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Abstract

The polylogarithm functions, also known as Jonquiére’s functions, are important due to its various
applications in quantum statistics and quantum electrodynamics. In this article a new variety of their
applications have been searched and these functions are connected with the concepts of harmonic analysis.
A new subclass of harmonic mappings involving integral operator is defined by polylogarithm functions in
the region of circular domain. Furthermore, we investigate necessary and sufficient conditions involving
convolution, coefficient bounds, topological properties, radii problems, distortion theorem and integral
representation for functions belonging to this class.

1 Introduction

A harmonic mapping f in a simply connected domain D C C is a complex-valued function of the form
f = h+7, where h and g are analytic functions and normalized by the conditions h (0) = A’ (0) — 1 = 0,
¢ (0) = 0. These functions h and g are also known as analytic and co-analytic parts of f respectively. The
Jacobian of f is given by

Jp(2) = 1P =P =M )P =g ()] (z€D).

It can be noted that if f is analytic in D, then fz = 0 and f, (2) = f’'(z). A very familiar result, in [1],
for analytic functions states that an analytic function f is locally univalent at a point zq if and only if its
Jacobian is never zero at that point in . In [3] the converse of this theorem proved by Lewy, which is also
true for harmonic mappings. Thus, f is sense-preserving and locally univalent if and only if

' (2)] = lg' (2)] > 0 (2 € D). (1)

We indicate by H the class of complex-valued harmonic mappings in the unit disc 2 := (1), where
A(r):=={z€C:|z] <r}. Then f € H ,if f = h+ 7, where h and g are analytic functions in . Also, by
Ho we denote the class of functions f € H having the following series expansion

f(z):z+2anz"+2bn7(z691), (2)
n=2 n=2

and let
Sy :={f € Hop : f is univalent and sense-preserving in 2} .

If co-analytic part of f € Sy vanishes, then the class Sy reduces to the class S, i.e, g(z) = 0 in 2. Clunie
and Sheil-Small (see [2]) studied the class Sy as well as some of its geometric subclasses and obtained
coefficient bounds. More works on Sy and its subclasses can be seen in several different papers such as
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Sheil-Small [4], Jahangiri [11], Silverman [9] and Silverman and Silvia [13]. A function ¢; (z) is subordinated
to function g2 (z) and symbolically represented by g1 (2) < g2 (2), if there is complex-valued function w(z)
with |w(z)| <1 and w (0) = 0 in such a way that

91(2) = g2 (w(2)) (z€).
Further, if g5 (2) is univalent in 2(, we have equivalent condition
91(2) < g2(2) (z€A) <= ¢1(0) = g2(0) and g1 (A) C g2(A).
Convolution or Hadamard product of two function f; , fs is symbolized by f1 * f3 and defined by

(fixf2)(z)=2+ Z (ara22™ + b1ba2™) (2 €9). (3)

n=2
The familiar generalization of Reimann zeta and polylogarithm functions, or simply the 6" order polyloga-
rithm function is denoted by ¢; (¢; z), and given by

o0 n

o5 ()= ——

n=1 (n + c)é 7
where any term n + ¢ = 0 is precluded (see [6]). Utilizing the definition of the Gamma function (for more
details see [5]), the integral formula for ¢; (c; z) is obtained by a simple transformation as follows:

-1 e

1 ! 1
%(C;Z):m/o z 10%; 1_t2dt7

where Re(¢) > —1 and Re(d§) > 1. For further related work, see Ponnusamy [17] and Ponnusamy and
Sabapathy [18] on polylogarithm function.
For f € A expressed in series expansion (1), Al-Shaqgsi [19] defined the following integral operator

—1

J;'f(z):(1+d)"wn(d;z)*f(z):—(1r+(<;i)) /O’f‘“1 (10g1> f(tz)dt, (4)

where d > 0,7 >1and z € 2.
In [19], Al-Shagsi realized that the operator defined by (4) can be represented by series expansion

e =z+ > (20) e ®)

n=2

Now we define the operator J' f (z) in (5) for a function f € H given by (1) as follows:

Jif(2) =Tih(z)+T]g(2) (z€2),

where

= (1+d\" = (1+d\"
n _ n m _ n
th(z)—z—I—ng:z (n+d> a,z" and J)g(z) = E <n+d> bp2",

n=2
where d > 0,7 >1and z € 2.
Motivated from the work of Dziok (see [10]) and using the operator J f (z) , we introduce a new subclass
of harmonic univalent mappings below:
For —-Q<P<@Q<land0<a<l,let S;i’" (P, Q) denote the class of functions f € Sy such that

Dy (T} f (2)) L+ Pz
Tl (2) 14+Qz

(6)

with
DnT} f (2) :=DnT]h(z) — DnJ) g (2).
Note that
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1. 8% (P,Q) = Si, (P,Q) studied by Dziok (see [10]),
2. 8%°(2a —1,1) = S}, (a) introduced by Jahangiri in [15].

