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Abstract

In this research, our primary objective is to elucidate various aspects of continuity in the context
of linear operators defined on neutrosophic fuzzy n-normed spaces (NFnNS). Specifically, we investi-
gate weak, strong, and sequential continuity in this setting. We present an illustrative example that
underscores the fact that linear operators that are sequentially continuous may not necessarily exhibit
strong continuity when applied to NFnNS. Furthermore, we introduce the concepts of weak and strong
boundedness for operators in these spaces and explore their interrelationships with continuity.

1 Introduction

In our day-to-day experiences, we often encounter complex and multifaceted classes of objects or phenomena
that do not conform to the binary classification of traditional, crisp sets. For instance, consider the classes
of beautiful women, intelligent students, or tall individuals; each of these categories embodies a gradation of
characteristics that cannot be neatly confined to simple "yes" or "no" categories. To address the inherent
fuzziness and variability in these classes, Lotfi Zadeh introduced the groundbreaking concept of fuzzy sets in
his seminal work in 1965 [25]. Fuzzy sets enable us to incorporate the concept of membership degrees, allowing
for a more nuanced representation of reality. Atanassov [1] initially noted that Zadeh’s concept of fuzzy sets
lacked adequacy for addressing certain issues. As a result, he extended this notion by incorporating a non-
membership function alongside the membership function, naming it the intuitionistic fuzzy set. Furthermore,
these sets find applications in defining intuitionistic topological spaces and intuitionistic normed spaces. To
gain a comprehensive understanding of these spaces, we refer to the following references [6, 16, 18].

Over the years, Zadeh’s initial concept of fuzzy sets has grown and evolved, leading to the development
of various fuzzy analogues of classical mathematical concepts. One of the most prominent extensions is the
field of fuzzy topology, which has demonstrated its versatility and applicability in various domains, including
quantum physics [7]. Fuzzy topology provides a framework for understanding the structure and properties
of spaces where the boundnaries between open and closed sets are not sharply defined.

In 1984, during the examination of fuzzy topological spaces, Katsaras [8] introduced the ideas of fuzzy
semi-norm and fuzzy norm, and conducted an analysis of several characteristics associated with fuzzy semi-
normed and fuzzy normed spaces. This work laid the foundation for exploring mathematical structures and
properties in spaces defined by fuzzy norms, culminating in Xiao and Zhu’s development of fuzzy norms
for linear operators and their examination of the properties of spaces endowed with these fuzzy norms [22].
Subsequently, Bag and Samanta delved into the study of strong and weak boundedness for fuzzy bounded
linear operators, shedding light on their relationships with fuzzy continuity [2, 3]. For a more in-depth
understanding of these topics, interested readers are encouraged to explore additional sources such as [4, 5].

The notion of neutrosophic sets was first introduced by Smarandache in his pioneering work [20, 21].
The classic neutrosophic set is defined by its three elements: truth, indeterminacy, and falseness values.
Neutrosophic sets serve as a mathematical framework to manage issues related to imprecision, uncertainty,
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inconsistency, and conflicting data within belief systems. They address challenges that were present in both
fuzzy sets and intuitionistic fuzzy sets. Consequently, neutrosophic sets have gained significant traction in
various scientific and engineering disciplines.

Recent developments in this field by Kirigci and Simsgek introduced neutrosophic normed spaces (NNS)
and explored statistical convergence in these spaces [13]. This research has opened up new possibilities for
studying mathematical structures in spaces characterized by the presence of neutrosophic information. For a
more extensive exploration of NNS, readers are encouraged to delve into sources like [9, 10, 11, 12, 14, 15, 19].

In this current study, our focus lies squarely on NNS. We aim to introduce and analyze specific concepts
related to continuity and boundedness for operators within NFnNS. Through our investigation, we seek to
unravel compelling relationships and connections among these fundamental mathematical concepts, thereby
advancing our understanding of these multifaceted spaces and their potential applications in various fields.

2 Preliminaries

In this section, we give significant existing conceptions and results which are crucial for our findings.
A binary operation o : [0, 1] x [0, 1] — [0, 1] is considered a continuous ¢-norm if it adheres to the following
criteria, as stated in [18]:

(i) o is commutative and associative,
(ii) o is continuous,
(iii) For all ¢ € [0, 1], it satisfies the condition go 1 = g,
(iv) Whenever ¢ < p and r < s, with ¢, p,r, s belonging to the interval [0, 1], it holds that gor < pos.

A binary operation ¢ : [0,1] x [0,1] — [0,1] is considered a continuous t-conorm if it adheres to the
following criteria, as stated in [18]:

(i) © is commutative and associative,
(ii) ¢ is continuous,
(iii) For all g € [0, 1], it satisfies the condition ¢ ¢ 0 = g,
(iv) Whenever ¢ < p and r < s, with ¢, p, r, s belonging to the interval [0, 1], it holds that gor < pos.

A neutrosophic fuzzy n normed spaces, denoted as NFnNS, is represented by a six-tuple (X, G, B, W, o,¢)
where X is a vector space, o is a t-norm, ¢ is a t-conorm, and G, B and W are single valued fuzzy sets on
X™ x (0,00). In this context, G stands for the membership function, B for the indeterminacy function, and
W for the non-membership function. To qualify as an NFnNS, the following conditions must hold for every
(w1, wa, ..., wy,) € X", with s, t >0 and ¢ #£0:

(1) 0 S g (wh W2y -evy Wny t) + B (wly W2, -.ey W,y t) +W (wla W2y -vy Wy t) S 37
(i) G (w1, wa, ..., wy,t) =1 iff wy,wa,...,w, are linearly dependent;
(iii) G (swy,way..cywn,t) =G (wl,wg, veey Wi, \tTI) for each ¢ # 0;
(iv) G
(v) G (w1, ws,...,wp,t) is continuous on (0, c0);

(w17w27 ceny Wiy, 8) o g (wlaw27 aw1lq,7t) S g (wla w2, ..., Wn + w;m s+ t) )

(Vi) lim; oo G (wl,w27 ...,’LUn,t) =1
)

(vii) B (w1, wa,...,wy,t) =0 iff wy,ws, ..., w, are linearly dependent;
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(viii) B (swy,wa, ..., w,,t) =B (wl,wg, ey Wy, ﬁ) for each ¢ # 0;

(ix

(x

B
B (w1, wa, ..., Wy, 8) 0 B (wy, wa, ..., w,t) > G (w1, wa, ..., w, +wl,,s+1t);
B (w1, wa, ..., wy, t) is continuous on (0, 00) ;

(xi) limy—,o0 B (w1, wa, ..., wy,t) = 0;

)
)
)
i)
(xil)
i)
)
)
)

W (w1, wa, ..., wy, t) = 0 iff wy,ws, ..., w, are linearly dependent;
(xiiil) W (sw1,wa, ...;wp, t) =W (wl, Wy veey Wy, ﬁ) for each ¢ # 0;
(xiv) W (w1, wa, ..., Wn, §) © W (w1, wa, ..., wh, t) > W (w1, wa, ..., wy, + wh, s +1);
(xvi) W (w1, w3, ..., wy,t) is continuous on (0, c0);

(xvil) limy_ oo W (w1, wa, ..., wy,t) = 0.

