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Abstract

This work is concerned with the Hermite-Hadamard type integral inequalities for various classes of
preinvex functions via Katugampola fractional integral. For preinvex functions we obtain new approxima-
tions for the right side of the Hermite-Hadamard integral inequality. We show that the obtained results
have relationship with Hermite-Hadamard type inequalities obtained via Riemann-Liouville integral.

1 Introduction

The convex functions and the relevant theories have been playing important roles in many branches of
science including engineering, probability theory, mathematical programming and optimization theory. In
recent times, the notion of convexity has been generalized and extended in many disciplines of mathematical
and engineering science. A marked generalization of the convex function is the invex functions [6]. Hanson’s
early results provided a broader spectrum to study the contribution of invexity in optimization and many
branches of applied and pure sciences. Ben-Israel and Mond [2] established the concept of preinvex functions,
which is the generalization of invex functions. It have been shown [14] that preinvex functions have same
properties as convex functions.

It is an interesting fact that the convex functions are becoming of striking importance due to their
nature. Along with generalizations of convex functions, several noteworthy inequalities have been established
associated with them. Among these inequalities is the Hermite-Hadamard type inequality [5]. The Hermite-
Hadamard integral inequality on the interval [a, b] for a convex function ¢ is,

b
@(a;rb) < (bia)/ p(z)dr < M "

If function ¢ is concave, then the inequality (1) reverses in opposite direction. Recently many researchers
have generalized and extended the Hermite-Hadamard integral inequality. The Hermite-Hadamard integral
inequality for preinvex functions has been established by Noor [15].

Let ¢ be a preinvex function on the interval [a,a + (b, a)], where ((b,a) > 0. Noor [15] proved that a
function ¢ is preinvex function, if and only if, the function ¢ satisfies the inequality

2a + ((b, a) 1 peteta p(a) + o (b)
() s [ etaias < LD )

which is called the Hermite-Hadamard inequality. It is note worthy that for {(b,a) = b — a, the preinvex
function is the same as the convex function and (2) becomes Hermite-Hadamard Integral (1). Hence the
inequality (2) can be viewed as a novel generalization of the classical Hermite-Hadamard inequality.

In this work, we derive some new Hermite-Hadamard type integral inequalities for some preinvex functions
through Katugampola fractional integrals using new techniques. These inequalities generalize the Hermite-
Hadamard integral inequalities for convex functions.
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2 Preliminaries
Definition 1 The function ¢ prescribed on the interval [a,b] is called to be a convex function if for u,v €
[a,b] and T € [0,1], it satisfies
p(ru+ (1 =7)v) < (1 =7)p(u) + 79(v).
The function ¢ will become a concave function if —p is a convex function.

Definition 2 /2, 13] A set K. is said to be an invexr set with respect to the arbitrary bifunction ((.,.), if,
for every u,v € K¢ and T € [0,1], we have

u+7¢(v,u) € Ke.

Definition 3 A function ¢ € K¢ is called a preinvex function with respect to the arbitrary bifunction (., .),
if, for T € 10,1] and for every u,v € K¢,

e(u+7¢(v,u)) < (1-7)p(u) + 7e(V). (3)
Definition 4 [7] A function prescribed on an invex set K¢ is termed an s-convex function if for any u,v € K¢
and 7,5 € [0,1]
p(ru+ (1= 7)v) < °p(u) + (1 - 7)°p(v).
The function ¢ on the set K¢ is an s-preinvez function, if, for every u,v € K. and s € [0,1],
e(u+7¢(v,u)) < T°p(v) + (1 —7)%(u).

Definition 5 [}/ A set K. with respect to ((v,u) is called an m-invex set, if, for each u,mv € K¢, u+
7¢(mv,u) € K¢ holds, where m € (0, 1].

This set reduces to an invex set on K¢ for m = 1.

Definition 6 For m € (0,1] and u,v € K¢, a function ¢ on the invex set K¢ is said to be m-preinvez, if
e(u+7¢(mu, u)) < (1= 7)e(u) + mre(v). (4)
The function ¢ is an m-preconcave, if —p is m-preinvex function.

