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Abstract

We perform group analysis of the second order linear differential equation with the most general
variable time delay by developing a Lie type invariance condition using Taylor’s theorem for a function of
more than one variable. This condition is then used to obtain the symmetry algebra and make a complete
group classification of this delay differential equation. We deduce certain compatibility conditions for
the infinitesimals which lead to an extension of the symmetry algebra. Finally, we obtain a change of
variables leading the differential equation with variable delay to be reduced to a differential equation
with constant delay.

1 Introduction

In modeling several physical phenomena, we have to account for the fact that the unknown function may
not only depend on an instant value of time t but also at earlier instants t* < t. Such equations called delay
differential equations are studied in [4, 5, 7] and have numerous applications which can be seen in [9]. Such
equations cannot be easily solved owing to the presence of the delay terms and as such the properties of
these equations can be effectively studied using group analysis. The theory of group analysis developed for
ordinary and partial differential equations can be found in [2, 3, 8]. Literature on the stability, qualitative
analysis and oscillation criteria for delay differential equations can be seen [1, 21, 22].

Lie’s motivation to model the continuous symmetries of differential equations using Lie groups came from
Galois who modeled the discrete symmetries of algebraic equations using Galois groups. While numerical
methods are used in several problems such as [18], the invariance of such differential equations under these
Lie groups is the only unified explanation for solving differential equations. As seen in [15], invariance laws
are the essential requirement for reproducing experiments at different places and time.

Consider the global form of the Lie group, t = ¢(t,x;¢), T = 1(t,x;€). Let ¢ and ¢ be analytic functions
in t and . Further, we assume that they have a convergent Taylor series in €. Then, the infinitesimals are
given by
9¢(t, x;0) Ip(t, z;0)

Oe Oe

A definition of an admitted Lie group using Lie-Bécklund operators for functional differential equations
was proposed by Tanthanuch and Meleshko in [19, 20]. This definition was used in [11] to classify some
first order delay differential equations. Later in [6], all classes of linear first-order delay ordinary differential
systems having additional symmetries were identified and representatives of each class were provided. This
definition helped Pue-on [17] to classify second order differential equations with constant delay. A group
method is suggested in [10] to study functional differential equations, based on the search for symmetries
of underdetermined systems of differential equations, using the principle of factorization. First-order linear
neutral differential equations were classified in [12] by developing an invariance condition using Taylor’s
theorem. Group analysis of differential equations of fractional order are investigated in [16] and their exact

D(t,z) = and U(t,z)=
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solutions have been found. An application of Lie symmetry analysis is seen in [13] to obtain invariant
solutions of a model in the study of early carcinogenesis.
We will be developing an invariance condition for

f(t7x(t)7x/(t)>$(g(t))>$/(g(t))7 xll(t)) =0,

where f is defined on I x D3, for some open set D in R and an open interval I in R. The function g(t) is
assumed to be sufficiently smooth with g(t) < ¢.

The invariance condition will be developed using Taylor’s theorem for a function of several variables. An
increase in delay is seen on using Lie-Bécklund operators. No such increase in delay is observed using the
technique developed here. Motivated by [14], which classifies a system of ordinary differential equations of
the second order, we perform a symmetry analysis of second order differential equation with the most general
time delay.

In the following section, we develop a novel approach to obtain the Lie invariance condition for second
order differential equations with variable delay. This condition is used in Section 3 to obtain the symmetry
algebra of the second order linear differential equation. Certain compatibility conditions are then developed
in Section 4 to obtain the additional symmetries admitted by this differential equation. We then introduce
a change of variables in Section 5 to transform the differential equation with variable delay to a differential
equation with constant delay. We then present an example to illustrate our results.

2 Lie Type Invariance Condition for Second Order Delay Differ-
ential Equations
We develop a Lie type invariance condition for the most general time-delayed linear second order delay

differential equation. The delay term is specified in order to determine this linear delay differential equation
completely.