In present article, we obtain analytic condition for a new class Sﬁ’" (P, Q) of harmonic mappings. Some
results such as subordination conditions, coefficient bounds, distortion bounds, radii problems, integral means
and extreme point theorem for this class are also obtained. Let V C Hy, 2o = 24 {0} . Using Ruscheweyh’s
approach [12] we define the dual set of V* by

vi={fero: (), (Fx9) () £0 (zew}.

2 Analytic Criteria
Theorem 1 Let f € Hy be of the form (2). Then f € S;i’" (P, Q) if and only if

ST (PQ) = {Tjpe (2): 1€l =1}",

where
1+Qe-(14+PY(1-2)  _1+Q6—(1+PH(1-7)

zeA).
(127 (127 (ze)

Pe (2) =

Proof. Let f € Ho.Then f € Sit’” (P, Q) if and only if

Dy (J/f(2) , 14+ P¢ B
Since .
Dufh(e) = TR () s s
and .
Tih(2) = Tih ()« ——,
we have

(14 Q8) Dr (I7h (2)) = (1+ PE) Tjh (2)
(1+Q8) D (TPh (2)) = (1+ PE T () — | (1+ Q) Dw (T79 (2)) + (1 + PE) Ty ()]

= th<z>*<(”Qf)Z—<”P5”) —m{ﬁf_@“(lﬁ?ﬂ

(1—2)2 1-=2
= [(2)xT]ec () #0 (2 €Ao, [{]=1).

Thus, f € S%’" (P,Q) if and only if f(2) * Jjpe(2) # 0 for 2 € Ao, [¢] = 1. That is, 8%’" (P,Q) =
{Tlec(x): [El=1}". m
A sufficient coefficient bound for the class S;i{’" (P, Q) is provided in the following.

Theorem 2 Let f € Ho of the form (2) satisfy the condition

[M]¢

n=2
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1+d\"

¢ =|(755)
1+d\"

D, = ——
‘(n—f—d)

Then f € S;i’" (P, Q). The above inequality (7) is sharp for function defined by

—z+an z +Zyn E" (z €2

such that Yo", (|zn] + yn|) = 1.

where

(1+@Q)n—(1+P)] (8)

and
[(1+Q)n+ (14 P)]. (9)

Proof. It is easy to see that the theorem is true for f (z) = z. Let f € Ho be expressed in series expansion
(2) and let there exist n > 2 such that a,, # 0 or b, # 0. Since

Co>n(Q-P), D,>(Q—-P)n, n=2,3,---,

from (7) we obtain

> (o lanl +n b)) <1 (10)
n=2
and
()] =g ()] = 1= n lanl 2" =Y n [ball2]" = 1= (2> (n [an| +n [bal)
n=2 n=2 n=2
Izl &
> 1- Chlanl + Dy |bp)) >1— 2| >0 (z€ ).
Q_P;( |an| [bn ) |2 ( )

Therefore, by (1), f is locally univalent and sense-preserving in 2. Moreover, if z1, 2o € A with 21 # 23, then

Z1 — 23 k—1_n—k —1| | n—k
< < =2.3,---).
po—— 25 Z|z ||z2 | n (n ,3,00)
Hence
' f)=f)| o | '9(21)—9(22)
h(Zl) —h(ZQ) - h(Zl) —h(Zg)
(=1 _32)+Z?:2 an (21 — 25)
0o o0 n b
S 1- Zn:OQOnbn S Znoipg >0,
1- Zn:Q naGn 1- Zn:2 Pan"

which shows that f is univalent. On the other hand, f € S;i_t’" (P, Q) if and only if there exists a complex-
valued function w (w (0) =0, |w(2)] <1 (z € A)), such that