Condition C. [13] Let K, be an invex defined as (: K x K — R". Then, for any u,v € K, and
7 € [0, 1], the bifunction ((.,.) meets the condition, if

Cluyu+7¢(v,u)) = —7¢(v, u),
<(U7 U+ TC(Uv u)) = (]' - T)C(Uv u)
Its also clear from above conditions that for every =,y € K¢ and t1,ts € [0, 1] we have
C(@+ 0y, @), + t2€(y, 2)) = (t1 — t2)¢(y, ). (5)

Beta Function. The classical Beta function is described as

Fwl(v) [ vl u—
F(u'i'V)/o(lX) " ldx,

whereas I' is known as the Gamma function described as

I(B) = /O e Xy dx.

B(u,v) =

The generalization of Beta function is given [12] as:

1
P~y(a,b) = /0 P N1 — 2P)d. (6)

Clearly, for p — 1 the generalized Beta function turns into the classical Beta function.
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Definition 7 Let o > 0 such that n — 1 < a < n, where n is a natural number and x € (a,b). The
Riemann-Liouville integrals of the order « for the function ¢ are defined as [18]

Tgeole) = o [ @ = mterar,
b
Tiole) = g5 [ (=0 ety

The above integrals are called left and right Riemann-Liouville Integrals respectively with the property J3+ o(x)
Jl?_ o(z) = p(z). For a =1, these integrals reduces to classical integral.

Definition 8 Let o > 0 such that n — 1 < o < n where n is a natural number and = € (a,b). The
Katugampola integrals of order o for the function ¢ are given by [9]

11—« x

Iple) = s [ @ =t
pl—a b

P () = (o) / (rf — xp)o‘*lT”*lgo(T)dT.

For p = 1, these integrals reduces to the Riemann-Liouville fractional integrals. Hence the Katugampola
fractional integral operator generalizes the Riemann-Liouville fractional integral.

3 Integral Inequalities for s-Preinvex Functions
In this section, we derive the Hermite-Hadamard type inequalities for s-preinvex functions.

Theorem 1 For o > 0,p > 0, consider a function ¢: Io = [a”,a” + ((a”,b")] — R with ((b”,a”) > 0. If ¢
is an s-preinver function and satisfies the condition C, then

2a” + ((b?, a”) p°T(a+1)

s—1
2 90( 9 ) = 2Ca(bf’,af’)

I3 p(a” + (b7, a”) +° I&p+<(bp7ap)),go(ap))]
)(@(a”) + Lp(b”))_ 7)

< (L—i—aB(a,s—&—l) 5

a+s
Proof. By the s-preinvexity of ¢ on [a”,a” + ((b°, a”)], where t € [0,1] with ¢ = 1,

@(233" + CQ(y”,x”)> < s@(w”);@(yp). (®)

Taking x” = a” + (1 — t?)¢(b”, a?), y* = a” + t*{(b”,a”), in (8), and using condition C, we have

gD(Qap +2(1 — t)C(bP, a?) + C(a? + t°C (b, aP), a? + tPC (b, a?) + (1 — 2t7)C(bP, a”))
2

) < pla” + (1 =7)C(07, a”)) + p(a” +1°¢(b7, a")). (9)

20° + C(b°, )

= 2°¢( 5

Multiplying (9) by t*’~! and integrating both sides over ¢, we obtain

/1 tap712s<p(2a’p + C(bﬂ, ap) )dt _ zw(Qap + C(bp’ ap))
0

2 ap 2
1 1
< / (7 p(a” + (1= 19)C(H, a”))dt + / £~ (a? + ¢ (b, a)) dt
0 0

=1, + L. (10)
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Now by using change of variable technique a” + (1 — t*){(b?, a?) = 2°,

1
h:/Fw*wM+u—wquwu
0

B a af + ((bp,a”) — P\ a-1 ) —gp—1 y

B /(aPJrC(bﬂ,aP))‘l’ ( C(br, ar) ) oz )C(b”va”) ‘
a—lF

— Wwﬁw(aﬂ +¢(b°,a")),. (11)

