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Abstract

In this paper, we establish some coincidence point results for a hybrid pair of mappings satisfying a
generalized contraction type condition involving a digraph in vector metric spaces. As some consequences
of this study, we obtain several fixed point results for multi valued mappings in vector metric spaces.

1 Introduction

It is well known that the Banach contraction theorem [4] is a very useful and simple tool in modern analysis,
and it has many applications in applied mathematics and sciences. Several authors successfully extended this
famous theorem in different directions (see [8, 14, 15, 16]). In recent investigations, the study of fixed point
theory combining a graph is a new development in the domain of contractive type single valued and multi
valued theory. In 2005, Echenique [11] studied fixed point theory by using graphs. Later on, Espinola and
Kirk [12] applied fixed point results in graph theory. Afterwards, combining fixed point theory and graph
theory, a series of articles (see [1, 5, 6] and references therein) have been dedicated to the improvement of fixed
point theory. In 2009, Cevic et al. [9] introduced the concept of vector metric spaces as a generalization of
metric spaces, where the metric is Riesz space valued and studied some properties of such spaces. Motivated
by the works in [2, 3, 9, 17], we will prove some coincidence point results for a hybrid pair of mappings
satisfying a generalized contraction type condition involving a digraph in vector metric spaces. Moreover,
we apply our main result to derive some new coincidence point results including fixed points of multi valued
mappings in vector metric spaces. Our results extend and unify several existing results in the literature.
Finally, we provide an example to analyze and illustrate our main result.

2 Some Basic Concepts

In this section, we recall some basic facts about Riesz spaces mostly of which can be found in [3, 9].

A partially ordered set (X, <) is called a lattice if each pair of elements z, y € X has a supremum and
an infimum.
A real vector space E with an order relation =< on E that is compatible with the algebraic structure of E in
the sense that satisfies properties:

(1) z <y implies x + z Ry + z for each z € E, z, y € E}
(2) z <y implies tx <ty for each t > 0, z, y € E

is called an ordered vector space.
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An ordered vector space that is also a lattice is called a Riesz space or vector lattice. Throughout this
paper, we take 6 as the zero vector of the vector space E. Let E be a Riesz space with the positive cone
E.={zr e E:0 =<z} If (ay) is a decreasing sequence in E such that inf a,, = a, we write a,, | a. The
Riesz space FE is said to be Archimedean if %a 1 6 holds for every a € E;. A sequence (b,) in F is called
order convergent or o-convergent to b if there exists a sequence (a,) in E satisfying a,, | 6 and | b, —b |=X ay,
for all n, and written b, ~ b or o — limb,, = b, where | a |= sup{a, —a} for any a € E. Moreover, (b,) is
called order-Cauchy or o-Cauchy if there exists a sequence (a,) in E such that a,, | 6 and | b, — bp4p [= an
holds for all n and p. F is called o-complete if every o-Cauchy sequence is o-convergent. For other notations
and facts about Riesz spaces, we refer to [2].

Definition 1 /9] Let X be a nonempty set and E be a Riesz space. The function d: X x X — E is said to
be a vector metric (or E-metric) if it satisfies the following properties:

(v1) d(z,y) =0 if and only if v =y,
(v2) d(z,y) 2 d(z,2) +d(y, 2) for allz,y, z € X.

The triple (X,d, E) is said to be a vector metric space.
It is easy to observe that vector metric spaces generalize metric spaces.

In a vector metric space (X, d, E), the following assertions hold:
(i) 0 X d(z,y) for all z, y € X;

(i) d(z,y) = d(y,x) for all z, y € X;

(#01) | d(z, 2) — d(y,2) |2 d(z,y) for all z, y, z € X;
)

() | d(z, z) — d(y,w) |X d(z,y) + d(z,w) for all z, y, z, w € X.

Example 1 [9] A Riesz space E is a vector metric space with d : E x E — E defined by

d(z,y) =[x —y|.

This vector metric is said to be absolute valued metric on E.