In this case, we define N,, (G, B, W) as a neutrosophic n-norm on X". Yaying [23] and Yaying et al. [24]
put forward new types of continuity in cone metric space and asymmetric metric spaces. Now, we provide an
overview of the concept of continuous, sequentially continuous, and strongly continuous mappings in NNS.
(see in detail, [17]).

Definition 1 ([17]) Let (P,Np,0,0) and (Q,Ng,o,0) be two NNS. The mapping T : (P,Np,o0,0) —
(Q, Ng,o0,0) is said to be continuous at wo € P if for all w € P, for each 0 < ¢ < 1 and t > 0, there
exists 0 < d <1 and s > 0, such that

Go (T(w) =T (wo),t) > (1 —¢€),Bg (T(w) =T (wp),t) < e, Wo (T'(w) — T (wp) ,t) <e,

whenever
Gp (w_wOas) > (1_5),Bp(w_1U0,8) <5aWP (U)—’LU(),S) < 67

respectively. In other words:
Gp (w—wo,s) > (1-0)=Go(T(w) =T (wo),t)> (1 —e),
Bp (w—wop,s) < §=Bo(T(w)—T (wo),t) <e,
Wp (w—wp,s) < §=Wo(T'(w)—T (wp),t) <e,

T is continuous on P if it is continuous at every point in P.

Definition 2 ([17]) The mapping T : (P,Np,0,0) — (Q,Ng,0,0) is called sequentially continuous at
wo € P, any sequence (wy,) in P satisfying w, — wo leads to T (wy,) — T (wo). In other words:

lim Gp (w, —wo,t) = 1= lim Gg (T (w,)—T (wo),t) =1,
lim Bp (w, —wo,t) = 0= lim Bg (T (wn) —T (wp),t) =0,
lim Wp (w, —wo,t) = 0= lim Wq (T (w,) — T (wo) ,t) =0,

where t > 0. We call T is sequentially continuous on P when T is sequentially continuous at each point of

P.

Definition 3 ([17]) The mapping T : (P,Np,0,0) — (Q, Ng,0,0) is called strongly continuous at wy € P
if for each t > 0, 3s > 0 such that Vw € U,

gP (’U} — Wo, S)

Bp (w — wy, s)

Wp (w — wo, )

Q (T(w) -T (U)()) 7t) )
B (T(w) =T (wo) 1),
Wo (T(w) =T (wo), 1),

we say T is strongly continuous on P when it is strongly continuous at every point in P.

IV IV IA
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3 Main Results

Let, U = (X,G1,B1,W1,01,01) and V = (Y, Go, By, Wh, 09,02) be two NFnNS, where X and Y are linear
spaces over R.

Definition 4 A mapping T : U — V is called to be neutrosophic fuzzy continuous (nf-continuous) at wy € U
if for every e >0, 7 >0 (0 <n <1), up,ug,....un—1 €U and T (u1),T (ug),....T (un—1) € V, there exist
d=06(n,e,wo) >0 and & = &(n, e, wp) € (0,1) such that Vw € U we have

gl (Ul, U2y «oey Up—1,W — Wo, 5) > 57

Bl (u17u27 ey Up—1, W — ’U)(),é) <1l- 57

Wl (Ul,Ug, vy Up—1, W — ’LU(),(S) <1l- §
Go (T (u1), T (uz) , oo T (up—1), T (w) = T (wo) , €) > 1,
1 ) =T

=< Ba(T(u1),T (u2), ..o, T (Un—1) (wo),€) <1—mn,
Wy (T (1), T (u2) .ot T (up—1), T (w) = T (wp) ,€) < 1—n.

T
T (w

T:U —V is said to be nf-continuous on U if T is nf-continuous at each point of U.

Definition 5 A map T : U — V is called to be strongly nf-continuous at wg € U if for each ¢ > 0,
U, Uy ooy U1 €U and T (u1) , T (u2) o0y T (t—1) € V, 36 > 0 such that Yw € U

uﬂ—l) ’T(w) - T(UJQ),G) > gl (u17u27 ey Up—1,W — w075)’
Bo (T (u1), T (u2) ey T (1) , T (w) — T (wo) ,€) < By (U1, U2, ey Up—1,w — wo,d),
Un—1),T (W) —

T:U — V is said to be strongly nf-continuous on U if T s strongly nf-continuous at each point of U.

T (wo),€) < Wy (U1, Ug, ooy Up—1, W — Wo, ) .

Definition 6 A map T : U — V is said to be weakly nf-continuous at wo € U if, for each € > 0,n € (0,1),
UL, U2y ooy Un—1 € U and T (u1), T (uz2) ... T (up—1) € V, 30 = (n,€) > 0 such that Yw € U

gl (ula U2,y ety Up—1, W — Wo, 6) 2 n

By (w1, U2,y ey Up—1, w0 — wg,0) < 1 —1

Wi (U1, U9y ooy Up—1,w — wg, 6) < 1 —n.
Go (T (w1), T (uz), ..., T (un—1), T (w) — T (wo) , €) >,
)—T

= By (T(ul),T(ug),...,T(un,l), (’wo),ﬁ) <1l-—n,
Wao (T (u1),T (u2),ecoe; T (tp—1) , T (w) — T (wg) ,€) <1—1.

T
T (w

We say T : U — V weakly nf-continuous on U if T is weakly nf-continuous at each point of U.