Analogously

1 a—1
ap— P T() )0
I =/0 2P p(a? +tP¢(b°, a))dt = W”@uc(bmw))*@(“ﬂ)'

From (10), we have

sy (2004 S0P )y _ p Tt ), .
2 190( 2 ) S 2<~a(bp7 Clp) [pIa-FgO(ap + C(bP’ ap)) + pI(aﬁ-}-C(bP,aP))—(ip(ap)]'
Pl (a+1
< ) )+ T )£l (12
In order to establish the second inequality in (7), using the s-preinvexity of function ¢ on [a?, a” 4+ ((b”, a”)],
pla” + (1 =17)C(b",a”)) < (1 =17)p(a” + (b7, a")) + (7)°p(a”) (13)
p(a” +17¢(07,aP)) < () p(a” +¢(07,a”)) + (1 = 17)°p(a”), (14)

so by adding (13) and (14)

p(a” + (1 = 7)¢(b°,a”)) + p(a” +17¢(b”,a”)) < [(1 —17)° + (#7)°]p(a” + ¢ (0", a”))

<
<A =17)" + (°)°1(p(a”) + ¢ (07)). (15)

Now multiplying both sides of (15) by t**~! and integrating on ¢ and by using (11) and (??)

|t et £ (=)0 ) + ote? 1900 a0t

a—1
P (@) ) o
= Ca(bp ipg [pIaJr(P(ap + C(bp7 aﬂ)) + pI(aP-}-((bP,aP))Jr @(ap)]
1

< [ 011 = 1) 1 (#0)°] ((a?) + (b)) . (16)

S~

B 1
Since [}t~ 14P3dt = —L and [ 127~ 1(1 —t¢)*dt = Bla,s+1)

FCEDL , therefore (16) becomes

pT(a o o
w,ia)p)[pfaw(ap + ¢V, a7) + P10 ¢ (br aryy+ (7))

< (o%us + B(a,s + 1)) (M), (17)

this gives us second inequality. Hence by combining (12) and (17) we obtain

1 207+ C(bP,a “Tla+1), .
(), < O M o o+ G0, + Ty #(6)
ola) + (1)
_(a+s+aB(a’S+1))< 2 )’

which is the required result. m
Some special cases:
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i. If ¢(b°,a”) = b” — a”, then, we get inequality (5) of [12].
il. If ¢(b?,a”) = b — a” and p = 1, then the theorem 7 reduces to a result of [20].

iii. If p =1,s =1, then, we obtain

20t S0y DO e st (b)) + Ty ola)] < ADTEO

90( 9 ) = QCQ(b, a)

which is the same as in [8].

iv. For a = 1 in inequality (18), we obtain the generalized Hermite-Hadamard inequality.

Moreover, for ((b,a) = b — a, the result is the same as the classical Hermite-Hadamard inequality.
Now we prove an auxiliary lemma, which is needed for proving our next results.

Lemma 2 For a,p > 0, consider an open inver subset Ko C R and we define (: K¢ x K¢ — R and
a?, b’ € K¢ with ((b°,a?) > 0. Let ¢: K¢ — R is differentiable and ¢ € Ly[a?,a” + ((b°,a?)]. If ¢ is a
preinvex function, then

p(a?) + ¢(a” + (b7, a”))  p*T(a+1)
2 2¢%(be, ar)

[pLa+p(a” + CH(67,a")) + o Lo i co (b ary) - P(a”)]
0 qP 1
= L(bz’a ) / [(1—tP)™ — (t")*]tP~ ! (a” + (1 — tP)C(bP, aP))dt. (18)
0
Proof. Consider

I o= [ - @)l el + (1= )0 at)ds
0

1 1
— /0 (1 — )"~ Lpr(a? + (1 — t°)C(b°, aP))dt — /0 (") t* Yor(a? + (1 — tP)C (b7, aP))dt
- I, - L. (19)

