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Abstract

In this note, we prove a general theorem related to the divergence of series. A direct consequence of
this theorem is the divergence of a familiar class of slowly diverging series.

1 Introduction

A familiar class of slowly diverging series includes Y £, 77, > sz, ete- In general, denoting by

m®z = x,
mMz = In x,
m®»z = Inln x,
m™z = Inln---Inz,
| —
m times

it is well-known that the following series diverges:

1 1
= , 1
kZZl @ k™ EIn®@ k. ™ g kzzl Enkin®@ k.. In™ g (1)

where [ is the smallest integer such that ™[>0 for a given finite number m.

The standard method for proving that the series in Eq. (1) diverges involves the integral test, although
there are other methods in the literature that show the divergence of this series, for example, the Cauchy’s
condensation test as well as the Abel-Dini theorem (see, e.g., [1] and [2]). However, in this note, we will
establish a general theorem that the divergence of the series in Eq. (1) is a direct consequence thereof. We
prove the main theorem in the next section.

2 Main results

In this section, we aim to present our main results. We prove the following theorem:

Theorem 1 Let Ay be a strictly increasing sequence of positive numbers tending to infinity. Then, for each

T . Apgi—Ap . . .
fized nonnegative integer m, the series Y, -, T 1n’““ k diverges, where [ is the smallest integer
= k k

(2) Ap---In(m) A
such that In'™ A, is positive.
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Proof. It can be shown that if k is large enough such that In(m+h) Ay, is positive, then
A A
In(m ) 4 < InmtH 4 kil — £k
= K ln(o) Ak 111(1) Ak ln( ) Ak ln(m) Ak
Ay A
In(™+Y A, + Bk (2)

Apn Ay In® A, 1™ A,

Indeed, to prove inequality (2), we must first show that if inequality (2) holds for m — 1, then it holds for
m. This can be done by taking the natural logarithm of both sides of inequality (2) for m — 1, and using the
well-known inequality In(1 + ) < z for > 0. Therefore,

(™D A,

—_— o
hl(ln(m) Ak-‘,—l) S In (hl(m) Ak + §+1 k : )
Ak In Ak 111( ) Ak L ln(m— ) Ak

= W 4, +1n (1 + . Awrr — A - )
Ak In Ak ln( ) Ak cee ln(m_ ) Ak ll’l(m) Ak
App1 — A
In(m+D Ap + . k+1 k . '
Ak In Ak ln( ) Ak s ln(m_ ) Ak ln(m) Ak

IN

Now, it is enough to show that inequality (2) holds for m = 0 (then, as shown above, it holds for m = 1,

then for m = 2, and so on). Since In(1 + z) < z for > 0, if we set z = A"%;Ak, then we get In A1 <

In Ay + M , that is, inequality (2) for m = 0. Thus, inequality (2) is proved.
From mequahty (2), we have

_ (m)

Ak;—l Ay >In In'"" Ay 1 . (3)
Ak In Ak ln( ) Ak cee ln(m) Ak ln(m) Ak

Putting k =1,l+ 1,...,n in inequality (3) and adding, gives

n

=In
ln(m) Ak ln(m) Al

A1 — A Zl ™ Api1 ﬁln“”)AkH 7 A

— Apln Ay @ 4, - 1™ 4, 1n<'”> Ay, Pl

App1—Ag
In(® Ag---In(m) A,

Since In(™ Ay 41 tends to infinity as n — oo, therefore the series > -, A AL is divergent.

The proof is complete. m

Corollary 1 For Ay =k, Theorem 1 implies the divergence of the series in Eq. (1).

It can be shown that Theorem 1 can produce some divergent series that diverge more slowly than the
series in Eq. (1). In this regard, let us consider the following example.

VET k
Example 1 For A, = V'k and m = 1, Theorem 1 implies that the series > e o W =232, ﬁf
is divergent, that is, the series > ooy ™ lf;ln[ diverges. On the other hand, it can be seen that
1
/L vk 1+4+—1 1

i vk = . <t ———— fork>1

VkInk Ink Ink  klnk
Thus, this gives another proof (by comparison test) of the divergence of the familiar series Y - o ﬁ
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