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Abstract
Let G = (V,E) be a graph. The first Zagreb index of a graph G is defined as Y ., d*(u), where
d(u) is the degree of vertex u in G. In this paper, we present the first Zagreb index conditions for some
Hamiltonian properties of a graph and an upper bound for the first Zagreb index of a graph.

1 Introduction

We consider only finite undirected graphs without loops or multiple edges. Notation and terminology not
defined here follow those in [2]. Let G = (V(G), E(G)) be a graph with n vertices and e edges, the degree
of a vertex v is denoted by dg(v). We use § and A to denote the minimum degree and maximum degree
of G, respectively. A set of vertices in a graph G is independent if the vertices in the set are pairwise
nonadjacent. A maximum independent set in a graph G is an independent set of largest possible size. The
independence number, denoted by B(G), of a graph G is the cardinality of a maximum independent set
in G. For disjoint vertex subsets X and Y of V(G), we use E(X,Y) to denote the set of all the edges in
E(G) such that one end vertex of each edge is in X and another end vertex of the edge is in Y. Namely,
EX,)Y):={e:e=a2y € E,z € X,y € Y }. A bipartite graph G with vertex partition sets X and Y is
called balanced if |X| = |Y]. A cycle C in a graph G is called a Hamiltonian cycle of G if C' contains all
the vertices of G. A graph G is called Hamiltonian if G has a Hamiltonian cycle. A path P in a graph G is
called a Hamiltonian path of G if P contains all the vertices of G. A graph G is called traceable if G has a
Hamiltonian path.

The first Zagreb index of a graph was introduced by Gutman and Trinajsti¢ in [5]. For a graph G, its first
Zagreb index, denoted Z(G), is defined as }, .y () d%(u). In recent years, the sufficient conditions based
on the first Zagreb index or its variants for the Hamiltonian and traceable graphs have been obtained. Some
of them can be found in [1, 7, 8, 9, 10, 11, 12, 13, 16]. In this paper, we, using the Pélya-Szegd inequality,
present the first Zagreb index conditions for the Hamiltonian and traceable graphs and an upper bound for
the first Zagreb index of a graph. The main results are as follows.

Theorem 1 Let G be a k-connected (k > 2) graph with n > 3 vertices and e edges. If

(e(d +n — k —1))2
Bn—k-Dk+1)

Z1(G) > (n—k—1)A% +

then G is Hamiltonian or G is Ky, jy1.
Theorem 2 Let G be a k-connected (k > 1) graph with n > 9 vertices and e edges. If

(e(6+n—k—2))?
(n—Fk—2)(k+2)

Z1(G) > (n—k —2)A% +

then G is traceable or G is Kj, 2.
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Theorem 3 Let G be a graph with n vertices, e edges, and § > 1. Then

(e(d+n—p))?

46(n — B)p
with equality if and only if G is Kg n_p or G is a bipartite graph with partition sets of I and V —1I such that
Il = 8,0 <n-—0, dv) =A for each vertemv inV—1I,andI =PUQ, where P={z:xz€l,dlx)=n—-0},

Q={y:yel,dly)=4d}, and |P| = 5+n 5 and |Q| = 6+nﬁ)g are integers.

Z1(G) < (n— B)A* +

2 Lemmas

We will use the following results as our lemmas. The first two are from [3].

Lemma 1 (C. Chvatal and P. Erdés, [3]) Let G be a k-connected graph of order n > 3. If B < k, then
G is Hamiltonian.

Lemma 2 (C. Chvatal and P. Erdos, [3]) Let G be a k-connected graph of order n. If B < k+ 1, then
G is traceable.

Lemma 3 is the Polya-Szegd inequality in [15]. The following one is Corollary 3 on Page 66 in [4].

Lemma 3 (J. Diaz and F. Metcalf, [4]) Let the real numbers ay and by (k = 1,2,---,s) satisfy 0 <
my <ap <M and 0 < mg < by < My. Then

2

(M Ms 4+ myms)? [ &

Z Z 2 14Vi2 1mM2 Z
@ b < 4mqimeo My Mo ( akbk)

k=1

If M1 Ms > mims, then the equality sign holds in above inequality if and only if
Mymg
=——= 5
M1m2 -+ mlMg
is an integer; while, at the same time, for v values of k one has (ay,by) = (m1, Mz) and for the remaining
s — v values of k one has (ag,br) = (My,mg). If My My = myms, the equality always holds.

Lemma 4 below is from [14].

Lemma 4 (J. Moon and L. Moser, [14]) Let G be a balanced bipartite graph of order 2n with bipartition
(A, B). If d(z) +d(y) > n+1 for any x € A and any y € B with vy ¢ E, then G is Hamiltonian.

Lemma 5 below is from [6].