Now

L = /1(1 — ")t pr(a? + (1 = t9)¢(b7, ) )dt
0

1

N -1
=00 (i ) Pl + (L= )0 0%) 0
1 -1 P 1 —¢° b al tp—l 1—¢tP a—ldt
+/0 W@(a+(—)6( ,af))apt?™ (1 —t°)
a - a—1 1 o be p))

o R e R RN 3

C(br, ar) /((aP+C(bP,aP))/11) < ¢(br,ar) wlu )C(bP,aP) U+ pC(bP, ar)
(@ + (1, a”)  Tlat1)p™t,
o pG(be,ar) ¢t (be, ar) pI((ap+<(bp,ap))%)—(p(ap)’ (20)

where we have used the change of variable technique as a” + (1 — t?){(b”, a”) = w”. Similarly

o(a’) (o +1)p* 1
S pC(be,ar) T Ot (be ar)

I = PIG+p(a? + (b7, a")). (21)
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By using (20) and (21) in (19), we get

(
o(a?) + p(a? + ¢(bP,a”))  p* T(a+1)., N
=¥ oC (b7, a?) T (e, ar) [F’I((MHW’M))%)?<p(ap) +7 Iy p(a” + C(07, a”))]
_p(a”)
ap

(a? +¢(b",a”))  p*~'T(a+1)
pC(b?, ar) 2¢7(br, ar)

ty
¥)  po (ot 1
(pcgbj f() ) poa(b(?;))[” ar (V) + pl{an o b,y - 9(a”)]: (22)

Multiplying (22) by ¢(b”, a”)/2, we obtain

[p1g+p(a” + ¢ (7, a”)) + pj(aap.g_g"(bp,ap))f@(ap)]

p(a?) +¢(a” +((07,a") pTlatl) ., a a
9 - QCa(bP7 ap) [pIa+<p(a’p + C (bp’ ap)) + PI(aP-t,-(f’(bP,aP))*(p(ap)]

1
/O [(1—t7)% = (")t~ ! (a” + (1 = )¢ (b7, a”) ), (23)

~ pC(b?,a”)
A

which is the required result. m

Theorem 3 Consider an open inver subset Ko C R and define (: K¢ x K — R and a”,b” € K¢ with
C(b”,a”) > 0. Let ¢: K; — R be differentiable and ¢ € Lyla? + C(b°,aP)]. If || is an s-preinvex function,
then

p(a?) +p(a? + (b7, a”))  pT(a+1)
2

[JI2p(a + 0, 07) +pf&p+<a(bp,ap>>so<ap>]‘

2 (o)
1 bp7 P , ,
< (o +Blat Lo+ ) R @) @l 20
Proof. Consider a1
e LIl €0+ oy #(@)]

which we have already deduced using I; and I as right hand side of (12).

1
= [t s a- e ana | (ot 4 90, 0P
0 0

a—1
CX(prLp;[pIa*QD(ap + C (bp) ap)) + pI(ap_i_COc(bp’ap))—(p(ap)}

_p(a?) +o(a” + (07, a%)) (b, a
ap o
—¢'(a” + (1 = 17)¢(b, a”))]dt.

1
D[ et + e an)
0

By suitable arrangement and applying triangular inequality, we have
p(a?) + p(a” + (b7, a”))  pT(a+1)

2 2% (b7, 07)
c(vr,a) [t
<52

1
<L) [ oot a0 4 0000, )]+ 1 0 + (1= )08 ).
0

[p 15+ p(a” + (7, a”)) + p1&0+ga(b9,ap))— p(a”)]

2 (4 10, 0)) — (0 + (1= ), 00| e
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By s-preinvexity of |¢’|, we have

<457 / £ = )L (a)] 4 (1)1 (@) 4+ (1)1 (a”)] 4 (1 = 12)° | (0°) )t
< S [pmonemti(a—in)+ () (@) + 1/ 0) e
0
= @)+ 100D [ e @y + @)
0
=~ O @)+ e ) (g + Bla+ L+ D),

which is the required result. m
Remark If p = s =1 in (24), then we have

p(a) ; p(b) géaa(;; 3 [T p(a+ ¢ (0,0)) + T8 s ooy~ 9(@)
C(ba)

