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ԫ nonempty open sets u.US

t.eu
ECUUV.cian v d ̺ IO
iii Enut4 En V Ӿ 4

uhthis case we say 3u v3 is a

separatingE or in v3 separateE.MEis not disconnected i.e  separation
then we

say
E is connected

Example 4 is connected

Sndetons are connected fnetn
set w

only one element
oil 獊3 is disconnected since Ex ֘
is a separation

is disconnected since Ex a Ca x is separation



Pnop 1 Supposed.v3 is a separation for E

and F CE is a connected subset of E

Then F CU or FCV

㷼 Suppose our_ F 4u and F

4V.FCEcuuv.uaV d

Fnutd Fnvt4
i Yu.v3 is a separation ofF.i.e.ESdisconnected Ъ



Pwp2 Suppose E Ù connected ECACĒ
Zhen A is connected Chnantiadan Ē Ù

connected
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EC uu V sma E CA
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n.itseparation for A
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DI An interval in 犥 is a set of the form
Cab Ca b a b a b

Pwp3 A subset E of R is connected if and

only if it is an internal

㷼 Assume E is connected

Suppose E Ù not an interval

ԫ x x xz.xi.xz.EE X Cf E

lexi x ex asԧ Ò a separation for Et

Assume E Ù an interval

Cmdden E a b

Bg Pmizsz if we can show E is connected
then so are Gb a b Cab



Suppose E ԫ GD has a separation 2u v3

fetx.EE nu.xz.EE
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Y E d an internal
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ly g G E nu then ԫ dzos.t G dy.sc Enu

x ytò CE nu contradicts the

deg.ogy.ggE En V then ԫ dzost.Cy d.ge De En V

a y 4 Enu Ъ



i E has no separation i.e.ES connected
Ӟԫ Ӟ

Theorem G Continuous functions map connected sets

to connected sets

ጱ Suppose A C ౮ ઊ connected f A mi
is continuous

Suppose f CA is disconnected it ԫ separation
un V for fat Then U_U Ӿ 4

f CA cu v V

unv 4

ii f CA nu Ӿ4 fCAnvtf.amA c f uvv ftu via ጱ
f u nfcv f unv 4 ग़ in

flu n A f unfeADtf.fm n A Ӿ 4 ጱ ii



flu IN an open nine f is continuous

i If us fan3 is a separation for An next

f CA is connected ډݗ

Coronary f fi E e ౮ R is continuous and

E is connected then f G is an interval

by Theorem6 and Pop 33

Corollary2 luteuedrate Value Theorem INT

M f E CR R no continuous and E 0

connected and A fssfgsfrmmex.ge E

then KC EGG fly ԫ ZEE at f Z e n

n R

my Gouayl Òfzg fi



Chap to_ metric Spaces
El lntrodnctim
Euclidean space mi

Item Structure f algebraic structure

are Topological structure luneinrm to

define open nets

Order structure

total order in a nasal order in RD_

Df A metric space o a net X w a him
p X x X
msn.gplx.DZ0and o it and only if x

y.cip x y f y x

iii A ex y E f Ca Z t f Gy Triangle inequality



and p Ò eaued the metric of the metric space

Examples ft CR I 1 is a metric space where the

metric 0 defined by p x y lx
gl.czlui un also defines a metric space ग़

p x y 11x

yu.lt11 can be replaced by Unni U.no.etc
Uxu ԫ lx.lt lxz.lt
1xul.cihx yll.to o x

y.isuxynzuy
xnluxyu.EU x zntnzyn.Grianguiuef.fr norm

more generally for any named vector space Guy
f G y h x y11 defines a metric on X

I Any wmed vector space is a metric space



4 C a.b

ll.udwlufu.hr
ufuo sup If I_

XE Cab

C aib f Cab me f is continuous3

plf.gj llf g.lk defines a metric on Cfah ԧ

5 X nonemfy set

p x y 0 if x y
1 if xty

c p x y 20 0 xzy

pex.y f y x

蝓 f x y p x z plz D
li h.s.tl means xty.DZ

XorZty.KZzuispoeuedtee3nhs lnz

discrete metric



6 Ъ p metric space ECX is nonempty
E p is also a metric space call it a

subspace of the metric space CX p

x

Ü

DA Given a metriāmaee Gp
A net of the form
Br x Z y E X p x y v3

is called an open ball We can x the center

of Bra r the radius of Brb
A set of the fun
Tex Z y E X p x y sr3

is called a cloned bell fun which x Ò the

center and r is the radius

Bran is duo eaued the r_neighborhood of X



we say ECX is open if
Ex EE.EE so at Bdx SE

we say E is closed if EC 0 open

Example Ct X 4 are both open and closed

2 Open balls are open
Closed beds are closed

Singleton are closed

Theorem Arbitrary union and finite intersection of
open sets are open
Finite union and arbitrary intersection of
cloned sets are closed

Cpf__same as 犥


