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Abstract

In this paper, we introduce the idea of K,-convergence for double sequences. Then, we use this notion
to prove a Korovkin type approximation theorem and present an application that satisfies our new main
theorem but does not satisfy classical ones. Finally, we study the rate of convergence of positive linear
operators.

1 Introduction and Preliminaries

The following, now a classical result, was proved by P. P. Korovkin [11]: Let I be a compact subset of the
real numbers and (L,,) be a sequence of positive linear operators that maps C (I), the space of all continuous
real valued functions on I, into itself. Suppose that the sequence (L,, (f)) converges to f uniformly on I for
the three special functions f; : ¢ — 2*, where i = 0, 1, 2. Then this sequence converges to f uniformly on I for
every f € C (I). Because of its powerful applications, Korovkin’s result has been extended in many directions.
There is an extensive literature on Korovkin-type theorems (see for example [2, 3, 4, 5, 6, 7, 9, 10, 15]). In
this paper, we define the concept of K2-convergence that is a new convergence method and give an example
in support of our definition. Then, we use this notion to prove a Korovkin type approximation theorem and
present an application that satisfies our new main theorem but does not satisfy classical ones. Finally, we
study the rate of convergence of positive linear operators.

Now, we recall well known and important convergence methods; statistical and almost convergence for
double sequences.

A double sequence & = (x;;) is said to be convergent in Pringsheim’s sense if, for every ¢ > 0, there
exists J = J(e) € N, the set of all natural numbers, such that |z;; — L| < ¢ whenever 4,5 > J, where L
is called the P-limit of = and denoted by P — limz,;; = L (see [16]). We shall call such an z, briefly, “P-

i

convergent”. A double sequence is called bounded if there exists a positive number N such that |z;;| < N for
all (i,7) € N> = N x N. Note that in contrast to the case for single sequences, a convergent double sequence
need not to be bounded.

Statistical convergence of single sequences was introduced by Fast [8] and Steinhaus [17], independently
and studied by many authors. This concept was extended to the double sequences by Moricz [13]. If E C N2
is a two-dimensional subset of positive integers and |D| denotes the cardinality of D, then the double natural
density of E is given by

2 ’ n,k nk ’

if it exists. The number sequence x = (x;;) is statistically convergent to L provided that for every ¢ > 0,
the set
E = Enk(é‘) = {Z < n, ] < k: |1‘,’j —L| > E}
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has natural density zero; in that case we write sty — limz;; = L. Clearly, a P-convergent double sequence is
0.

statistically convergent to the same value but its converse is not always true. Also, note that a statistically
convergent double sequence may not be bounded.

The definition of almost convergence for double sequences was introduced by Moricz and Rhoades [14]
as follows.

A double sequence z = (z;;) of real numbers is said to be almost convergent to a limit L if

p+n 1g+k—1

P — lim sup Z wa—L—O
i=p j=q

n,kp g>0 nk‘

In this case L is called the F3-limit of x and denoted by F5 — hmmm = L. Note that a convergent double
i,

sequence need not be almost convergent. However every bounded convergent double sequence is almost
convergent and every almost convergent double sequence is bounded.

Lazic and Jovovic defined the K,-convergence for single sequences in 1993 [12]. Now, we extend this idea
to double sequences. This new convergence method is associated to the four dimensional matrix

a;1 0 0 a2 ajp O aiz a2 ap; O

0 0 O 0 0 O 0 0 0 O

a2 0 0 aze az O a3 aze a O

A= a1 0 0 a2 app O aiz a2 app O
0 0 0 0 0 O 0 0 0 O

Let a = (a,;) and x = (z,) are double sequences, set K2 (x) = y, where y = (ynx) and

n k
Ynk = Zza/’rb—i-‘,-lk—j-i,-lxij (n,k=1,2,3,...).

i=1j=1
Then it is said that y = (ynx) is the K>2-transformation of the double sequence x = (1) -

Definition 1 The double sequence x = (z,1) of real numbers is K2-convergent to the number L if, its K>-
transformation y = (yni) converges to the number L in Pringsheim’s sense, i.e. P — lirilynk = L, and we

n,

denote this limit by K2 — lirilx"k = L.
n,

The proof of the following proposition can be easily established from the results concerning the general
matrix transformation for double sequences. So, we omit it.

Proposition 1 Let a = (ank) be a double sequence and assume that

- hmzz lank| exists (1)

n=1k=1

and
there exists a positive integer M such that Z lank| < M. (2)
(n,k)EN?
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(4) If x = (xpg) is P-convergent, P — lirilxnk = L and the conditions (1) and (2) are satisfied, then
n,

2 .
K, — hrilxnk =L § Ank,
n7
(n,k)EN?