Lemma 5 (B. Jackson, [6]) Let G be a 2-connected bipartite graph with bipartition (A, B), where |A| >
|B|. If each vertex in A has degree at least s and each vertex in B has degree at least t, then G contains a
cycle of length at least 2min(|B|, s+t —1, 25 — 2).

3 Proofs

Proof of Theorem 1. Let G be a k-connected (k > 2) graph with n > 3 vertices and e edges satisfying
the conditions in Theorem 1. Suppose G is not Hamiltonian. Then Lemma 1 implies that g > k 4+ 1. Also,
we have that n > 26 +1 > 2k + 1. Otherwise, § > k > n/2 and G is Hamiltonian. Let I; := {uq,us, ..., ug }
be a maximum independent set in G. Then I := {uy,usg, ..., ur+1} is an independent set in G. Thus

D d(u) = |E(ILV -D)|< Y d(v).

uel veV -1
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Since »,c;d(u) + >, cy_;d(v) = 2e, we have that
Zd(u) <e< Z d(v)
uel veV—I

Notice that 0 < § < d(u) < n—k — 1 for each u € I. Applying Lemma 3 with s = k+ 1, a; = 1 and
b =d(u;) withi=1,2,...,(k+1),my=1>0,M; =1, my=6>0and My =n—Fk— 1, we have

k+1  k+1 k+1 2
ilzid2 5+n )2 idu (e(6+n—k—1))?
)]s 46(n —k—1)
Thus
g%f (e(6 +n—k—1))>
45n—k—1)(/€+1)'
Therefore,

(e(d+n—k—1))2
0(n—k—1)(k+1)

Zy= > &)+ d*(u)

vevV—I uel
(e(§+n—k—1))?
Wn—k— D+ 1)

(n—k—1)A%+

IN

< (n—k—-1)A%+

Hence d(v) = A for each v € V — 1T,
k+1 kt1 Ch— 1) k+1 2
lezdz —W(ZMJ

and Zk+1 d(u;) = e which implies ) _,,_;d(v) = e and G is a bipartite graph with partition sets of I and
V — I. The remaining proofs are divided into two cases.

Casel. 0=n—k—1.

In this case, we have d(u) = J for each w in I and thereby 6(k +1) = |[E([,V —I)|=An—k—1) >
d(n—k—1). Thus n <2k + 2. Since n > 2k + 1, we have n = 2k +2 or n = 2k + 1. If n = 2k + 2, then
Lemma 4 implies that G' is Hamiltonian, a contradiction. If n = 2k 4 1, then G is Ky, p41.

Case 2. <n—k—1
In this case, Set P={z:ze€l,dlz)=n—k—1}and Q ={y:y € I,d(y) = }. From Lemma 3, we

have
0(k+1) (n—k—-1)(k+1)

d+n—k—-1 o+n—k—1
and I = PUQ. Choose one vertex = in P and one vertex z in V—I. Thenn—k—1=d(z) < A =d(z) < k+1.
Thus n < 2k + 2. Since n > 2k + 1, we have n =2k +2 or n = 2k + 1. If n = 2k + 2, then Lemma 4 implies
that G is Hamiltonian, a contradiction. If n = 2k + 1, then G is Kj, 41 which impliesn —k -1 =4, a
contradiction.

This completes the proof of Theorem 1. m

The proof of Theorem 2 is similar to the proof of Theorem 1. For the sake of completeness, we still
present a full proof of Theorem 2 below.

[Pl = Q= (k+1)—[P| =
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Proof of Theorem 2. Let G be a k-connected (k > 1) graph with n > 9 vertices and e edges satisfying
the conditions in Theorem 2. Suppose G is not traceable. Then Lemma 2 implies that 8 > k + 2. Also, we
have that n > 26 +2 > 2k + 2 otherwise § > k > (n —1)/2 and G is traceable. Let I; := {u1,us,...,ug } be
a maximum independent set in G. Then I := {uj,us, ..., ug+2 } is an independent set in G. Thus

D d(u)=|EUIV-D|< Y d)

uel veV-—I

Since }°,c;d(u) + >, cy_;d(v) = 2e, we have that

Notice that 0 < § < d(u) < n—k — 2 for each v € I. Applying Lemma 3 with s = k+ 2, a; = 1 and
bi =d(u;) witht=1,2,....(k4+2),m; =1>0, My =1, my =0 >0 and My =n — k — 2, we have

k+2 k+2

5+n 2 b2 ’ e(§ +n—k—2))2
2122d2 (Zdul) = (45(n—k—2)))'

Thus
’§d2 (e(5+n—k—2))?
_45n7k72)(k+2)'
Therefore,
. o, (e(0+n—Fk—-2))? 2 2 2, (e(0+n—Fk—2))?
(k=) Gy S A= 2 W) P < (k=)Ao

veV -1 uel
Hence d(v) = A for each v € V — 1,

k+2 k+2

9 ) 6+n k—2)? (& ’
Zl Zd = - 2 dlw)

=1

and Zkﬁ d(u;) = e which implies ) _,_;d(v) = e and G is a bipartite graph with partition sets of I and
V — I. The remaining proofs are divided into two cases.