Example 2 [9] It is well known that R? is a Riesz space with coordinate wise ordering defined by
(w1,y1) = (z2,92) if and only if v1 < z9 and y1 < Y2
for (z1,11), (w2,92) € R2.
Again, R? is a Riesz space with lexicographical ordering defined by
(z1,y1) = (22,y2) if and only if x1 < x2 or 1 = T2, Y1 < Yo
It is worth noting that R? is Archimedean with coordinate wise ordering but not with lexicographical ordering.
Then, d : R? x R? — R? defined by

d((z1,91), (x2,92)) = (@ | 21 —22 [, B | y1 —y2 |)

is a vector metric, where a,, 8 are positive real numbers.
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Example 3 [9] Let d : R x R — R? be defined by

dz,y)=(alz—y|,Blz—y])

where a, B >0 and o+ B > 0. Then d is a vector metric with coordinate wise or lexicographical ordering.

Definition 2 [9] Let (X, d, E) be a vector metric space and let (x,) be a sequence in X. Then

(i) (x,) vectorial converges or E-converges to a point x € X, written x,, 2B, x, if there is a sequence (a,)
in E satisfying a,, | 0 and d(z,,x) < a, for all n.

(ii) (zn) is called vectorially Cauchy or E-Cauchy, if there is a sequence (ay,) in E such that a, | 6 and
d(xp, Tntp) = an holds for all n and p.

(iii) (X,d, E) is said to be E-complete if each E-Cauchy sequence in X E-converges to a point in X.

Let X be a nonempty set and P(X) be the set of all nonempty subsets of X. A point x € X is called a
fixed point of the multi valued mapping T': X — P(X) if z € Tx.

Definition 3 Let g: X — X and T : X — P(X) be two mappings. If y = gx € Tx for some x in X, then
x s called a coincidence point of g and T and y is called a point of coincidence of g and T'.

We now assign a digraph on a vector metric space (X,d,E). We assume that G is a digraph with
the set of vertices V(G) = X and the set E(G) of its edges contains all the loops, i.e., A C E(G) where
A = {(z,z) : x € X}. We also assume that G has no parallel edges. So we can identify G with the pair
(V(G),E(G)). By G=! we denote the graph obtained from G by reversing the direction of edges, that is,
E(G™Y) ={(z,y) € XxX : (y,x) € B(G)}. Let G denote the undirected graph obtained from G by ignoring
the direction of edges. Actually, it will be more convenient for us to treat G as a digraph for which the set
of its edges is symmetric. Under this convention,

E(G) = E(G)U B(G™).

Our graph theory notations and terminology are standard and can be found in all graph theory books, such
as [7, 10, 13].

Definition 4 Let (X,d, E) be a vector metric space and let G = (V(G), E(G)) be a digraph. Then the
mapping g : X — X is called edge preserving if

z,y€ X, (z,y) € E(é) = (gz,gy) € E(é)

Definition 5 Let (X,d, E) be a vector metric space with a digraph G = (V(G), E(G)). Then the mapping
T:X — P(X) is called edge preserving if

z,y€ X, (z,y) € E(G) = (21,22) € E(G) for all z1 € Tz, 20 € Ty.

Definition 6 Let (X,d, E) be a vector metric space with a digraph G = (V(G), E(G)) and let g : X —
X, T:X — P(X) be two mappings. Then T is called edge preserving w.r.t. g if

z,y € X, (gz,gy) € E(G‘) = (21,22) € E(G’) for all zy € Tx, 29 € Ty.
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3 Main Results

In this section, we assume that (X,d, E) is a vector metric space and G is a reflexive digraph such that
V(G) = X and G has no parallel edges.
Before presenting our main result, we state a property of the graph G, call it property ().

Property (x): If (gz) is a sequence in X such that gz LE and (g, gTx11) € E(G) for all k> 1,
then there exists a subsequence (gxg,) of (gzx) such that (gxg,,x) € E(G) for all 4 > 1.

Taking g = I, the above property reduces to property (x)

Property (*) If (x) is a sequence in X such that L, + and (21, 2111) € B(G) for all k > 1, then

there exists a subsequence (xy,) of () such that (zy,,z) € E(G) for all i > 1.
We begin with the following definitions.

Definition 7 Let (X,d, E) be a vector metric space endowed with a digraph G. The mapping T : X — P(X)

is called a G-contraction if for x, y € X with (z,y) € E(G) and any u € Tx, there exists v € Ty such that
d(u, ) < Kd(z,y)

where k € [0,1) is a constant.