Definition 7 A map T : U — V is said to be sequentially nf-continuous at wy € U if for any sequence (w,)
with w, — wo tmplies T (w,) — T (wg) t.e, for allr > 0, u1,ua,...,un—1 € U and T (u1),T (u2), ..., T (up—1) €
V,

lim gl (U17U2, vy Up—1, Wy — w()v/r) = ]-a

n—oo

lHm By (w1, U2, ..oy Up—1, Wy, — wp,7) =0,

n—oo

lm Wi (ug, ug, .oy Up—1, Wy, — wg, ) = 0.
n—oo
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lim Go (T (u1),T (u2), .o, T (1), T (wp) — T (wp) ,7) =1

n—oo

= lim By (T (u1),T (u2), ..., T (1) , T (wy,) = T (wp) ,7) = 0,

n—oo

lim Wh (T (u1), T (u2) s eery T (1), T (wy) — T (wo) ,7r) = 0.

n—o0

T :U — V is said to be sequentially nf-continuous on U if T is sequentially nf-continuous at each point of
U.

Theorem 1 If a map T : U — V is strongly nf-continuous then it is sequentially nf-continuous.

Proof. Consider a mapping T : U — V that is strongly nf-continuous. Our goal is to demonstrate that T is
also sequentially nf-continuous. To do so, let’s take an arbitrary point wy € U. Since T : U — V is strongly
nf-continuous so for each € > 0, 36 > 0 such that Vw € U,

g2 (T (ul) ,T (’LLQ) y ,T (un,l) ,T(w) -T (’U}Q) s 6) 2 gl (Ul,’UQ, ey Up—1,W — Wo, 5) s
Bo (T (u1),T (u2), .., T (un—1), T (w) = T (wp) ,€) < By (ug, vz, ..., Up_1,w — wo, ), (1)

Wa (T (u1), T (u2) s oot T (1), T (w) = T (wo) y€) < Wi (U1, Ug, «oey Up—1, W — Wp,0) .

Let (w,) be any sequence in U such that w,, — wg w.r.t Ny (G1,B1,Y1). Then

lim gl (u17u2, ey Unp—1, W — ’LU(),(S) =1 (2)
and
Hm By (w1, U2y ey Un—1, Wy, — W, 0) = lim Yy (u1,ug, ..., Up_1,w, — wp,d) = 0. (3)
Now, by (1),

g2 (T (ul) 3 T(UQ) PR T(u’nfl) 7T (wn) -T (’LU()) ) 6) 2 gl (u17u27 ey Up—1, Wn — wOvé) )
Bo (T (u1),T (u2) e, T (n—1) , T (wy) — T (wo) ,€) < By (w1, U2y evy Up—1, Wy, — Wp,0) ,
Wao (T (u1),T (ug), .., T (up—1) , T (wy,) — T (wp) ,€) < Wi (U1, Uy .oy Up—1, Wy, — Wo,9d) ,

and therefore,

lim Go (T (u1),T (u2), .0y T (tp—1), T (wy) — T (wp) ,€) > lim Gy (u1,ug, ..., Up—1, W, — Wp,0) =1

by (2) and (3). This gives

lim Go (T (u1),T (u2),.e, T (tp—1), T (wy,) — T (wg) ,€) = 1.

n—0o0

Further,

lim By (T (u1),T (u2), .o, T (un—1), T (wy) = T (wp) ,€) < By (U1, Uz, vey Up—1, Wy, — W, 0) =0

n— oo

and

lim Wo (T (u1),T (u2), s T (Un—1), T (wy) — T (wo) ,€) < Wy (U1, U2, ..., Up—1, Wy, — wp,d) = 0.
This demonstrates that the sequence T (w,,) converges to T (wg) w.r.t Na (Ga,B2,Ys), thereby establishing
T as sequentially nf-continuous. m
The converse of the previous result is generally not valid, as illustrated by the following example.
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Example 1 Let (X, |- ||») be a n-normed space. Define the t-norm, t-conorm, Gi,Gs, By, B, &W1, Ws by
sot=min{s,t}, sot =max{s,t} for s, t €[0,1];

5 e
By (wy,ws, ..., wy, ) w1, wa, ..., wh |

gl (wlaw% ceey W,y 5)

C 0+ lwy, wa, ey wy | 0+ Jw, way ey wy ||

W1, W,y eeey W
Wl(wla’lUZa-..,wn,(S):“( LW n)”’

]

€ o |lwy, wa, ..., w
s BQ (wl,wg,...,wn,e): H L 72 ’ n”
€+ al|lwy, we, ..., wy|]

Ga (1 20 o 0 ) = et ffwr, wg, oy wnly

allwy, wa, ..., w
Wa (w1, w3, .y Wy, €) = s, 2’ ! "”,

where € > 0, 30 > 0, o > 0, and w = (wi,ws,...,w,) € X" Then U = (X", G1,B1,)1,0,0), V =
(X™,Ga,B3,Y5,0,0) are NFnNS. Establish a map T : U — V by T(w) = % where w = (W1, Wa, ..., Wy) €
X™. We first demonstrate that T is sequentially nf-continuous. Let wg € U and (w,,) be any sequence in U
such that (w,) — wo w.r.t Ny (G1,B1,Y1). For any r > 0, we have

lim Gy (w1, ug, ..o, Up—1, Wy — Wp,0) =1

n—oo
and
lim By (u1,u2, ..., Up—1, W, — wo,0) = lm Wi (u1,ua, ..., Up—1, W, — wp,0) = 0.
n—0o0 n—oo
Then 5
lim =1
n—oo § + ||’LL]_,U2, ey Up—1, Wn — wOH
and
. lwi, o, oo 1, wn —woll . fJug, Uz, U1, we — |
lim = lim =0.
n*OO(S—F||u1,uz,...,un,1,wn—w0H n—oo 0
So we obtain
lim |Juy, ug, ..., Up—1, Wy — ug|| = 0. (4)

n—oo

Now consider

Go (T (u1), T (u2) .o, T (1), T (wy) — T (wg) , €)

€
- e+ a||T (ur), T (u2), ... T (up—1),T (wy) — T (wo) ||
_ ¢ _ ef[t +wi] |2+ wi]]
6+O‘H$§ﬁ _ li’ig L+ w21 +will + ol (wh (14 wg) —wg (14 wd))]

e[t +wr [t + wil]
e[lT + w11 + will + e flwy; + wiw§ — w — wiwg||
|2 +wa| |1 + wi]
ellt + w1+ will + a[|(wn — wo) (wn + w) (W} + w§) +wiwg (wj —wi)
e|[1 + wa [ |1 +wi
eIt + w11+ will + allwn = woll | (wn +wo) (wf; + w§) +wiwg (wn + wo)|

and therefore
lim Go (T (u1),T (u2), .0, T (Up—1), T (wy) — T (wp) ,€) =1

n—oo
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by (4). Further,

By (T (u1),T (ug) .ot T (up—1), T (wy) — T (wp) , €)

a u}fl . wé
1+w2 1+w?
- 4
Wq
€+ H 1+w2 1+u1§

ol 1+ u) - wf (1+ w2 |
e+ w211+ wdl + allwh (1 + wd) — wg (1 + wd)]
« Hwn - wO + wnwg w0w2 ||
1+ @2 T+ w3l + a wh — wh + whug — wiwl]
o |[(wn — wo) (wn 4+ wo) (W2 +wi) + wiwd (w2 — wi)||
T+ w2 T+ w3l + o [(wn — wo) (wn + wo) (w2 + wg) + whud (w2 — W]
o llwn, — woll ||(wn 4+ wo) (w2 + wd) + w2wd (wy, + wo ||

ell1+ w1+ will + o lwn — woll || (wn + wo) (w +w) +wiwg (wn + wo)l

and therefore

lim By (T (u1),T (u2), .0, T (p—1), T (wy) — T (wp) ,€) = 0.