Case 1. 0=n—-Fk—2.
In this case, we have d(u) = ¢ for each w in I and thereby
dk+2)=EI,V-1D|=An—-k—-2)>d(n—k—2).

Thus n < 2k+4. Sincen > 2k+2, we have n =2k +4, n =2k +3,or n =2k +2. If n =2k +4, then k > 3
since n > 9. Thus Lemma 4 implies that G is Hamiltonian and thereby G is traceable, a contradiction. If
n = 2k + 3, then k£ > 3 since n > 9. Thus Lemma 5 implies that G has a cycle of length at least (n — 1) and
thereby G is traceable, a contradiction. If n = 2k + 2, then G is Ky, jo.

Case 2. 6 <n—Fk—2.
In this case, Set P ={z:xz € [,d(x) =n—k—2} and Q = {y : y € I,d(y) = §}. From Lemma 3, we

have 50k +2) (n—k—2)(k+2)

pl=2"WTe)
7] +n—k—-2’ d+n—k—-2

Q= (k+2)—|P|= and I = PUQ.
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Choose one vertex x in P and one vertex z in V — I. Then
n—k—-2=dz)<A=d(z)<k+2.

Thus n < 2k +4. Since n > 2k+2, we have n =2k +4,n =2k+3,orn =2k +2. If n =2k +4, then k > 3
since n > 9. Thus Lemma 4 implies that G is Hamiltonian and thereby G is traceable, a contradiction. If
n = 2k + 3, then k > 3 since n > 9. Thus Lemma 5 implies that G has a cycle of length at least (n — 1)
and thereby G is traceable, a contradiction. If n = 2k + 2, then G is K}, 42 which impliesn—k —-2=4, a
contradiction.
This completes the proof of Theorem 2. =

Proof of Theorem 3. Let G be a graph with n vertices, e edges, and § > 1. Clearly, § < n. Let
I :={uq,us,...,ug} be a maximum independent set in G. Then

D d(w)=|E(LV -1 < > dv).

uel veV -1

Since » o d(u) +>,cy_;d(v) = 2e, we have that
Sdw <e< Y dw)
uel veV—I

Notice that 0 < § < d(u) < n—f for each u € I. Applying Lemma 3 with s = /3, a; = 1 and b; = d(u;) with
1=1,2,...,8,m =1>0, My =1, my =0 >0 and My =n — (3, we have

3 3 2
(5+n— (e(8 +n — B))?
2 1) ) < (Zd i ) ST Bm=p

i=1 i=1

Thus 5
(e(d +n—B))?
2,4 < s gy
Therefore,
2 (v & (u A2 (e(6 +n—p))?
If

then d(v) = A for each v e V — 1,

2
(0+n
212 Zd2 = 4;% (Zd " )
and Zle d(u;) = e which implies ) .\ _;d(v) = e and G is a bipartite graph with partition sets of I and
V — I. The remaining proofs are divided into two cases.
Case 1. 6 =n— (.
In this case, we have d(u) = ¢ for each u in I and thereby G is Kg, »—g.

Case 2. § <n — (.
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In this case, Set P={z:z € I,d(z) =n—p}and Q ={y :y € I,d(y) = 0}. From Lemma 3, we have
I=PUQ,|P|l = (wiiﬁfﬁ which is an integer, and |Q| = 8 — |P| = E;rfjg which is an integer.. Suppose G
is Kg,n—pg. Since V — I is independent in G, n — 8 < § and thereby § = n — 8. A simple computation can

verify that

(e(@+n—p))7?
46(n—-p)B
Suppose G is a bipartite graph with partition sets of I and V' — I such that |I| = 3, § <n— 8, d(v) = A for
each vertex vinv—TI,and I = PUQ, where P={z:z €I, d(z)=n—-0},Q={y:y €I, d(y) =4}, and
|P| = 6+§zﬁ—ﬁ and |Q| = Eﬁ:fjg are integer. Then
68(n—pB)  B(n—B) _ 208(n—pB)

Zy = (n—B)A* + B(n — B)* = (n— B)A? +

Thus

Zy o= > )+ d(w)

veV -1 uel
= (n—B)A*+|P|(n— B)*+|Ql6°
= (n—PB)A*+6d(n—B)B
— (n_ Az O +n—B)?
= A T s

This completes the proof of Theorem 3. =
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