Theorem 1 Let F' be defined on a 6-dimensional space Iy x D x Iy x D3, where D is an open set in R, and
I, I> are any intervals in R. Then the second order delay differential equation

Oy = Flt,, g(0) #(g(1)),2' (1), #'(9(1)), W

with the notations, ®I = ®(g(t),z(g(t))) and VI = U(g(t),z(g(t))), has the Lie type invariance condition

OF, + WFy + Q9 Fy4) + W Fygy) + Yy Py + Uy For(gt))
= Wy + 2V, — Op)a’ + (VU — 284, )2 — 2" + (U, — 28)2” — 3®,2'2".
where,
Wiy = De(V) — 2'Dy(2),

0 0 0
Wiy = Di(py) — 2" Dy(P), where Dy = 5 + x’% + 2"
Uy = (9)g0) + (T9)a(g0)) — (29)g0)) 2" (9(8)) — (2(9(2)))

Proof. We consider the infinitesimal form of the Lie group under which the delay differential equation is
invariant, which is given by

% + sy
2 @Q
(D9)2(g(t))-

t=t+ed(t,x)+0(?), T=u+e¥(t,x)+ O(),
where ® and W are defined in the introduction. It follows that

g(t) = g(t) + e®(g(t), 2(g(t))) + O(e?),
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and

Then

dx /
= = a+(\11t+\lfx)e+0( N1 = (@ + pa’)e+ O(?)]

dx

= EJF[\I/tJr(\II — @)z’ — Bpa?e + O(?).

With the notation Dy = — + 2’ g we can write
ot ox’
dx dx

= S (DY) — 2 Dy(@))e + O()

= ilij-i-\lf 1€+ O(e?),

where Uy = Dy(¥) — ' Dy(®) = ¥y + (¥, — )z’ — @,z Now,
d*z d?
= (w +Dt(\ym)e+0(62)) (1 eDy(®) + O(c?)

= S5+ (D) - D®)a)e + O(),

So Wiy = Dy(Vpy) — 2" Dy (P). We will require to extend the definition of D; because W contains ¢,z and
z'. Hence we have 5 o o

Dy =% + e + 2" F +oe
Expanding Wy, gives
g = Wur 4+ (20 — Pp)a’ + (Vo — 204, ) 2" — pp’® + (U, — 284)z” — 3®,2"2".
With the notations ®9 = ®(g(¢),z(g(¢t))) and W9 = U(g(t),z(g(t))), it follows that
Z(9(t)) = ' (9()) + [(T) gy + ((V)aoty) — (@)g1)) 2 (9(1)) — (2" (9(£)))” ()x(gen)e + O(e2).

Let \Il[t] = (U9) gy + (B9 agty) — (29) g2 (9(t)) — (z'(g(1)))* (®9)4(g(t))- For invariance,

in' - — dr dT ——
= F(,2,9(0),2(9()), = '
This gives

2
% + Ve + O(e) = F(t + €@ + O(2), x4 e + O(e?), g(1) + €@ + O(e?), 2(g(1)) + e¥? + O(e?),

Wy avy+0@), ‘flt( (1)) + Wye + O(e2))
— F(t,2,9(8),2(g(0), @' (1),2/ (9(1))) + (DF, + WF, + B9 Fy) + W9 Fyy0)) + Wi Py
+\Ifﬁ} Fugty))e+ O(€%).
Equating the coefficient of €, we get

OF; + WFy + ®YFy) + VI F(g(1)) + Vi Furr) + Vi For(g(0))
= Uy + (20 — Bp)a’ + (VU — 204, )2"% — Oy’ + (U, — 20,)2" — 3®,2"2". (2)
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Equation (2) gives us the desired invariance condition. ®
The prolonged operator for equation (1) is

B 0 B 0
= O + Y SO I
ot dg(t)) Oz 9z (g(t))

¢

Equation (1) has the following extended operator:

0 0 0 0 0 0
W == 4 9 U W Uy 0 W
¢ ot * d(g(t)) + Ox + 0x(g(t)) ¥ oz’ ¥ oz’ (g(t)) + ¥ ox" ®)
Defining
d?z , ,
A= = F(ta(t), 9(t), 2(g(2)),2'(t), 2'(9(2))) = 0,
we get
1
(WA =Wy — ®F, = WF, — D9 Fy ) — W Fogey) — Vi Foriey — Wiy Far (o) (4)

Comparing equation (4) with equation (2), we get
Vg = Wur 4+ (2010 — Pp)1’ + (Vo — 204, ) 2" — pp + (U, — 284 )2 — 3®,2"2".

We get an invariance condition for equation (1) as C(l)A |a=o= 0, on substituting =" = F into §(1)A =0.
This condition will be used in computing the determining equations.

