, X) € SUQP 2 x Cupal (V. d) € (SU@ X,

Ad(©)(X) = —X, m(V) = exp(X)cdc_ld}.

where C,,/; is the orbit of X, /2 = —m+/—1diag(r, —r) € su(2) under the Adjoint
action of SU (2) on su(2). Let
(0 1
e=_; o)

Then, Ad(e)(X,) = —X,. Note that

SUQ)x, = {diag(u, wYlue U(l)} =U(), exp(X,/2) = (=1)I.
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Forp e A= {(r,—r) | r > 0,r =i (mod 2) }, define V4 (SU(2)), as follows:

velsuQ), = {(V, 0) e SUQM MV e (SUQx, )™,

Ad(O)Xy = —Xp, ¢ = —12} ,
c=ce

= {(V, )1V e (SU@x,)" ¢ e SU(Z)XM} =~ (12!
VeA(SUQ@), = {(v, d,c) e SUQX 2 | (vV,d) e (SUQ)x,)
Ad©(X,) = =X, ede™'d = I}

€
[(v.d.e) 1V e(sU@x,) d.c e U@, | =um*
Let SU(2)x, acton V& (SU(2)),, by

Then, the following equivariant pairs are equivalent

u- (V, c’) = (uVu_l,e_luec/u_l) = (V, u_zc’) . u- (V, d, )= (V, d, u_zc’)

(X@&(SU(Z)),L, SU(Z)) = (vﬂv"(SU(z)),L, SU(2)XM) ~ (U(l)”“, U(l)).

PY (A _,: Q)

Thus, the G’-equivariant Poincaré series for stratum A/ _ . is
— pSU®

t

(Xea(SU@NL—: Q) = P (U Q) = a1+,
where g = 2¢ 4+ i — 1. By [12, Theorem 2.5],

: 1+3)%
e (A(0%):Q) = P (BG: Q) = (1—)
Therefore, (23) is equivalent to the following identities

SU(2) £,1
Pl (Xﬂat

— 4

(SU@): Q) = P, (BG: Q) + X 4=~ (1 + 1)f

rodd
(1+83) +13(1+1)8

1—r*
PO (X2sU@): Q) = A (BG5Q) + 3 h 1+

reven

(1 +t3)§ +18t2(1 4 1)8
- 1—r* '
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4.3 Rank 3 case

Proof of Theorem 19 There are two possible principal U (3)-bundles P_, 3. P2

s 0 Pyt . over

the nonorientable surface Ef. In the notation of Sect. 3.1,
I =15 ={(0,0,0} U{(r,0, —r) | r € Z=0)

Sowhen A= A (P3*) . A = {(,0, =) | r € Zoo).

Let g = 2¢ + i — 1 be the genus of the oriented double cover of Ef. From [11,
Example 7.6], the codimension of each stratum is

dro.—r =4r +3(g - 1),
and the equivariant Poincaré series for stratum p = (r, 0, —r) is
Py (A (=), @) =P/ (XG0, Q) =PV (U)%; Q)
_ (a+n¥*
(1-)"

By [12, Theorem 2.5],

oo

(1+05)
) (=)

(1408 (1417
4

(1=2) (1~

Therefore, (23) is equivalent to the following identity

PY(A; Q) = Pi(BG; Q) =

PYO (XU 3)41:Q) = Pi(BG Q) + D 1o pf (A (=), @)
r>0 o

(1+1)¢ 3\é $\&
= (1—;2)(1j—Lt4)(1—t6) ((1+t) (1+t)

+138(1 +1)%8 (1 +12 4+ t4)) .

We now consider the principal SU (3)-bundles Q;l =~ %! x SU(3) over the non-

orientable surface Ef together with the gauge group G’ = Aut (Q32 f) action. The set
of Harder-Narasimhan types is 1 9 so A" = {(r,0, —r) | r € Z-¢)}. The codimension
of A;’,O,—r in A (Q;Z is the same as the codimension of A, o, _, in .A(P ) which

1

isdyo_r =4r +3( — 1).
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We now derive the reduction formula for each stratum pu = (r, 0, —r). The corre-
sponding representation varieties are

Xym(SUB)ro.—r = {(V, ¢, X) € SUB ™ x CuplV e (SUBX)Y,
Ad(c)X =—-X, m(V) = exp(X)cz},
XS5 (UG- = {(V, d,c,X) € SUB)? 2 x Cupal (V,d) € (SUB)x)* T,

Ad(c)(X) = =X, m(V) = exp(X)cdc*‘d}.

where C,, is the orbit of X, /2 = —m+/—1diag(r, 0, —r) € su(3) under the Adjoint
action of SU(3) on su(3). Let

01
1 0] eSU@A).
00

Then, Ad(e)X, = —X,. Note that
SUB)x, = {diag(u1, uz, uz) | uy, uz, u3 € U(1), ujuauz =1} = U(1) x U(1),
exp(X,/2) = diag ((—l)r, 1, (—l)r).
Given u € A’ ={(r,0, —r) | r € Z~¢}, define V“(SU(?)))M as follows:
VElsUG),
={(v.¢) e (sU@x,)* " ImV) = exp(x,/2) (ec')’
— {(V, ) e(SUB)x, ) | ¢ =diag (cl, (=1, (—1)r+‘c;1) cre U(l)}

VE2SUB) .

- {(V,d,c/) e (SUB)x,)

|m(V) = exp(X,./2)ec'd (ec’) " d}
={(v.d.) e (sUGIK,)* " . d = ding (1. (-1, (=174 ) . e D)

Let SU(3)x,, acton V4 (SU(3)), by

u- (V, c/) = (qufl,efluec/ufl) =(V, p(u)c’) . ou- (V, d, c’) =(V.d, ,o(u)c’)

where

P (diag (ul, us, ul_luz_l)) = diag (ul_zuz_l, 1, u%uz) € SU(3)XM,
p (SUB)x,) ZUD).
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Then, the following equivariant pairs are equivalent:

(XGSUG)L SUG)) = (VI (SUG,. SUGK, )

~ (U(1)2§+1, UQ) x U(l)) ~ (U(l)zg’, U(l))

where U (1) acts trivially on U (1)28.
Thus, the G'-equivariant Poincaré series for stratum Ar 0. 18

P (A Q) = PO (X SUG0-: @) = PP (x§w )i )

(1402
11—

By [12, Theorem 2.5],

(148)% (145)°

(1=4) (1 =19)

Therefore, (23) is equivalent to the following identity

Pzg, (A (QSEIz) ; Q) =P (Bg/§ Q) =

. 1 28
PtSU(3) ( ﬂat(SU(3)) Q) — Bg/ + zt4r+3(8*1)*1 ( 1ttt)2
r>0
I A () A et

(= (=) (=) (-
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