Dy (J/f(2) 1+ Pw(z)

T 1t 0w() €W
or alternatively,
Dy (J]f(2) =T f (2)
ODw (JTf (2) =PI f ()| =L €W (11)
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Thus, it is sufficient to establish that

Dy (T3 f(2)) = T3 f (2)| = QD (T f (2)) — PT] f (2) <0,
where z € 2\ {0}. Now by setting |z| =r, (0<r < 1) we get

P (31 () = T2 ()| = 1QPw (1 () = PT} )
NS A = 1ad)” o
—2<“+d> =D _Z;(ner) (n+1)by2

n

(Q—P)= +Z(;i‘;> P)anz"—<71lifl> (Qn + P) b7
1+d 1+d
(i) | ( )

1+d

—(@=Pr +Z <n+d>

T{Z(Cn|an|+Dn|bn|)Tn_(Q_P>}<0

n=2

IN

Z

n+ 1) [ba|

2| (i) e

n+ P) |b,|r"

IN

which completes the proof. m
Motivated from the work of Silverman [9], we now denote by 7% (k€ Ny ={0,1,2,---}) the class of
functions f € Hyp of the form (2) such that

f(z)=h(z)+ —z—Z\an\z"—i— Z\b\z" (ze). (12)

Further, we define
S (P.Q) =T NS (P.Q).

We note that for n = 0 and k = 0, the class S#% (P, Q) was studied by Dziok (see [10]).

Theorem 3 Let f € 7% has series expansion of the form (12). Then f € S&"* (P, Q) if and only if condition
(7) holds true.

Proof. From Theorem 2 it is enough to show that each function f € S¥"* (P, Q) satisfies the relation (7).
If f € S¥mk(P,Q), then it is of the form (12) and must satisfy (11) or equivalently

n n N
—5s (B4) (- Danen - 50, (24) (04 1) b

<1
(Q—P)z— X2, (24)" (@n— Pyanen - 50, (24)" (Qn+ P)bam
for z € 2. Therefore by putting z =7 (r € [0,1)), we get
Some|(8) [0 Dlaal + 0+ DBl )
Q= P)+ 0| (324) ] (@n — P) lau] + (@n + P) [bul}

It is clear that the denominator of the left hand side cannot vanish for € (0,1). Moreover, it is positive for
r =0, and in consequence for r € (0,1). Thus, by (13) we have

> (Culan|+ Dy b)) <Q—P r€0,1). (14)
n=2
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Let {S,,} be a sequence of partial sums connected with the series Y-, (Cy, |an| + Dy, |by|). Then {S,} is a
non-decreasing sequence and by (14) , it is bounded by @ — P. So, the sequence {S,,} is convergent and

S (Co ] + Do [bal) 7" = lim S, <@~ P,
n=2

which yields assertion (7). m

Theorem 4 Let the functions f; (z) (t =1,2,3,--- ,1) defined by (2) be in the class S&"F (P,Q). Then the
function F € S&"F (P, Q) , where

l l
F(z) = ZAkfk (2); </\k >0, ZM = 1) : (15)
k=1

k=1

Proof. The proof is straight forward and so omitted for details. =

3 Topological Properties

We consider the usual topology on H in which a sequence {f,,} in H converges to f if and only if it converges
to f uniformly on each compact subset of 2. The metric induces the usual topology on H. It is easy to verify
that the obtained topological space is complete.

Let F be a subclass of the class H. A function f € F is called an extreme point of F if the condition

f=ufi+(1—-u)fa (fi,f2e€F, 0<u<]l)

implies f; = fo = f. We shall indicate EF to represent the set of all extreme points of F. It is clear that
EF CF.
We say that F is locally uniformly bounded if for each r (0 < r < 1), there is a real constant M = M (r)
so that
lf(I <M (feF, |z[<r).

We say that a class F is convex if
uf +(1-u)geF (fgeF, 0<u<l).

Moreover, the closed convex hull of F is denoted by ¢oF and defined as the intersection of all closed convex
subsets of H that contain F.
A real-valued function J : H — R is called convex on a convex class F C H if

Juf+1-uwg) <ud(f)+(A-uw)T(g) (figeF, 0<u<l).

The Krein-Milman theorem (see [7]) is fundamental in the theory of extreme points. In particular, it implies
the following lemma.