3 Symmetries of the Second Order Differential Equation with the
Most General Time Delay

We now turn to obtain the equivalent symmetries of

2"(t) + a(t)(g(t) + B(t)z(t) + y(1)2'(t) + p(t)x(g(t)) = O, ()

where a(t), 8(t),v(t) and p(t) are twice differentiable functions. Applying the operator defined by equation
(3) to the delay term, t; = g(t), we get
0y =g'(2). (6)

Applying the operator defined by equation (3) to equation (5), we get
Wy + (20, — Op)a’ + (Vo — 284,)2"% — Dz’ + (U, — 20,)2” — 30,2"2"
£ [0 (12 (1) + B (0)2(8) + 7/ (D2 (2) + (D (t)] + W) + p(t)W? + a(t) ¥,
() a(e0) = (9)e)a (1) = (@9)a(u) ' (11)°] +7(8) [ 1 + (Lr = @)’ — @,0”*] = 0.
Using equation (5), we can substitute for 2" to get the following determining equations
Uy + (20 — Op)2’ + (Ui — 204,)2"% — @y’ + (U, — 20;) [—a(t)a! (t1) — B(t)x(t) — y(t)z' ()
—p(t)x(t1)] — 30.2'[—a(t)2'(t1) — B(H)z(t) — v(t)2(t) — p(t)z(t1)] + @ {O/(t)w'(h)
+B'(H)a(t) ++' ()2’ (t) + p/(t)fv(tl)] + UB() + p(t) W7
T, + (F)a) = (B)e)a’ (1) = (B)aeya’ (1)) + 7 ()W + (Vs = )2’ — B2 = 0. (7)
Splitting equation (7) with respect to z’ (t1)2 and solving the resulting equation we get

Bt z) = At). (8)
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Splitting equation (7) with respect to 2'%, and using equation (8), we get
U(t,z) = B(t)x + C(¢t). (9)
Further, the Lie invariance condition on the delay equation ¢; = g(t) gives
Y =g'(t)® = g'(t)A(t) = A(ta). (10)
Substituting equations (8), (9) and (10) in equation (7), we get

B"(t)z + C"(t) + (2B'(t) — A"(1))2" + (B(t) — 24" (1)) [-a(t)2'(t1) — B(t)z(t) — ()2 (t) — p(t)z(t1)]
+@[—d/(t)2' (t1) — B'(D)z(t) — 7' (H)a'(t) — p'(W)z(tr)] + B(t)(B(t)z + C(t)) + () [B'(t)z + C'(t)
+(B(t) = A'(1))'] + p(t)(B(t1)z(t1) + C(t1)) + a(t)[B'(t)z(t) + C'(t1) + (B(t1) — A'(t1))2" (t1)]

= 0. (11)

Splitting equation (11) with respect to x, we get
BY(t) +24'(1)B(t) + AW (5) + 4(1)B'(£) = 0. (12)
Splitting equation (11) with respect to z’, we get
2B'(t) — A"(t)+ At)Y'(t) + A'(t)y(t) = 0. (13)
Splitting equation (11) with respect to x(t1), we get
24/ (D)p(t) + AW (1) + p(t) B(tr) — p(H)B() + a(t) B (1) = 0. (14)
Splitting equation (11) with respect to x’(¢1), we get
24/ (Baft) + A1)/ (1) — alt) B(E) + alt) B(t:) — a(t) (1) = 0. (15)
Splitting equation (11) with respect to the constant term, we get
C"(t) + a(t)C'(t1) + B()C(E) + ()T’ (1) + p(t)C(t1) = 0, (16)
From equation (16), we see that C(t) satisfies equation (5). Solving equation (13), we get
B(t) = %A’(t) - %'y(t)A(t) +c1, (17)
where ¢ is an arbitrary constant. Substituting equation (17) into equation (12), we get
A1)+ [5(1) — 2/ (1) = PO + I (1) — (2 () — 7" (D]A) = (18)

From equation (17), we have

1 1
B(t1) = §Al(t1) - 57(751)14@1) +oa, (19)
and consequently,
1 1
B'(t) = 514"(751) - 5(7’(751)14(751) +(t)A'(t1))- (20)
Differentiating equation (10) with respect to ¢, we get
() A(t
() = Ag) = LD 4y (21)
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and differentiating equation (21) with respect to ¢, we get