n—oo

by (4). Similarly, we have

lim Wo (T (u1),T (u2) , .os T (up—1) , T (wy) — T (wp) ,€) =0,

n—oo

and hence T (wy,) — T (wo) w.r.t N (G2,B2,)2). This demonstrates that T exhibits sequential nf-continuity
on U. However, we assert that T does not possess strong neutrosophic continuity on U. Assume that T is
strongly continuous on U. Let € > 0 be given and wy € X™. Since T is strongly nf-continuous, there exists
d > 0 such that Vw € X", uy,ug, ...;ttn—1 €U and T (u1) , T (u2), ... T (up—1) € V,

Go (T (u1), T (u2), e, T (up—1), T (w) — T (wg) ,€) > Gy (U1, U2, ey Up—1,w — W, J)

d Rl || BN | 5
E|\1+w2|\||1+w(2)||+oz||w w0|||| w-l—wo)( 2+w0)+w wo(w+w0)|| - 5+Hw7w0\|’

and

Bo (T (u1), T (u2) .oy T (1) , T (w) — T (wo) ,€) < By (U1, U2y eeey Up—1,w — Wo, d)

N a1~ wo || w-+w0) (w? +u8 )+ w4 wo ) | < =
el1+w? || [[14wd || +allw—wo ||| (w+wo) (w2 +w3) +w2w (wtwo) || = I+Iw—woll”’

ad lw — wol| llw + woll [Jw? +wf + wwd|| + a Jw — wo|* [w+wol| [|w? +w] + ww|
<e||1+w?|| |1+ wd]| llw — woll + e [Jw — wol? lw + wo| |l w? + wi + w?wd ||
= ab [|w — wo| |w + wol| ||w? + wE + wwl|| < €||1 4+ w?|| |1+ wd]| [|w — wol

e[ 1+w? || |1+ wd ][I0 —woll e[ 1-+w?||[1-+wd]]

aflw—wo|[[lw-two[[[w? Twi tw?wd]] — alwtwol|Jw?+wi tw?wd]

=0<
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W2 (T (U]) 7T (U/Q) ) 7T (u’nfl) 9 T(wn) -T (wo) 76) g Wl (u17u27 vy Up—1, Wy — w076)

| T (1), T (uz), o, T(un—1), T (wn) =T (wo)|| HT(M),T(M),--~7§(un—1),wn—woH

€ =

=

= a < §flw — wol

w* Wy
1+w? 1+w8
oz”w4(l+w3)—w§(l+w2)
[1+w?[|||1+w3 ]

| < € Jw - wol

= da||Jw? — wg + whwd — wiw?|| < ellw — woll |1 + wd|| ||1 + w?|

o — ) (04 8) + P (e — )] < €l 1+ ] 1+ 7]
= da|Jw — wol| |w + wol| ||w? + wg + wwd|| < €lw —wol |1+ wd|| |1 + w?||

o5 < e el

= o Jlwtwol|[|w+wi+wwd ||’

Hence, in all cases
[+ w1+ w2

€
=0< — .
= allw A+ wol| [w? +w§ + w2wg|
Let,
1 201 2
P ) L
webwy 10+ woll [|w? + wg + wwg|]

Then 6 = £6". But 6 = 0 which is not possible. As a result, T is not strongly nf-continuous on U.
Theorem 2 A map T : U — V is nf-continuous iff T is sequentially nf-continuous on U.

Proof. Suppose T : U — V is nf-continuous on U. We shall prove that T is sequentially nf-continuous.
Let wg € U be any element and w = (w,,) be any sequence in U converging to wo w.r.t Ny (G1,B1,)1) i.e.
N1 (G1,B1, Y1) — limy, 00 Wy, = wo. Let € > 0and 0 <n < 1. Since, T : U — V is nf-continuous at wy, there
exists § = §(n,€) > 0 and € = &(n, €) > 0 such that for all w € X™ satisfying

g1 (ul,u2, ey Up—1, W — U)(),(S) > 5

and
Bl (ul,u27"'7u’nflvw - w(]vé) <1l- 57 yl (u17u27“'7un717w - ’LU(),(s) <1 _5

We have
G- (T (ul) , T (UQ) ey T (un,l) ,T (’LU) -T (w()) s 6) >,
(

BQ (T (ul) 7T(UQ) s ...,T(un_l) 7T’ ’LU) - T (U)o) ,6) <1-— n, (5)
y2 (T (ul) 7T (u2) ) "'7T (un—l) vT(w) -T (w0) ) 6) <1l- B

Since N1 (G1,B1, Y1) — limy, 00 wy, = wo, there exists ny; € N such that for all n > ny, we have
G1 (u1, U2,y ooy Up—1, Wy, — W, 0) > &

and
B (Ul,’LLQ, vy Up—1, Wy, — w0,5) <1-— f, %1 (ul,u2, vy Up—1, Wy, — ’LU(),(s) <1l-— f

So by (5), we have for all n > nq,
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This denotes that T (wy,) — T (wg) w.r.t Ny (Go,B2,)s) and therefore T is sequentially nf-continuous on
U as wy was selected arbitrary. This demonstrates that T (w,) — T (wg) w.r.t N3 (Ga,B2,)2) and so T is
sequentially nf-continuous on U as wg was selected arbitrary.