Definition 8 Let (X,d, E) be a vector metric space endowed with a digraph G. The mappings T : X — P(X)
and g : X — X are called (T, g)-G-contraction if for x,y € X with (gz,gy) € E(G) and any u € Tz, there
ezists v € Ty such that

d(u,v) = kd(gz, gy)

where k € [0,1) is a constant.

It is to be noted that (T, g)-G-contraction reduces to (T, g)-contraction if we take G = Gy, where Gy is
the complete graph (X, X x X).

Theorem 1 Let E be Archimedean and let (X, d, E) be a vector metric space with a digraph G = (V(G), E(Q)).
Let T: X — P(X), g: X — X be (T, g)-G-contraction, T(X) C g(X) and g(X) is an E-complete subspace
of X. Assume that T is edge preserving w.r.t. g and the graph G has the property (x).

If there exists xg € X such that (gxo,z) € E(é) for all z € Txg, then T and g have a point of coincidence
in g(X).

Proof. Suppose there exists zop € X such that (gzo,2) € E(G) for all z € Tzg. As T'rq is nonempty and

contained in g(X), there exists z1 € X such that gx; € Txg and (g9z¢,921) € E(G). By using (T, g)-G-
contraction property, there exists gro € Tx; such that

d(gz1, gr2) = kd(gzo, gr1)-
Since T' is edge preserving w.r.t. g, it follows that (21,22) € E(G) for all 21 € Txg, 25 € Txy. This
ensures that (gz1,gze) € E(G). Again, using (T, g)-G-contraction property, there exists gxs € Tz such
that

d(gz2, gr3) < kd(ga1, gaz) < k*d(gao, gar).

Continuing this process, we can construct a sequence (gx,,) in g(X) such that gz, € Tx,—1, n=1,2, ---

with (gz,,9z,+1) € E(G) for n =0, 1, 2, -+ and

d(gn, gTns1) = kd(grn_1,92n) = --- 2 k"d(gxo, gz1)
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for all n € N.
We shall show that (gz,) is an E-Cauchy sequence in g(X).

For any n € Nand p=1, 2, 3,---, we have

—dlgno, gr1)

d(gTn; 9Tntp) = d(9Tn, 9Tny1) + A(gTny1, gTnt2) + o+ d(GTnip—1, 9Tnip)
= KR+ KT d (g, g2)
= k" Lo M d(gwo, gr1)
1—k ’
< T d(gro, gr)
. 1

n
1
— Y
n

where b = 12d(gz0, g71) € E;.

Since F is Archimedean, we have %b 1 6. This proves that the sequence (gz,) is E-Cauchy in g(X). As

g9(X) is E-complete, there exists u(= gt) € g(X) for some ¢t € X such that gz, LE, . So, there exists a
sequence (a,,) in E such that a, | 6 and d(gz,,u) = a, for all n.

By using property () of the graph G, there exists a subsequence (gx,,) of (gx,) such that (gx,,, gt) €

E(G) for all i > 1. Now, gy, +1 € Tx,, for any i € N. So, by applying (T, g)-G-contraction property, there
exists z € T't such that

A9, +1,2) 2 kd(gan,, gt)
for any ¢ € N.

Now,

d(z,u) d(gxm+17z) +d(gxm+17u)
kd(gxni7 u) + Gp,;41

(k+ 1an, | 6.

IATA 1A

This implies that d(z,u) = 6 and hence z = uw = gt € T't. This proves that v is a point of coincidence of
T and gin g(X). =

Corollary 1 Let E be Archimedean and let (X,d, E) be an E-complete vector metric space with a digraph
G = (V(G),E(G)). Assume that T : X — P(X) is a G-contraction which is edge preserving and the graph
G has the property (*)

If there exists o € X such that (xg,z) € E(G) for all z € Txo, then T has a fized point in X .

Proof. The proof follows from Theorem 1 by taking g = I, the identity map on X. =
Corollary 2 Let E be Archimedean and let (X, d, E) be a vector metric space. LetT : X — P(X), g: X —
X be (T, g)-contraction. If T(X) C g(X) and g(X) is an E-complete subspace of X, then T and g have a

point of coincidence in g(X).