(ii) A convergence method K2 is reqular if and only if the conditions (1), (2) and

Z Ank = 1 (3)

(n,k)EN?
are valid.

Now, the question arises in the theory of double sequences, which concerns the relationship, if any,
between statistical convergence, almost convergence and K,-convergence. Our answer is "these concepts
overlap, but none is implied by the other" and it is important to say that, for these three convergence
methods, if a double sequence is bounded convergent then it is statistical convergent, almost convergent
and K,-convergent, too. The following double sequence z = (x,) is K2-convergent, despite this, it is not
P-convergent and also, it is not statistical and almost convergent.

-1 0 0
. 0 -1 0 )
Example 1 Let a = (ank) given by (ank) = 0 0 0 and let © = (zp1,) given by
12 3 4 5 6
e e T S S
: T2 T2 T2 T2
(xnk) - 0 0 5 51 52 53
0 O 0 -2 -2 -3
Then
1 _2 _3 _4
n k 2 2 2 2
0 0 0 0
(Ynk) = Z;Z;an—i-‘rlk—j-‘rlﬂfij = 0 0 0 0
1=17=

Hence, we can write that Kg—lir]rcmcnk = 0. However, it can be easily seen that, © = (xnk) is not P-convergent.

mn,
Also, x is neither statistical convergent nor almost convergent.

2 Korovkin Type Theorem via K> -convergence

In this section we study a Korovkin type approximation theorem via KZ-convergence of positive linear
operators.

Let I? = I x I and I be a compact subset of the real numbers, C (12) be the two-dimensional space
of all continuous real valued functions on I? and | f lc(r2) denote the usual supremum norm of f . Let L
be a linear operator from C (I 2) into itself. Then, we say that L is positive linear operator on condition
that f > 0 implies L (f) > 0. Also, we mean the value of L (f) at a point (z,y) € I? by L(f(s,t);z,y) or
L(f;x,y). Throughout the paper, we also use the following test functions

f0($7y):17 fl(x,y):x’ f2(-'157y):y, fg(&?,y):$2+y2.

Now, we begin with the following well-known Korovkin type theorems.
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Theorem 2 ([18]) Suppose that (Lnx) is a double sequence of positive linear operators from C (IQ) into
itself, satisfying the following conditions:

Pil}g}clHLnk (fT)ffT”C(I?) :07 (T:07172a3)'

Then, for all f € C (I?),
P - 17112 [ Lnk (f) = fllorzy =0

Theorem 3 ([6]) Assume that (L,x) is a double sequence of positive linear operators acting from C (I?)
into itself, satisfying the following conditions:

sta _ljlril”Lnk (fr) _fTHC(I?) =0, (r=0,1,23).

Then, for all f € C (12) )
sty — lim [ Lnk (f) = fllerzy = 0.

Theorem 4 ([1]) Suppose that (Lni) is a double sequence of positive linear operators from C (12) into
itself, satisfying the following conditions:

Fy — lrllrg ”Lnk (fr) - fr||c(12) =0, (7" =0, 17273)~

Then, for all f € C (I%),
Fr - 171Lr]f€1 [ Lnk (f) = fllorzy = 0

Now we give the following Korovkin type approximation theorem for method K2 that is our main result.

Theorem 5 Let a = (ank) be a double sequence and the conditions (1) and (2) are satisfied. Suppose that
(Lnk) is a double sequence of positive linear operators acting from C (12) into itself, satisfying the following
conditions:

n k
P — 1715{1 ZZ |an—i+1k—j+1‘ Lij (fT) - fv" = 07 (’/‘ = 07 17 27 3) . (4)
1=175=1 c(r?)

Then, for all f € C (12) , we have

Kg - 171%1 | Lok () — f”c([?) =0, te,

n k
P —lim Zzan—iﬂk—jﬂhj (=7 =0.
i=15=1 c(I2)
Proof. Let f € C (12) and (x,y) € I? be fixed. By the continuity of f on I?, we can write

|f (2, )] < My. (5)
Therefore
|f($,t) - f(xvy” < 2Mf‘

Also, since f is continuous on I%, we write that for every ¢ > 0, there exists a number § > 0 such that
|f (s,t) — f (z,y)| < & holds for all (s,t) € I? satisfying |s — x| < § and |t — y| < §. Hence, we get

5 s) = o)l <o+ 2 {5 =0 + -9} (6)
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This means

20M
62

— —

{=aP+ -0} < s - fa) <o+ 25 {0 + 0 -0}

Using the linearity and the positivity of the operators L, and the inequality (6), we get

Zzan i+1k—j+1 L35 (fsz,y) — Zzan i+1lk—j+1 Lzy (f (s,);2,9)

i=1j5=1 i=1j5=1

=Ly (f (x,y)52,9) + Lij (f (z,9)52,9) — f(2,9)]
n k
S an—ivik—jal Lij (1f (s,) = f (z,9)] 12, 9)