Conversely, assume that T : U — V is sequentially nf-continuous on U. We have to demonstrate that
T is nf-continuous on U. Suppose that T is not nf-continuous on U. Then Jwy € U such that T is not
nf-continuous at wg. Then e > 0 and 1 > 0 such that for any 6 > 0 and 0 < £ < 1 there exists w’ € X"
such that

Gr (w1, ug, ooy Up—1,wg —w',8) > &

and
B (ul,uQ, ey Up—1, Wy — w’,5) <1- 6, %1 (’Uq,’UQ7 vy Up—1, Wy — ’LU’,(S) <1- f
We have
Go (T (w1), T (u2) s ..e; T (up—1) , T (wo) — T'(w') ,€) < m,
82 (T(Ul),T(Uz) 7T(u71—1)7T(w0)7T(w/)36) Z 17777 (6)
Vo (T (w), T (u2) s T (un—1) , T (wo) = T'(w') ,€) 21 —n
If we take { =1 — — and 6 = n%rl, k=1,2,3,..., then we have a sequence (w} ) such that
gl (u17u27"',un717w0_w'/n7n+1) >1- 17
Bl (Ul,UQ, ey Up—1, Wo — ;w n+1) <1l- 1; (7)
Nz ('UJ17U27 cees Un—1, Wo — Wy, ﬁ) <1l- ﬁrl
However,

g2 (T (ul) 7T (u2) ’ 7T (unfl) aT(wO) -T (w/) 76) < ,
Bo (T (u1),T (u2) .o, T (p—1) , T (wo) = T (w'),€) > 1
Vo (T (u1), T (u2), ', T (up—1), T (wo) = T (w'),€) >1—mn.

Further, for § > 0, we can select n; € N such that for all n > n; we have n+1 < 6. Now,
/ /
g1 (ul,ug,...,u”_l,wo—wn,(;) > Gy (ul,uQ,...,un_l,wo— 7L’n+1) >1-— 1,
/ / 1 1
By (u1,u2, ..., Up—1,wo — w),,0) < By (Ulyuz, ceny Un—1, Wo — Wy, m) < 5T

/ / 1 1 :
Vi (ur, U2y oy Up—1, w0 — wy,,0) < Wy (U17u2, vy Up—1, W — Wy, TH) < 41, by using (7)

will imply
lim Gy (u1,ug, ..y Up_1, wo — W), 0) =
lim By (u1,ug, ..., Up_1,wo — w),,d) =0
lim ) (ulqua vy Up—1, Wo — ’LU,/n,é) =
Thus show that (w)],) — wo w.r.t Ny (G1,B1, ).
Now by (6),
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lim Go (T (u1),T (u2),..e, T (tn—1), T (wp) — T (wl,) ,€) # 1,

= nhj{.lo By (T (u1),T (u2), ... T (up—1), T (wo) = T (w),) ,€) # 0,
nlLH;O yg (T (U,l) 7T‘ (U,Q) ; 7T‘ (un—l) ,T(wo) -T (’U);l) ,6) 7é 0.

So T (wl,) - T (wg) w.r.t Na(Ge,B2,)2). This demonstrates the lack of sequential continuity of T as
(w]) — wo w.r.t N1 (G1,B81,Y1). Consequently, we encounter a contradiction, confirming that T exhibits
neutrosophic continuity in U. m

We will now establish the concepts of neutrosophic weak and strong boundedness for a linear operator

and explore their pertinent associations.

Definition 8 A linear operator T : U — V s called to be strongly neutrosophic bounded on U iff AM > 0
such that for allw € U and n >0

g2 (T(wlaw27"'7wn>7n) Z gl (wlaw27' ,’U}n,%) )
62 (T(’LUl,T,UQ,.-.,U}n),n) S 62 (wlwa;"wwna%)a
yQ (T(w17w27"'7wn)7n) S y2 (UJ1,'ZU2, 7“%7%)-

Example 2 Let (X, | - ||n) be a n-normed linear space. Define Gi,Ga,B1,By and Y1, V2 as follows:

X ifn >0
W1, W2y -oy Wns = n+ai||wi,we,... wy || s
e ) {0 ifn <0,
ai||wi,wa,...,wn | .
Bl (TU1,’UJ2, '-'7wn777) = nta ||lwi,wa,...,wy || Zf’f] > Oa
0 ifn <0,
at||wi,wa,...,wy|| .
e ifn >0,
= n
yl ('LUl,IUQ, 7wn7n) { 0 an S Oa
and
X ifn >0
W1, W2, ..., Wn, = ntazl|wi,wa,...,;wn || ;
Go (w1, wo s 1) {O A
as||lwi,wa,...,wn | .
Bs (w1, wa, .oy Wp,n) = ntasJwi,wa,...,wn || if n >0,
0 ifn <0,
as||wi,wa,..., wy|| .
= ifn >0,
= n
Yo (w1, w2, ..., Wy, M) { . A,

If n > 0 and G1,G2, B1, B2 and Y1,Ys are defined to be zero of n < 0, where ay and ag are fixed positive real
numbers and «y > ag. It is evident that the structures (X, Gy, By, Y1,0,0) and (X, Ga, Ba, Vo, 0,0) become
NnNLS. We define an operator T : (X,G1) — (X,Ga) by T(w) = lw, where w = (w1, wa, ..., w,) € X",
where I # 0 € R is fized, then it is easy to see that T is a linear operator. It’s worth noting that we can
select M such that M > |l|. In this context, we have

l) s V(wl,wz, ,'wn) S X",Vn € R.

gQ (T (wl,wQa ?wn) 377) > gl (wl’wQ’ woy Wiy M
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Since, w = (w1, ws, ..., w,) € U, M > |l| we have, ay M > asll| since (aq > ag > 0)

= a1 M ||wy, wa, .y wy || > aall] ||wi, way ..y wa |

= N4 oM ||wy,wa, ..., wy| =0+ asll] ||wi, wa, ..., wy ||, Y >0

1 1
>
N+ az|l] [[wi, we, ...;wn || T n4+ a1 M |lwy, wa, ..., wy|
n §i

> .
N+ ag [[lwi, wa, ..., wn|| T 5 4 a1 Jwi, wa, . wy|

Go (T (w1, wa, ...;wn) ,n) > G1 (wl,wg, ceey Wi, i) , ¥V (wy,wae, ..., wy,) € X™,Vn € R.

M
Further,
as |l <M
= a|lln < a1 My
= aallln+ araa ML [y, ws, ., | < 61 My + a0z M| 101,05, -, w, |
as|l ar M
= <
N+ ao|l| |wr, wa, ..., wn|| T N4+ a1 M ||wi, wa, ..., wy]|
N s |lw, wa, ...y wy | aq |Jwy, wa, ..., Wy ||
N+ az [[lw, wa, ..., wn|| T 5 4 a1 [lwy, wa, ., wy|
Bs (T (w1, wa, ..., wy),n) < By (wl,wg, weey Wy %) , V(wy,wa,...,wy) € X", ¥y € R.
Similarly,

Vo (T (w1, wa, ..., wy) ,n) < W (U)1,’LU2, ooy Wy %) , V(wy,we, ..., w,) € X™,Vn € R.