Proof. The proof follows from Theorem 1 by taking G = Go. m
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Corollary 3 Let E be Archimedean and let (X, d, E) be an E-complete vector metric space. Suppose T :
X — P(X) is a mapping which satisfies the following condition: For x,y € X and any u € Tx, there exists
v € Ty such that

d(u,v) <X kd(x,y)

where k € [0,1) is a constant. Then T has a fived point in X.

Proof. The proof follows from Theorem 1 by taking g =1 and G = Gy. m

We now give an application of Theorem 1. For this purpose, we need the following definitions.

Let (X,d, E) be a vector metric space and p be a binary relation over X. Denote S = p U p~!. Then

x,y € X, xSy & xpy or ypzx.

Definition 9 We say that (X, d, E, S) is reqular if the following condition holds:

If the sequence (x,) in X and the point x € X are such that x,Sxn 1 for alln > 1 and x, 4B, x, then
there exists a subsequence () of (xy) such that x,,,Sx for all i > 1.

Definition 10 Let (X,d, E) be a vector metric space and p be a binary relation over X. Then the mapping
g: X — X is called comparative if g maps comparable elements into comparable elements, that is,

z,y € X, Sy = (92) S (g9y)-
Similarly, forT : X — P(X), g: X — X, we call T is comparative w.r.t. g if

xz,y € X, (g2)S(g9y) = 21529 for all z; € Tx, 2o € Ty.

Theorem 2 Let E be Archimedean and (X,d, E) a vector metric space endowed with a binary relation p
over X. Let the mappings T : X — P(X), g: X — X satisfy the following condition:
For z, y € X with (gz)S(gy) and any u € Tx, there exists v € Ty such that

d(u,v) = kd(gz, gy)

where k € [0,1) is a constant. Suppose that T is comparative w.r.t. g, T(X) C ¢g(X) and g(X) is an
E-complete subspace of X. Suppose also that the following conditions hold:

(i) (X,d,E,S) is reqular;
(ii) there exists xg € X such that (gxo)Sz for all z € Txy.

Then T and g have a point of coincidence in g(X).
Proof. We consider the digraph G = (V(G), E(G)) where V(G) = X, E(G) = {(z,y) € X x X : zSy} UA.

Then it is easy to observe that all the hypotheses of Theorem 1 hold true under this digraph. Now applying
Theorem 1, we obtain the desired conclusion. m

Remark 1 As a special case of Theorem 2, we may obtain several important fized point and coincidence
point results in vector metric spaces.

Now we furnish an example to justify the validity of our main result.
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Example 4 Let E = R? with component wise ordering and let X = {(z,0) € R? : 0 <z < 1} U{(0,y) €
R2:0<y<1}. Defined: X x X — E by

(@0, ) = (1w =yl 5 o=y

d((0,),(0,y))

(5 le-vllz-yl),
(2, 0),(0,)) = d(0,), (,0)) = (2 + 33, 27 + ).

X,d, E) is a vector metric space. Let G be a digraph such that V(G) = X and E(G) = AU

Then (
0),(0,3))}. Let g: X — X be defined by

{((3,
x:gforallxeX

and T : X — P(X) be defined by
x
T(x,0) = {(5,0)},
_ Y
7(0,5) = (2, 0))
Then, T(X) C g(X), where g(X) = {(£,0) e R?: 0 < 2 <1} U{(0,%) e R? : 0 < y < 1} and g(X)
is an E-complete subspace of (X,d, E). It is easy to observe that (T, g)-G-contraction property holds trivially.

On the other hand, T is edge preserving w.r.t. g and for zo = (1,0), (gzo, 2) € E(G) for all z € Txq. To

check the property (%), we note that any sequence (gx,) in g(X) with (9zp, gtni1) € E(G) and gz, LE
must be a constant sequence. In fact, if gx, = a for all n, where a is a fized element of g(X), then u must be
a and hence the property (x) holds true. Thus, all the conditions of Theorem 1 are fulfilled and we conclude
that T and g have a point of coincidence (%,0) in g(X). It is valuable to note that (,0) for any n(>2) € N
is a point of coincidence of T and g in g(X). Thus, T and g have infinitely many points of coincidence in
9(X).
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