<(og + Bla+1,2) @Uw'(a)m@'(b)” T 2at)

(1" (@) |+"®)]]-

Theorem 4 Consider an open invex set K.. Define (: Ko x Ko — R, and a”,b” € K¢ with {(b”,a”) > 0.
Let ¢ be differentiable, where ¢’ € Li(a”,a? + ((b”,a”)). If for some g > 1, |¢'|? is an s-preinvez function,
then

P p b, aP o 1 N N N
)w(a ) rela £t a7)  pTlat ))[pfa+<ﬁ(a”+C (bpvap»+PI(aP-‘r(a(bP,a”))’(P(ap)]‘

2 2¢*(bPyar
pC(bP, a”) 1 1 1 2 g1
< =21 ZPy(=:1 1) =P ~(=; 1,1 1— q
== Mglhae+ ) =(Gie+ L)+ o= (1 - o750
1 1 1 )
< |(Mgis+La+ 1) q(zia+ s+ 1)+ )¢ (@)
2 2 plat s+ 11— o)
9op(ats+1)

1

q

1 1 1 1
+ (MGiLats+1) = o(gia+ s+ L) + P55+ Lat+ 1) = A(g5a+ 1+ 1>)|¢<bﬂ>|Q]

Proof. Using Holder’s inequality on Lemma (2), we have

p(a?) + p(a” + (b7, a”))  p*T(a+1)
2 2 (b, ar)

KO [0 =iy = )7 0 + (1 = )07,

P13 p(a” + ¢ (b, a”)) + pI(aaerqa(bﬁ,aﬁ))* p(a”)]

0
PO [y = e @ + (1= )60 )

1—1

pC(b;’aQ ( /0 I - ) - (tp)aHdt)

1
x ( / (L= ) — ()] [n(a” + (L — )¢, ap))lth> . (25)
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Consider
1
/ |(1— 7)™ — (t7)* [P~ Lat
0
% 1
= [Tl= e = et [0 - - et
0 3
1 1 1 2
—ry(ziLa+1)—Py(zia+ 1,1 (1- )
7(2 a+l) 7(2 at )+ap+p 2ap+p
where ) )
2 1
/2 t5(1 —tP)tP~Ldt = / (1 —tP)stP=L(tP)dt = f’y(g; s+1,a+1)
0 3
and

3 1 1
/ (1—tﬂ)5t%ﬂ—1dt=/ (1= ) (@) e = P (5 + s+ 1),
0 1

2

Now applying the s-preinvexity of ||, it follows that
/01 [ =) = (@)t ' (@ + (1 = t)¢(b7, a))|Ydt
< /01 [ =)™ = (@)t (1) (a”)| + (1 = 1°)*[" (") |]dt
< /0;[(1 — ) — ()T ()] + (1= )% (b))t

1
+/L [(87)™ — (1 =) P~ (")* | (a”)] 7 + (1 — 7)o (7))t

2
1 2

1 1
— [ PA( - _ P~ _ '(4P)|4
- ( 7(2,8+1,Oé+1) 7(250[+1?S+1)+p(a+8+1) +(1 29(a+s+1)))|(p (CL )|

1 1 1 1
+(”7(§; Lats+1) ="(Gats+ L)+ (gs+Latl) = y(5a+ls+ D)l )11

By using (26) and (?7?) in (25), we obtain the required result. m
Special Cases

i. For p=1,s =1, we obtain theorem (10) of [8].
ii. For ((b”,a”) =b—a,p=1,a =1, we obtain theorem(1) of [10].
iii. For ¢(b”,a?) =b—a,s =1,a =1, we obtain theorem(1) of [17].

iv. For ¢(b?,a?) =b—a,p =1, =1, we obtain the result same as theorem (4) of [20].