W - ey = 8O 4 O O AT
= A = o O o T o MY 9
Substituting equation (17) into equation (14) and using equations (19)—(22), we get
a(t) 4 g"(t) /
g,(t)A (1) + |4p(t) + a(t) O v(g(t))> A'(t)
/ ORI U0 iy 9(8)g" ()
ﬁhaﬂa@(wwf gor YOG )
g"(t) / _
+00) (Z18 2t ) +(0) ] a0 =0 (23)
Substituting equation (17) into equation (14) and using equations (10) and equation (17), we get
/ 1oy o ) iy 9" (@) _
a0+ [0+ 5 (50 - a0’ - L2 )] a0 = (29

Since «(t), B(t), v(t), p(t) and g(t) are arbitrary, equations (18), (23) and (24) together with equation (10)
have only one solution, namely A(¢) = 0. Thus, we get

O(t,z) =0, V(t,z)=crz+ D(t).
Therefore, we obtain the infinitesimal generator of the corresponding Lie group to be

= (c1z + D(t)) ﬁ (25)

¢ = B(t0) g+ W(E7) 2

ot oz
We have just established the following result:

Theorem 2 The second order linear differential equation with the most general variable time delay given by

2"(t) + a(t)2’(g(t)) + v ()2'(t) + Bt)z(t) + p(t)x(9(t)) =0,
for sufficiently smooth functions a(t), B(t), v(t), and p(t) admits the two dimensional group generated by
. 0 . 0 . .
(1= T (5= D(t)%, where D(t) solves equation (5).

It should be noted that if in place of equation (5) we had the corresponding nonhomogeneous delay
differential equation given by

a”(t) + a(t)a’(g(t) + ()" (t) + Bt)z(t) + p(t)z(g(t)) = h(?), (26)
for sufficiently smooth functions «(t), 5(¢),v(t), p(t), and h(t), then we can establish the following corollary:
Corollary 1 The second order linear differential equation with the most general variable time delay given

0 0

by equation (26) admits the two dimensional group generated by, (7 = (v — xl(t))a—, (3= D(t)a—7 where
x x

D(t) solves equation (5) and x1(t) is the particular solution of equation (26).
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4 Extensions of the Symmetry Algebra

In this section, we will discuss certain conditions on the obtained equations which result in non-trivial
solutions and consequently make the symmetry algebra larger.
We can write equation (24) as

A1) = M@AQ), (27)
where
o o (g
M) = = s [0+ 5 (20 - o0 - 2]

Substituting equation (27) in equation (21) and using equation (10), we get

(M) [0 (0F — ¢ (1) — g WM (B)] At) = 0.
Therefore, either A(t) =0, or

M(g()[g'®)° = g"(®) + g/ ()M (1) (28)
Since A(t) must satisfy equation (27), we can write the general solution as
t
AW =cresp ([ 2)ay) (29)
0

where co is an arbitrary non-zero constant.
We are now in a position to prove our result.

Theorem 3 Under the hypothesis that equations (10), (18), (23) and (24) have nontrivial solutions, the
delay differential equation given by (5) admits a symmetry algebra larger than the one given in Theorem 2.
The symmetry algebra in this case is given by

o 1 0 0
= Al) =+ =(A'(t) - A — 4+ D(t)=—.
¢ = Ao+ (A1)~ 1(DAD) + e+ D)
Proof. We prove the result in cases:
Case 1: Let a(t) # 0, then equations (10) and (27) have a nontrivial solution if equation (28) holds.

In addition, if equations (18) and (23) are satisfied by «(t), 5(¢), v(¢), p(t) and A(¢), then
B(t,x) = At), V(t,z)= % [A'(t) = v()A(t) + e1] = + D().

Therefore, we obtain the infinitesimal generator of the corresponding Lie group to be

5} 0 0 1 0
= — 4+ — = A= ~[A'(t) —y(t)A D .
¢ = 0t0) 5+ W00 5 = A5+ (A0 200 + e+ D) (30)
We see that the symmetry algebra is larger.
Case 2: Let a(t) =0, p(t) # 0.
Then equation (24) identically holds. We can then rewrite equation (23) as
A'(t) = Mi(t)A(), (31)

e L) 190 1 !
EVOREYI0 + Zy(g(t))g’(t) - E’Y(t) :
Equations (10) and (31) have nontrivial solutions if g(¢) and M;(¢) satisfy equation (28). The additional
symmetry is seen when 3(t) and v(t) satisfy equation (18) and when A(t) = c3 fot M (y)dy, where c3 is an
arbitrary constant.