This demonstrates the strong neutrosophic boundedness of the operator T'.

Definition 9 A linear operator T : U — V is called to be weakly neutrosophic bounded on U if for any n,
0<n<1,3M, >0 such that Vw € U and § > 0,

a1 (wl,wg,...,wm]\i) >n, B <w1,w2,...,wn,]\i}> <l-—mn, W (wl,wg,...,wm]\z) <1l-—n.
Then
QQ(T(w17w27"'7wn)7£) >, BQ(T(wlvaa"'awn)vg) §1_77 and yQ(T('LUl,U}Q,...,’wn),f) < 1_77

Example 3 Consider (X, || - ||») as a n-normed space. We define sot as the minimum of s and t, and sot
as the mazimum of s and t for any s, t in the interval [0, 1];

E+(lwr,wa,...,wn |[)?

€ —(lwiwg,wa )
) > Wy, Wa, ..., W
gl (w1,w2,...,wn,§) = fg H 1, W2, ) ’n||7
0 fo < Hw17w27"~7wn” )

2([lwa,wa,.wn [ ;
Bl (’U}l, Wa, "-awn7€) = 2+ (JJwr,wa,..ywn |])? Zf§ > ||wla w2, awn“ ’
0 ngg ||w1,7.U2,...,’lUn||,

2(Hw1)w2)2'“7wn‘|)2

if € > ||lw1, wa, ...y wn]|
0 if &€ < |Jlwy, wa, ..., wy|,

yl (wlaw27"'7wn7§) = {
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and

if € > 0,Ywy,ws,...,w, € X,
if € <0,Ywy,ws,...,w, € X,

{ Awrwaswn |l if € > 0,Ywy,ws, ..., w, € X,

£
G- (wl,wg,...,wn,f) = { (£)+Hw1,w2,.“,wn\|

Etllwi,wa,..wn ||

0 if{“gO,le,wg,...,wneX,

Bg (wl,wQ, ...,wn,f)

y2 (w17w27"'7wna€) =

szl if ¢ 5 0,V ws, .., wy € X
0 if € < 0,Ywy,wa, ..., w, € X,

If £ > 0 and G1,Go, B1, Ba, V1 and Yo are said to be zero for £ < 0. It is evident that U = (X, Gy, B1,V1,0,0)
and V = (X, Ga, Ba, Va,0,0) both qualify as NnNLS.
Establish an operator T : U — V by T'(w) = w where w = (w1, wa, ..., w,) € X™. If we select M, = ﬁ, for
allm € (0,1), then for & > |wy, wa, ..., w,|| we obtain

2 2
1—n)* = (JJwr, w2, ..., w,
gl <w17w27~..,wn; ]\j) Z n = 52( n)z (H 1 2 H)2 > 7’]
K 6 (1_17) +(||w17w27'“7wn“)

(1 =m)? = (lwr, wa, ooy wal)* = 0 (1 =m)2 + 7 (Jwr, wa, ooy wy )
(L=m)? =0 (L= n)? = (lwr, w2, oy wa) + 77 (01, wa, s wn])?
= (1 —n)2(1—n) = (L+n) (lwr, wz, oy wy )
(
(

21— = (L4 n) (Jwr, wz, ey w]])

- 2
= E8I > (g, ws, ..y wa))
2 o 2013
> (lon ol < SR
= |Jwy, wa, e, wy || < g=m)2 ”)2
(1+n)2
1
= ||wy, wa, oy wy || < w
(1+’r])2
1
= £ [[wr,wp, oy || < SEEDOSWE 4 g
(14n)2
1
= &+ Jwy, way oy wy|| < €a-—m(Qa- n)QTE(Hn)?
(1+m)2
o Gl ¢ (om0 )42
(14n) 3
1 1
- > Sk . (8)
§+ lwr, wa, o wn| T (1 =n)(1—n)z 4+ (141)2
Now,
1
(14n)2 >
a-m-mb+aems =
= (L+m)7 > (1 —n)(1—n)?2 +n(l+n)?
= (1+1n)* — (1 + ) >n(l—n)(1—n)?
= (L=n)(L+n)% >n(l—n)(1—n)*
= (14+n)2 >n(1—n)2 (squaring both szdes)
=+ >PA-n)=1+n>0 —n*=>1+n+1° > 7%
This holds for all m € (0,1) by (8), we get,

QZ(T (ul) , T (UQ) —a (unfl) ) T(w) vg) >
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if € > |lwy,wa, ..., wy]|. Since

2
€~ (. ww)?
- )

52 + (||w17w2a ey wn”)2

5 S ||w1aw27"'7w’n||7
it yields that

gl (wlaw27 ceny Why,y ) Z n= g2 (T (w13w27 ,U)n) 7§) Z n, Vn € (O’ 1)

[

For all cases, we get,

g1 <’U}1,’U}2,...,U}n, ]5[ > >n= Go (T (wy,wa,..,w,),&) >n, ¥ne(0,1).
n
Now ¢
B: <w1,w2, U T M) <1—n= By (T (wy1,wa,...w,), &) <1—mn, Yne(0,1).
n
Bi | wi,ws wni <l—-a«
b b b ’M,r] _—

i 2|Jwy, wa, ... Wy ||? <1-a
f (1 — 04)2 + le,wg, ...,wn||2

4

= 2wy, wa, .., wy]|* < (1 - ) (52(1 —a)? + ||Jwy, wo, ,wn||2)
= 2wy, wa, ., wn|? < (1 - a) (52(1 —a)’+ (1 - a)||lwi, wa, ..., wn|?)
= 2wy, wa, ., wp || — (1 — @) |lwr, wa, ..oy wy||* < (1 — a)3§2
= 2wy, wa, ..oy wp||? = w1, wa, ..., wy||? + allwr, wa, ..., wy|)? < (1 — )2
= |wy, wa, ., wy ||? + al|wr, wa, .o wy |2 < (1 — a)3§2
= (1 +OL)HU)1,U)2, -'-?wn”Q S (1 - 04)352
2
2 (1_04)35
= |wr, wa, ..., w,||* < >
H 1 2 || (1+Oé)
l—« 3
= ||w1aw27 ,'LUn” ~ ( )lg
(1+a)
1—a)(l—a)?
= ||w17w27 7wn|| S ( )( T ) £
(1+ )2
1—a)(l—a)?
= §+||w17w27 7’U)nH7( )( 7) €+£
(1+a)
1—a)(1—a)z + 1+a%
St |, w, ,wnHS( )( ) 515( )
(1+a)}
e[ =) = a)¥ + (1+a)?]
= f+ ||’LU1,’LU2,...,’LU7LH < T
RESE