351

Theorem 5 Consider an open invex set K.. Define (: Ko x Ko — R, and a”,b” € K¢ with {(b”,a”) > 0.

1

—1
= 2= then
P q

a?) 4+ o(a? + (b, a” ‘T'(a+1 o o o
e 2@ + €00+ Lo 910

Q=

P af 1 B(s—i—l,%)
S P ey s 2D

' AP "(bP q} .
<= i D) L@ /()

Let ¢ is differentiable such that ©' € Li(a”,a? + ((b?,aP)). If, for some q > 1, |¢'|? is an s-preinver, where
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Proof. Using lemma (2) and applying the Holder’s inequality, we obtain

p(a”) + p(a” + ((b°, a? pTla+1), N .
@) ola? 4 (W) QCQEbP7Gp§ I 4+ C 2 a)) 4 p o oy 9]

pC(b°, a) / [(1— 7)™ — (t9)°]~ 1 (0 + (1 — t7)C (b, o)) dt

2 0
< W(/Ol (1= t7) — (tﬂ)“]tﬂ‘llpdtf % (/01 ¢ (a” + (1 - t”)C(b”’a’))”th)%
1

< pg(b;ap)(/o (267 — 1)t ) : (/OIW'”)SIsD’(aP)Iq +(1- t”)slcp/(bp)mdt)%
< 2 (s 1>); e+ B(SZL;)“"IW)'Q} " (27)

which completes the proof. m

4 Integral Inequalities for m-Preinvex Functions

In following section, we will discuss Hermite-Hadamard type integral inequalities for m-preinvex functions.

Theorem 6 Consider a positive valued function ¢ : [a”,a” 4+ ((b”,a”)] — R with p > 0 and ((b”,a”) > 0. If
form € (0,1] and o > 0, ¢ is an m-preinvex function, then

m? (2a° +¢(0,a”)\ _ p*Dlat+1) 7Ly, p(mPa? +a? ¢, a?))  PTiwe ar)-#(0")
( 2 ) - 2 (me(br,ar))> ¢ (b, ar) ]
_ p(mPa?) + (m?)’0(55) L mPe(a?) + o))
- pla+1) pa(a+1)

(28)

Proof. Since ¢ is an m-preinvex function, so using (4), we have
p(x” + t7¢(mPy”, ")) < (1 —1°)p(x”) + m 1P o(y”).

Taking ¢* = 1/2 in the above inequality, we obtain

p(a?) + mPo(y”?)

1
P Py P
o +24(my,m))é 5

Taking ” = mPa? + m?(1 — t*)((b”,a’), y* = a” + t*{(b?, a”), and using the condition C, we obtain

(mp(2ap +¢(b”,a?))

' ) < 5 (pmrar +mP (1= )0, %)) + mPpla? + 7, 0))).

Multiplying by t**~! and integrating with respect to t, we have

Dapot (MP(20° (0P af))N 2 rmP (208 + (b, a”))
2/0 e 1*7( 2 )dt_oTp“D( 2 )

1 1
< / t*?~Lo(mPa? +mP(1 —tp)C(b”,ap))d—f—m”/ t*~po(af + tP¢(b°, a”))dt.
0 0
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Setting mPa” + mP(1 — t*)((b?,a”) = v” and af + t*((b”,a”) = 2P, we obtain

ma u? — (mP(a? +mPC(bP, a? a—1 uP~ 1t
S/ [ LASAV\ e "
P (aP+mrP((bP,ar)) P

m —mr((bP, ar) —mr{(bP, ar)
1
(aP4+mP(b?,aP)) P 2P _ qP Ja—1 op—1
e = d
v/ T
1 mppafl

< e an) D@ Inarp(ma + a1, ") + cags—os Titwe,ary - #(0”):

Consequently, we obtain
(LRI P (CE S}
7 2 2(me¢(b, ar))e

mfpT(a+1),
e, ar) o #0)