Once again the corresponding infinitesimal generator of the Lie group is given as in equation (30). m

M (t) =

Remark 1 The additional symmetries admitted are found to be

= A+ (A AW (32)
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5 A Reduction Result

In this section, we will use the additional symmetries obtained in Section 4 to transform the second order
differential equation with the most general variable delay to a second order differential equation with constant
delay.

Theorem 4 Consider the second order differential equation

2"(t) + ()2’ (9(1) + B()x(t) + (12" (1) + p(t)z(g(t)) =0,

studied in Section 3. Assume that this differential equation admits the additional symmetry given by equation
(32). Then this differential equation can be transformed to

2" (t) + ax' (t —r) + bx(t) + cx(t —r) =0, (33)

where a, b, ¢ and r are constants with r > 0, and a® + ¢ # 0. The Lie group is three dimensional and

generated by

0 0 0
Cl at7 CQ ( )afl}’ C3 ‘Tax7
where D(t) solves equation (5).

Proof. We find a change of variables (t,z) — (f,#) that will “straighten out” the vector field “¢** into *¢ **
and also preserve the linearity of the delay differential equation. In order to preserve the linearity of the
transformations, we choose

t=P(t), T=U®)z+V({), U(t)#0.

In terms of the new variables, equation (32) takes the form

W= A [P/(t)gg + U’(t)x% + V/(t)% + %(A’(t) —()A(t)) (zU(t)%)
= A(t)P’(t)%~ + ((A(t)U’(t) + %(A’(t) — 7(t)A(t))U(t)> z+ A)V'(t) % (34)
Imposing, .
ARP'(H) =1, ADU'(#) + (A1) —1(OA@)U(E) =0, V(1) =0,
we get . U .
0
Plt) = /mdt Ry V)= e <2 /v(t)dt) V() = Ve,

where Py, Uy, V are constants.
Choose Py =0, Uy =1, Vy = 0, we obtain the new variables

- 1 T 1
t= | ——dt, izexp(/ tdt).
/ Alt) ORI AR
The obtained delay differential equation is linear and invariant under the above transformations. We can

rewrite this delay differential equation (by dropping the the tilde on ¢ and z) as
2" (t) +ax'(t —7) + bx(t) + cx(t —r) +da’(t) =0, r >0, (35)

* 3k a 3
where d is a constant. The translational invariance coressponding to (™ = En together with the delay

1-
condition would impose that a,b,c are constants. A final transformation & = exp (th) T to equation

(35) transforms it into equation (33) with the symmetry algebra given by

a**ig s ﬁ a k% 2
¢7 T o *D(t)axa C3 *zax-
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6 An Illustrative Example

We know turn to see the symmetries and the Lie group admitted by
2 (t) = x(t — 7). (36)

In this example g(t) = t —r, where r = 7w > 0 is a constant delay. It can be readily seen that x(t) = cost is a
solution of this delay differential equation. Acting the operator given by equation (3) to the delay condition
g(t) =t —r, we get " = &, where ®" = &(¢t — r,x(t — r)). Acting the operator given by equation (3) to
equation (36), we get

/3

Uy + (204 — D)2’ + (Vpp — 201,)2"° — ®ppa’® + (U, — 20,)2, — 30,272, = U7,

where z, = z(t—r) and U" = ¥(¢t—r, z(t —r)). Splitting this equation with respect to the arbitrary elements
and solving the resulting system of partial differential equations, we get ®(¢,z) = ¢, V(t,z) = cost, where ¢
is an arbitrary constant. The Lie group is generated by

0

C{:a, G:cost%.
Solving the system, -
dt _ dz _ _
— =9({,7) = ¢, —z:\IJ(t,f):cost,
de de

subject to the conditions, £ = ¢, Z = z, when € = 0, we see that the delay differential equation given by
equation (33) is invariant under the Lie group

t=t+ce, T=x+ecos(t+ ce).

7 Conclusion

We have obtained a Lie type invariance condition for differential equations of the second order and with the
most general variable delay by using Taylor’s theorem for a function of more than one variable. Using this
condition, we have computed the symmetry algebra admitted by the delay differential equation. Further, we
have obtained certain compatibility conditions under which the delay differential equation possess additional
symmetries and we have found these symmetries. Finally, we obtain a suitable change of variables reducing
the differential equation with variable delay to a differential equation with constant delay. We have also
found the symmetry algebra in this case.
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