<
i=1j—=1
n k
HIF @) DO lan—ivan—jl Lij (fo;2.9) — fo (z,y)
i=1j=1
2My || f3ll o r2
< e+ <5+Mf+() ZZMH i+1k— j+1|L’L] (va ,y) fO(m;y)
1=175=1

4My Hf1||c(12) G
- E— DD an—ivan—j| Lig (f;z,y) = fi (2,9)

i=1j=1

4My Hf2||c(12) 2 &
R E— DD an—ivan—j| Lij (fa;2,9) = fo (w,9)

i=1j=1

n

k
2M
+ 5zf D an—ivie—jiil Lij (F332,9) = f3 (,9))|-

i=1j=1

Then taking supremum over (z,y) € I?, we have

n k

3 n k
> > an—isue—juiliy (F) = f Se+ K QY DD lan—ivan—g1| Lig (fr) = fr

i=1j=1 cr2) r=0 ||i=1j=1 c2)

where

2My || f: AMy || f AMy || f oM
K= max{5+Mf I f ”(SSHC(IQ)’ f |5;||C(1r2)7 f ”5;”0(12)’ 62f .

Then using the hypothesis (4), we get

n k

P —lim ZZan irik—j1Lij (f) = f =0.

n)
i=1j5=1 c(r?)

The proof is complete. ®

We now present an example of a sequence of positive linear operators that satisfies the conditions of
Theorem 5 but does not satisfy the conditions of Theorem 2, Theorem 3 and Theorem 4.
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-1 0 0
. 0 -1 0 .
Example 2 Let a = (ang) given by (ank) = 0 0 o0 and x = (Tnk) given by
2111 11
1110000
51
(k) = 1 0 3 % 111
o1 4 % 0 0
1 010 3 3 1
Observe now that, > |ank| =2 and 3  anw = —2. Then, we consider the double Bernstein operators:
(n,k)EN? (n,k)EN?
LAY n—i k—j
B (f52,y) = ZZf ;)T =) (1 —y)
1=075=0

where (z,y) € 12 = [0,1]> = [0,1] x [0,1], f € C (I?) and n,k € N. Using these polynomials, we introduce
the following positive linear operators on C' (Ig) :

Tk (fvxay) = Tpr Bk (f»ﬂ%y)a (x,y) 612, fE 0(12) (7)
We now claim that
- hrn ZZ |a7, i+1k— J+1| T;j (fr) fr =0, (8)
1=15=1 c(12)

for each r =0,1,2,3. Indeed, we first observe that

T k(fo,x,y) xnkfo (‘Tay)a
Tok (f1i2,y) = zopfi(z,y),
Tok (f252,y) = Turfo(z,y),
2 )
k(f3m,y) = Tk {f:’,(m,y)*'x T4y ky }

Hence,
n k
Zz‘an7i+lk7j+1|Tij (forz,y) = fo(2,y) szn it1k—j+1| Tnk — 1|.
i=1j=1 i=1j=1

Then we get the following double sequence

11
. 530
DD lan-sti—smlzac =1 = | ¢ ©)
i=1j=1
We get
—hm ZZ|an i+1k— ]+1‘TZJ (fo) — =0,
.k i=1j=1

c?)
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which guarantees that (8) holds true for r = 0. Also, since

n k n k
ZZ |an—i+1k—j+1| Tij (friz,y) — fi(z,y)| = ZZ lan—it1k—j+1| 2Tk —

i=1j=1 i=1j=1
n k
= = ZZ|anfi+1k7j+1 Tnk — 1,
i=1j=1
then
n k n k
ZZ |an—i+1k—j+l| Tij (fl) - f = ZZ |an—i+1k—j+1 Tk — 1.
i=1j=1 cuzy  li=ti=1
By (9), we have
n k
P —lim YD an—ivak—jn| Toj (f1) = fr =0.
li=1=1 o)
Similary, we have
n k
P —lim o> lan-ivik—jrl Tog (f2) = fo =0.
li=15=1 o)

Hence (8) is valid for r = 1,2. Finally, we get

n k n k
ZZ |lan—i+1k—j+1| Tij (f3) — f3 <2 ZZ lan—it1k—j+1| Tnk — 1
i=1j=1 o) i=1j=1
1 n k Tk n k Tk
+1 DD an—ivin—jl - + > lan—itie—jr1l - [ (10)
i=175=1 1=175=1
i1 101 011
T 119 0 0 o0
4
Tnk i 0 i 11 11
()=t o001 55|
n ] 0 7 5 % 0 0
1 1
5 050 % 1w 5