L p(mPa? + P (1P, o)

which is the ist part.
Using the m-preinvexity of ¢, we have

p(mPal + (1= t)mPC(b", a”)) + mPp(a” +17((b", a”))
bP
< tp(mPa?) + (1= 1)mP () +m? (1 = #)p(a?) +17(m")*p(—) ).
Multiplying by t**~! and integrating with respect to ¢, we obtain
p*I'(a+1) mfpT(a+1), (a”)
2(meC(br,ar))° 2 (b ar) COnaF
1
%
< [ rpmear) (1 )(pla?) + 0) + ol )
0
_p(mPa?) + (m)o(55) | mP, (p(a?) + (b))
pla+1) pafa+1)
which is the required inequality. =

For suitable and proper choice of p, &, m and {(b, a), one can obtain various inequalities for the m-preinvex
functions.

PI3 s p(mPaf + 0P (Y aP)) +

; (30)

Theorem 7 Let m € (0,1] and ¢ be a m-preinvez function on Li[a”,a” + ((b?, a?)],
such that ¢(b°,a”) > 0. If

1
F(af,a” + (" 2"l = 5 [p(@” + (1= 7)C(mPy’, ")) + p(a” + °¢(mPy”, a”))],
then
1
1 /((ap+<(bp,ap))f’) . 2a” + (b, aP)
«a C(bﬂ) ap)a F(up7 wP —(aP PLaP du
C (bp’ap) a 2 ) W
a—1

T mP  /2af + ((b°,aP)
< PI% o(aP + C(b°, aP)) + —— (—>
— QCQ(bP,CLP) a'*'sp(a’ + C( a )) + 2ap90 2

Proof. Since ¢ is an m-preinvex function, we see that

P(a2,27 +C(0,0%)| = 5l + (1= 1)C(meyP, %)) + p(a? + 17 (mey,2°))]

w2
1

IN

[tPo(z”) + (1 =t )mPo(y’) + (1 — t")mPp(a”) + t'm’p(y’)]
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Also 208 + (b, )
p 20 + , Q
F (x : 2 )

Taking a2 = a® + (1 — t*){(b”, a®), we obtain

) < %{Lp(xp) n mp(p(QaP + C2(bp7ap)>]

2a° + C(b”,ap))

: 2a”+§(b",a"))].

F(a + (1= )¢, "), .

IA

< 5leta+ =), an) +

Now multiplying by t**~! and then integrating t € [0, 1], we have

1 p P P
/ taple(ap + (1 . tp)C(bp’ap), 2a + C(b , )) dt
0 2 te
1t 2P P P
A L R e e ARALATIEA NP
2 /s 2
1 p o qP 1
— 1/ 2P~ Lo (a? + (1 — t*)C(b, a?))dt + lmpg,(% + ¢, a ))/ pap—1 4
2 /s 2 2 o
1 [ uf — (aP + ¢(bP,a”))\ o1 o ul ! mP  r2aP + ((b°, aP)
S _ U gy I (2 TSN
2 /<ap+c<bp,ap>>é ( —(b°,a”) ) et ) e an ™ 2a,o9”( )
1 mP  /2aP 4+ ((b°, aP)
- - pra P o _p mf - r2a” 4+ (07, a")
e D@ T (e + (07 a") 4 oo ( 3 ) (31)
Also
1 p P P
/ taple(ap + (1 - tp)C(bp,ap)’ 2(1, + g(b , )) dt
0 2 tr
[ (M N, W)y v,
((aP+C(bP,ar)) 7) —((bP, a”) ’ 2 te —((bP, aP)
1 ((@+C(5,a%)) ¥ ) - 247 + C(b°, a?)
v |, e

By combining (31) and (32), we obtain the required result. m

5 Conclusion

In this work, we have obtained the Hermite-Hadamard type fractional integral inequalities for various classes
of preinvex functions in their generalized form using generalized fractional integral. For different values
of a, p and bifunctional ((b”,a”), we obtained various new results associated with m-preinvex, s-preinvex,
preinvex and convex functions. The ideas and techniques of this paper may inspire further research in this
dynamics field.
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