Lemma 1 Let F be a non-empty convex compact subclass of the class H and let T : H — R be a real-valued,
continuous and convex function on F. Then

max {J(f): fe€F} =max{J(f): f e EF}.
Lemma 2 A class F C 'H is compact if and only if F is closed and locally uniformly bounded.
Since H is complete metric space, Montel’s theorem (see [14]) implies the following lemma.

Lemma 3 Let F be a non-empty compact subclass of the class H. Then EF is non-empty and coEF = coF.
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Theorem 5 The class SE™F (P, Q) is a convex and compact subset of H.

Proof. Let f; € S¥"F (P, Q) be functions of the form

o0

i@ =23 (lanal 2" = (~DF [bal7") (e IEN= {12}, (16)
and 0 < wu < 1. Letting
ufi (2)+ (1 —u) fo(z)=2— Z {(u la1n| + (1 —u)lagn|) 2™ + (_1)k (w|brn| + (1 —u) |bap )gn}

and using Theorem 3, we have

Y ACk (wlarul + (1 = u) lazn]) 2" + Dy (wlbrl + (1= u) bo,n])}

n=2
= u Z {Crlain| + Dy |bin|} + (1 —u) Z {Cnlaz,n| + Dn b2}
n=2 n=2

< u@-P)+(1-uw)(Q-P)=Q—P,

which implies that the function ¥ = vf; + (1 —v) fo € 84" (P, Q). Hence, the class S (P, Q) is convex.
Furthermore, for f € S&"* (P, Q), |z| <r (r € (0,1)), we have

lf () <r+ Z (lan] + [bn|) r"™ <7+ Z (Cnlan| + Dy |bn|) <7+ (Q — P). (17)

n=2 n=2

Thus, we conclude that the class S&"* (P, Q) is locally uniformly bounded. By Lemma 2, we need only
to show that it is closed, i.e. if f; — f, then f € S¥"* (P,Q). Let f, and f be given by (16) and (12),
respectively. Using Theorem 3, we have

oo

> (Culain| + Dy lbin]) QP (i€N). (18)

n=2

Since f; — f, we conclude that |a;,| — |as| and |b; | — |bn| as i — oo (n € N). The sequence {S,} of
partial sums associated with the series Y, (Cy |ain| + Dy |bin]) is non-decreasing sequence. Moreover,
by (18) it is bounded by @ — P. Therefore, the sequence {5, } is convergent and

Z (Crlain| + D lbin|) = th—>H;o {Sn}<Q-P.
n=2

This gives condition (7) and in consequence, f € S&"* (P, Q), which completes the proof. m

Theorem 6 Let fi (z) € S&F (P,Q) of the form (16) for k = 1,2. Then their weighted mean w; (z) for
any real number j is also in the class SE™* (P, Q) , where w; (2) is given by

{(1—j)f1 (Z)‘;(1+J)f2(2)}.

wj (z) = (19)

Proof. From (19) one can easily write

“[(1=19a, 14 §) an 1—4)b, 14+ §)bypo—
wj(z):Z+Z|:( J)a,1;‘( +‘])a’2z”+(—1)k( J)bn1 + (1+7) 27|
n=2
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To prove w; (2) € S (P,Q), we consider

1—i)ay, 14+ i) ay,
(1—=j)an1 +( +Jﬁng+Dn

(1 7]) bn,l + (]— +]) bn,2

(-1)*

2 2

ot 2 2 n=2 2
= 9D 5 (G anal + Do o)+ 2 S (€ lanal + Do el
o n=2

Hence by Theorem 3, w; (2) € S&"F (P,Q). =

Theorem 7 We have
E‘Sg’n’k(PaQ) = {hn HEN}U{QH ne {2737}}3

where
Q-P_, vQ-P_,

hi(2)=2z, hp(2) =2 — a 2" gn (2) = (-1) D,

Proof. Assume that 0 < u < 1 and
gn (2) = ufi(2) + (1 =) fa(2),
where the functions fi,fs € S&"* (P, Q) of the form (16). Then, by (7) we have

Q—-P
D, ’

|b1,’n| = |b2,n| =

)
)

(1—-7)

<y zeA). (20)

and in consequence, aj , = ag = 0 for k € {2,3,---} and by, =bgp, =0 for k € {2,3,---} \ {n}. It follows
that g, = f1 = f2, and consequently g, € ESY"* (P,Q). Similarly, we can verify that the functions h,, of
the form (20) are extreme points of the class S&"* (P, Q). Now, suppose that f of the form (16) is in the
class of extreme point of the class S¥"* (P, Q) and f is not of the form (20). Then there exists k € {2,3,---}

such that 0_p 0_p
0 - 0<|b .
<lag| < o or 0< |bg] < Dy
If 0 < |ag| < —ngp, then putting
|a;€\ Cy, 1
= = — h
u QfP’¢ T —uhw),

we obtain 0 < u < 1, hy, ¢ € SE"F (P,Q), hy, # ¢ and

f=uhi+(1—u)o.