P —lim#2t = 0 and similary P —lim*t = 0. Then, from Proposition 1, we obtain

n,k n,k
. Tnk .. Tk
K? - 17133 = =0 and K? — 1527 = 0. (11)
From the inequality (10) and using (9), (11), we have
n k
P —lim SN lan-ivih—ga1| Ty (f3) = fs = 0.

i=1j=1 o)

So, our claim (8) holds true for each r = 0,1,2,3. Now, from (8), we can say that our sequence (Tyy) defined
by (7) satisfies all assumptions of Theorem 5. Using these facts, we conclude that

n k
P — lrllril ZZGMm—i{»lk*j%’lﬂj f)—f =0
i=1j=1 C(I2)
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holds for any f € C (I?) . However, since || T,k (fo) — follo(rzy = [#nk — 1] and a double sequence (||Tn;.C (fo) — f0||0(12)>

does not converge in Pringsheim’s sense, Theorem 2 (the classical Korovkin theorem for double sequences)
does not work for the sequence (Tyy). The double sequence x = (xp1) can be also given as follows:

ifk=nork=n+1,
ifk>n+1 andn is odd ,
ifk>n+1 andn is even,
if k <n and k is odd,
if K <mn and k is even,

Tnk =

O = O =

n,k=1,2,3,.... Hence, we get that the double sequence (||Tnk (fo) — f0||C(12)> is mot statistically convergent

and Theorem 3 (the statistical Korovkin theorem) does not work for the sequence (Tyy). Also, since

p+n 1lg+k—1
7hm Z Z ng fO #Q(p,qEN),

= o)

Theorem 4 does not work for the sequence (Tyi) , too.

3 Rate of Convergence

The main aim of this section is to study the rate of K2—convergence with the aid of the modulus of continuity
that is defined by

w(f,6) = sup [f(s.t) = fla,y)l (6>0), feC?)

(s—a)?+(t—y)*<d
It is readily seen that, for any A > 0 and for all f € C(I?)

w(f,A0) < (L+ [A)w(f,9)

where [)] is defined to be the greatest integer less than or equal to A. Then the result is stated as follows.

Theorem 6 Let a = (ank) be a double sequence and the conditions (1) and (2) are satisfied. Assume that
(Lnk) be a double sequence of positive linear operators acting from C (Iz) into itself, satisfying the following
conditions:

() P —lim

n,k

EZ |G —it1k— ]+1|L’LJ (fo) = fo

i=1j=

C(1?)

(i) P —limw (f; 0 ) = 0,

where

n k
= || N iangial Lig ((s = )P+ (= )?)

i=1j=1

Then for all f € C (I?),
K2 — 1711121 Lok (f) = Fllorzy = 0.
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Proof. Let f € C (12) and (x,y) € I? be fixed. Using (5), the properties of w, and the positivity and
monotonicity of L, we get that

n k n k
S tmivib—jirLi; (f;2,9) = £ (20)| <D0 an—ivir—jal Lij (1f (s,) = f (z,9)] 12, 9)
i=1j=1 i=1j=1
n k
AMp YOS an—iyir—j1l Lij (foi 2, y) — fo (,y)
i=1j=1
“ (s 1 (t-v)
< ;; |@n—it1k—jt1| Lij | w f;5\/ 5 N
n k
+My YOS an—ivak—j1l Lij (fo; 2, y) — fo (,y)
i=1j=1
n k 2 2
s—x) +(t—
< w(f39) ZZ|an—i+1k—j+1|Lij <1+ ( ) 52( v) ;w,y>
i=1j=1
n k
+Mjy ZZ |an—i+1k—jt1| Lij (fo; 2,y) — fo (2,y)
i=1j=1
n k
< w(f30) ZZ |@n—i+1k—j+1| Lij (fo; ,y) — fo (2, y)| +w (f39)
i=1j=1
W (f36) e 2 2,
5 SN lan-ivae—jal Lij ((5 —z)" +(t—-y) 733)
i=1j=1

n k
+My > lan—ivik—j| Lig (fos 2, 9) — fo (,9)] -

i=1j=1

Then taking supremum over (z,y) € I?, we have

n k
> > an—iswe—jsili; (F) = f
i=1j=1 cu)
k

n k n
< w50 (DD lan—iv1k—sial Lij (fo) = fol| + 2w (f38) + My YO " lan—is1n—jr1| Lij (fo) = fo

i=1j=1 i=1j=1

where

n k
6= anp = |3 lan-srin-sial Ly ((s = )7 + (¢ = )°)

i=1j=1 cr2)

Then, from the hypotheses, we conclude that

n k
P —lim S an—isih—jrrLi; (f) — f =0,

i=1j5=1 cr?)
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we obtain the assertion. m
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suggestions.
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