Jwr, wa, ey wall [ (1= @)(1 = @)% + (1+ )]

= f—i— ||w1,w2, ,wnH <

(14a)z

Lt flwnw,wa] (1-—a)l—a)z +(1+a)2
||w1’w23-"awn|| - (1+OZ)%
Wy, 1 3
o _Nwn s, wa (1+a)

E+ [lwr,we,hwnll T (1—a)1—a)z +(1+a)z
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Now,

1-a)l—a)z +(1+a)2
= (1+a)f<(l-a)l-a)(l-a)?+(1—-a)(l+a)?
= (1+a)?—(1-a)1+a)? <(1-a)*(l-a)?
= (lI+a)?—(14+a)?+a(l+a)? <(1-a)(1—a)?
= ol+ a)% <(1—a)*(1- a)% (squaring both sides)

= o+ <(1-a)!—a(l-a)

= o+ <[1-a)?] -« [(1—04)2]2

= oz2—|—o¢3§[1—2a+a2]2—a[1—2a+a22

= a’+a’< [1+4a2+a4—4a—4a3+2a2] —04[1—1—4042—&—(14—404—40[34—2@2]
= a’+a’< [1+4a2+a4—4a—4a3+2a2] —a—4a® — a® +40? + 4a* — 208
= a’+a’®<1+10a®+5a* —5a—10a® — a®

a3+10a3+5a+a5§1+10a2+5a4—a2.

4

This holds for alln € (0,1) we obtain, Bs (T (w1, wa, .., wy),&) <1 —nif £ < ||w1,wa, ..., wy,]||. Since

62

= 07
& + ([lwr, wa, ooy wy)?

é‘ Z ||’lU1,'lU2, 7wn|| 9

it means that

By (wl,wg,...,wn, 5) <1-—n= By (T (w1, ws,....,wy),&) <1—n, ¥npe(0,1).

My

Similarly,

Vi (wl,wg, B T Z\j) <1—n= Yo (T (w1, wa,....,w,),§) <1—nYne(0,1).
n

This shows that T is weakly neutrosophic bounded.

Theorem 3 If a linear operator T : U — V is strongly neutrosophic bounded on U, then it is weakly
neutrosophic bounded on U.

Proof. Suppose that T : U — V is strongly neutrosophic bounded on U. So, there exists IM > 0 such that
for all w = (w1, wa, ..., w,) €U and n >0

QQ(T(’U)l,wg, awn)an) Z gl (wlaw27 ceny Why,y %) )
82 (T (w17w27 7wn) 7"7) S Bl (w17w27 cony Why,y %) ) (9)
Vo(T (wy,way ey wy) ,m) < M (’1111,’(1)2, ey Wy, %) )

Let 0 < & < 1. Then 3M¢(= M > 0) such that

gl (wl,wz,...,wn,]\;}g> Z f, Bl (wl’w%“"wn’]\;}g) S 1 —f and y1 <w1,w2,...,wn, ]\ZE) S 1 —{.
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Then
gQ(T(wlaw27 7w’ﬂ)777) > gl (w17w27 ooy Wnyy ]Z-) > 57
3
BZ(T(w17w27‘“7wn)vn) S Bl <w17w27"'7wn7n> S 1_57
Me
yQ(T(wlvaa'“vwn)an) < yl <w1,w2,...,wn, AZ&) S 1 _g (by uSing (9))

Since this is valid for all w € U and n > 0, it follows that T': U — V exhibits weak neutrosophic boundedness.
]

Theorem 4 A linear operator T : U — V is strongly nf-continuous everywhere on U if T is strongly
nf-continuous at a point wy € U.

Proof. Let wg € U be a point in U such that T : U — V is strongly nf-continuous at wg. We denote that
T is strongly nf-continuous everywhere in U. Since T is strongly nf-continuous at wg, we see that for each
€ >0, up,ug,...,tin_1 € U and T (u1),T (ug),...; T (up—1) € V, 36 > 0 such that Yw € U

g2 (T (ul) 7T (u2) ; maT (un—l) aT(w) =T (wO) ; 6) > gl (ul’u% ceey Up—1, W — Wo, 6) )
Bo (T (u1), T (u2) ey T (1) , T (w) — T (wp) ,€) < By (w1, Uz, .oy Up—1,w — wo,d), (10)

Wa (T (u1) , T (u2) 5oty T (1), T (w) = T (wg) ,€) < Wi (U1, U2,y «ooy Up—1, W — Wp,0) .

Suppose o € U is any element of U. Then w + wy — o is also an element of U, and therefore by replacing w
by w 4+ wo — o in (10), we have

Go (T (u1), T (u2), ..o, T (up—1) , T (w+wg — o) — T (wp) ,€) > G (ur, Uz, ..., Up—1,w + Wy — 0 — W, )
and
By (T (u1),T (u2) ... T (up—1) , T (w4 wg — o) = T (wp) ,€) < By (U1, U, ., Up—1,Ww + wo — 0 — wp, ) .
Then
Go (T (u1), T (u2),eoes T (Up—1), T (w+wy — o) — T (wp),€) > G1(u1,u,...;un—1,w — a,0)
and

By (T (u1),T (u2), ., T (up—1) , T (w4 wg — o) — T (wp) ,€) < By (U1, ug, .., Up—1,w + wo — 0 — wp, d) .

That is,

Go (T (u1), T (u2)y ey T (Up—1), T (w) =T (0),€) > G1(u1,ua, ..., Up_1,w — 0,9)
and

Bo (T (u1),T (u2),.... T (up—1), T (w) = T (0),€) < Bi(ug,ug, ..., Up—1,w — 0,9).
Similarly,

W (T (u1) , T (u2) s -, T (up—1) , T (w) = T (0) ,€) < Wi(u1,ug, ..., up—1,w — 0,6).
Since, o € U was arbitrarily selected, we see that T': U — V is strongly nf-continuous. m

Theorem 5 A linear map T : U — V is strongly nf-continuous iff T is strongly neutrosophic bounded.
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Proof. Suppose that T': U — V is strongly nf-continuous on U, then T is strongly nf-continuous at 6 € U
where 6 denote the zero element of U. So for e = 1, 36 > 0 such that for all w € U

g2 (T (ul) 7T (u2) ) 7T (un—l) 3T(w) -T (0) ) 1) > gl (u17u27 vy Up—1, W — 076) )
BQ (T (U,l) ,T (U,Q) s ...,T (U,n_l) ,T(w) -T (0) y 1) S Bl (Ul, Uy veeyUp—1,W — 9, 5) s
WQ (T (ul) 7T (Ug) 5 ,T (un,l) ,T(’LU) =T (9) N 1) < W1 (U17u2, ey Up—1,W — 9, (5) .