Thus,the function f is not in the class of extreme point of the class S&™* (P, Q). Similarly, if 0 < |by| < %

then putting
 |bk| Dy, 1
u = , 9=
Q—P 1—
we obtain 0 < u < 1, g, ¢ € SE"* (P,Q), gr # ¢ and
f=ug+ (1 —u)o.

It follows that f ¢ S&"* (P, Q). This proves the theorem. m

U (ffugk)a

k )
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4 Radii of Starlikeness and Convexity

A function f € Hy is said to be starlike of order a in A (r) if
0
at(argf(pe N>a@<t<om 0O<p<r<l). (21)

Also a function f € Hy is said to be convex of order « in 2 (r) if

0

at(gt(agf(pe )))>O‘(0§t§27ﬂ0<p<r<1)_

It is very simple to verify that the condition (21) is identical to the following

Dy f (2)

Re—r )

>a (ze2A((r),

or equivalently,
Dyf(z)—(1+0a)f(2)
Duf(2)+(1+a)f(2)
Let B be a subclass of the class Hy. Now we define the radii of starlikeness and convexity, respectively, as
follows:

<1 (ze2A(r)). (22)

R} (B) = }Ielg (sup{0 < r <1: f is starlike of order v in A (r)})

and
R; (B) = fing (sup{0 < r <1:fisconvex of order o in 2 (r)}).
€

Theorem 8 The radius of starlikeness of order o for the class S (P, Q) is given by

R: (83 (P,Q)) = inf (22:01‘3111111{ Cn_ D }) (23)

n>2 n—a n+ o

where C,, and D,, are define by (8) and (9), respectively.

Proof. Let f € S¥"* (A, B) be expressed in the series expansion (12). Then, for |z| =7 < 1 we have

Duf(z) =(1+a)f(2)
Duf(2) +(1+a) f(2)

’ —az+ 3", ((n—1—a)|an|z" — (n+1+a)b,|Z")
2-—a)z+> 2, (n+1—a)lay]z" — (n—1+ ) |b,|z")
a+Y 0, (n—1—a)la,| — (n+1+a)|by])r"!

T 2-a) -3 L ((nt1-a)|an| = (n =14 ) b)) Tt

So, the condition (22) is true if and only if

> (T2l + S ) < 1)
n=2
By Theorem 2, we have
o0
Ch D,
(Q_P| nl + 0_p |bn|) <1z, (25)
=2

where C,, and D,, are defined by (8) and (9) respectively. Thus the conditions (24) is true if

n—« C, n+arn71 < D,

Tnfl
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ie.,

1-a C, D, \\""'
< (2= i —92.3....).
r_(QPmm{na’nJra}) (n 3,00

It follows that the function f is starlike of order « in the disc 2 (r*), where 7*

r* = inf 1_7O[min Cn Dn "
o Q-P n—a n+a '

The functions h,, and g, defined by (20) realize equality in (25), and the radius r* cannot be larger. Thus
we get (23). m

Theorem 9 The radius of convexity of order o for the class S¥™F (P, Q) is given by

RS (Sf’””“(P,Q))=ir;f2(1_amin{ Cn _Dn })

Q—P
where Cy, and D,, are define in (8) and (9) respectively.

Proof. The proof of this theorem is identical as Theorem 8. So we omitted for details. m

5 Conclusion

In this article, we defined an integral operator using polylogrithm functions. On the basis of this operator
we introduced a new subclass of harmonic functions. For better understanding of this class we investigated
its various geometric and topological properties. With the numerous applications of harmonic functions in
pure and applied sciences, the theory developed here will serve as a potential ingredient for research. The
means and methods used here can also be utilized for various new directions in the area of geometric function
theory.
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