Case 1. Let w # 6 and n > 0. Take 0 = % Then

Go(T (u1), T (u2) o, T (un—1) , T(w),n) = Go(T (u1),T (u2),.... T (un-1),T(no),n)
= Go(T (u1),T (u2),..e, T (tpp—1) ,nT(0),m)
= Go(T (u1),T (u2), ..., T (up—1), T(c),1)
> Gi(ug,ug,y .oy tiyn_1,0,9)

Il
«Q
=

where M = %, ie

Go(T (1) T (uz) s T (1) T(w)y ) = Gu (11, s,y U, 0, 7 )

and
Bo(T (u1), T (u2), .o, T (up—1),T(w),n) = Ba(T (u1),T (u2),.... T (n—1),T(nc),n)
= Bo(T (u1),T (u2), ... T (upn—1),nT(c),n)
= Bo(T (u1),T (u2),....T (up—1),Tc),1)
< Bi(ui,ug,...;tp_1,0,9)

[
=

where M = %, i.e

Ba(T (), T (w2) s T (1) Tw),m) < By (11, oy, 00,20

Similarly,
WQ(T (ul) 7T (u2) ) 7T (un—l) ,T(’LU),’I’}) S Wl (Ul,’U/Q, ey Up—1, W, %) .

Case 2. If w =6 and n > 0, then

T(0) =0, G2(0,n) = G (9, %) — 1, Bs(0,n) = By (9, %) — 0 and Wa(0,7) = Wi (9, %) —0.
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Hence, in both instances, T is strongly bounded in the neutrosophic sense. Conversely, suppose that T is
strongly neutrosophic bounded so 3M > 0 such that Vw € U and n > 0

g2 (T(wlaw27~--7wn)7n) 2 gl (UH,'U]Q,---,U]'”,%) )
BQ (T(w17w27"'7wn)7n) < BQ (whwz""’w"’%) ’

Vo (T (w1, wa, coywn),m) < o (wl,wg,...,wn, %) .
Let € > 0. Then we have
Go(T(w), €) > By (w,
Take § = 7. Then

QQ(T (ul) ,T (UQ) 5 ,T (un_l) ,T(U)) — T(H), 6)
By (T (u1),T (u2) .., T (up—1) , T(w) — T(6),€)
N (T (ul) T (u2) yoey I (uﬂ—l) ,T(w) - T(0)7 6)

Gi(u1,ug, .oy tbp_1,w —0,98),
82 (u17u27 vy Up—1, W — 976) )

yg (Ul, U2y ey Up—1,W — 9, 5) .

ININ IV

Therefore, T is strongly nf-continuous on U. =

Theorem 6 If a linear operator T : U — V is sequentially nf-continuous at ug in U then it is sequentially
nf-continuous on U.

Proof. Suppose that T : U — V is sequentially nf-continuous at wg in U. We shall show that T is
sequentially nf-continuous on U. Let w € U be any arbitrary and (w,) be any sequence converging to w
w.r.t Ny (Gy, By, W;) then, we have for all n > 0, uy,uz,...,un—1 € U and T (u1),T (u2), ..., T (up—1) €V,

lim Gy (uy,ug, .oy Up—1, Wy, — w,n) = 1,

n—oo
lim By (u1,ug, ..., Up—1, W, —w,n) =0,
n—oo

and

hm W1 (ul,u27 ceey Un—1,Wn — U),’I’]) = O
n— o0

This implies that
lim gl (Uhu?a ooy Un—1, (wn —w+ wO) - woﬂ?) = ]-a

n—oo

lim By (w1, u2, ..., Un—1, (Wp — w+ wy) —wo,n) =0,

n—oo
and
lim Wi (u1,uz, ..., tp—1, (W, — w + wp) — wo,7n) = 0.

n—oo
Since T is sequentially nf-continuous at wg, we get

lim Gy (T (u1), T (uz) ..., T (un—1) , T (wn — w +wo) — T (wo) ,n) =1,

nlLH;O By (T (u1),T (u2) .., T (up—1) , T (wy, — w 4+ wp) — T (wp) ,n) =0,
and
lim Wh (T (u1),T (u2), ..., T (tp—1), T (wp, —w +wg) — T (wg) ,n) = 0.

n—oo

This gives for each n > 0

lim Go (T (u1),T (u2), ..t T (Uup—1), T (wy) — T (w),n) =1,

n—00
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lim BQ (T (ul) ,T (UQ) s ,T (un—l) 771 (U)n) -T (IU) ,77) = O,

n—o0

and
lim Wa (T (u1),T (u2), o', T (tn—1) , T (wy,) = T (w) ,m) = 0.

n—oo

This denotes that (T (wy,)) — T(w) w.r.t N3 (Ga, B2, Ws) and so T is sequentially nf-continuous on U. ®
The proof of the following two Theorems is omitted as it can be obtained analogously to the proofs of
Theorem 4 and Theorem 5.

Theorem 7 A linear operator T : U — V' is weakly nf-continuous on U if T is weakly nf-continuous at a
point ug tn U.

Proof. The proof is easy so it is omitted.

Theorem 8 A linear operator T : U — V is weakly nf-continuous if and only if T is weakly neutrosophic
bounded.

Proof. Omitted as it follows from the proof of Theorem 5. m

4 Conclusions

In this study, we have explored the concepts of continuity and boundedness in the context of NFnNS,
focusing on linear operators. Our research reveals a distinct disparity between sequential continuity and
strong continuity within these spaces, challenging conventional expectations and emphasizing the complexity
of this mathematical framework.

Furthermore, we have introduced the notions of weak and strong boundedness for operators, extending
our understanding of bounded operators to this intricate setting. The study uncovers valuable insights into
the interplay between continuity and boundedness within NFnNS.

In conclusion, our findings advance the understanding of mathematical structures in operator theory,
providing a foundation for future research and applications in various scientific and engineering domains.
The relationships between continuity and boundedness in these spaces offer rich opportunities for further
exploration and the potential to enhance our grasp of complex mathematical concepts.
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