Applied Mathematics E-Notes, 20(2020), 481-492 © ISSN 1607-2510
Available free at mirror sites of http://www.math.nthu.edu.tw/~amen/

Some Existence, Uniqueness And Stability Results Of Nonlocal
Random Impulsive Integro-Differential Equations*

Sayooj Aby Joset, Weera Yukunthorn’, Juan Eduardo Napoles Valdes¥, Hugo Leival

Received 5 December 2019

Abstract

This paper is concerned with random impulsive integro-differential equations with nonlocal conditions.
At first, some sufficient conditions which can guarantee existence and uniqueness of mild solution are
derived using Banach fixed point theorem. Secondly, combining with Banach fixed point theorem with
some inequality techniques, we give stability of the solution. Finally some examples are given to establish
the effectiveness of our results.

1 Introduction

The impulsive system has been considered to be one of the most important models in mathematical ecology,
and many perfect existence as well as stability results of its modified models have been obtained. For example,
in order to maintain the long-term sustainable development of fishery industry, the government puts a lot
of little fish into the sea in spring and allows the fishermen to catch the adult fish in autumn and winter,
which can be described by impulsive differential equations. Also we must choose the impulse perturbation
coefficients based on the actual situation, which may oscillate in some ranges or change irregularly.

There will be instantaneous and great changes of population density in the form of perturbations if we take
into account the disturbance of environmental factors at certain time moments, which cannot be neglected.
So naturally we can introduce impulsive effects into differential equations (see Bainov and Simeonov [4],
Lakshmikantham, Bainov and Simeonov [11] and Saker [17]).

Many authors [9, 22] have studied the existence of solutions of impulsive differential equations of the
form

’

2 (t) = f(t,x(t), S(t), T(t), 0<t<Ty, t+t, (1)
T4, = o, (2)
Ax(tl) ZIZ‘(tZ‘), 1= 172,...7p. (3)

Guo and Liu [9] also established the existence theorems of maximal and minimal solutions for (1)—(3) with
strong conditions provided f is uniformly continuous. Guo and Liu [12], Liu [10] also considered the case
when f does not contain integral operator S in (1) and obtained the same conclusion by using monotone
iterative technique. Again recently, Liu [10] considered the special case where (1)—(3) has no impulses and
Liu [10] obtained a unique solution by using monotone iterative technique with coupled upper and lower
quasi-solutions when f = f(¢, z(¢), S(¢),T(t)). Liu [14] also obtained a similar conclusion. In [9, 12, 10] the
assumptions that f satisfies some compactness-type conditions is required. But it is difficult and inconvenient
to verify in abstract spaces. By using the successive approximations for the evolution equation with an
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482 Nonlocal Random Impulsive Integro-Differential Equations

unbounded operator A, Rogovchenko [16] studied the existence and uniqueness of the classical solutions.
That is equations of the form

2 (t) = Az(t) + f(t,x(t)), t>0, t £t

with impulsive condition in (2) — (3), where A is sectorial operator with some conditions given on the
fractional operators A% o > 0 . Liu [13] studied the existence of mild solutions of the impulsive evolution
equation )

x (t) = Ax(t) + f(t,z(t)), 0<t<To, t#t;

where A is the infinitesimal generator of Cy semigroup with the impulsive condition in (2) — (3) by using
semigroup theory.

Most of the published papers on impulsive differential systems deals with the problems related to fixed
time impulses. However, actual jumps do not always happen at fixed points but usually at random points.
Recently the properties of solutions to some differential equations with random impulses have been studied
21, 2, 20, 3, 8, 1].

The existence of solution for non local differential equations have been extensively researched in recent
years taking into account the theoretical and practical significance. Byszewski initiated the nonlocal initial
conditions for evolution equations [5, 6]. There are many applications for nonlocal condition in physics and
it is more natural than the classical initial condition z(0) = x¢. Recently, Sayooj Aby Jose and Venkatesh
Usha [19] extended the results of [5, 6] to random impulsive differential equations with non local initial
conditions and proved the existence of the solutions by a fixed point theorem.

There are several papers which include the study of impulsive integrodifferential equations involving
random impulses [18, 9, 7]. Random impulsive integro-differential equation with non local initial conditions
is studied in this paper, hoping that the results obtained will contribute to the area. And it is a well known
fact that, if we consider integro-differential equations, in some applications, we will be able to obtain better
descriptions of the phenomena under study. Thus, the main objective of this work is to present non local
random impulsive integro-differential equations.

This paper is summarized as follows: Section 2 includes some preliminaries. Some hypotheses are included
in Section 3. The existence and uniqueness of solution of random impulsive integro-differential equation with
nonlocal condition is investigated in section 4. And we have used Lipschitz condition for deriving the main
results, followed by stability results in section 5. In the last section two examples are discussed.

2 Preliminaries

Consider a real separable Hilbert space X and a non empty set 2. Assume that 7 is a random variable
defined from Q to Dy, where Dy, = (0,dy) for all k£ € N (collection of natural numbers) and 0 < dj, < +o0.
Also for 4,5 = 1,2,... assume that if ¢ # j then 7; and 7, are independent with each other. Let 7 be a real
constant. Denote R, = [r,T]. Next we consider the nonlocal random impulsive integro differential equations
of the form / .

z (t) = Az(t) + f(t,z() + [y fr(n,z(t+n))dn, t#&, t =T,

x(fk) :bk(’rk)x(g,l;)a k= 1a2,3>, (4)

.’I,'to + g('T) = Zo,
where A is the infinitesimal generator of a strongly continuous semi group of bounded linear operator S(t)
inX, f,fi: R xX —>X,b,: D > Rforeach k €N, g: X — X is a given function; {, = to € [7,T] and
&, =&, + 7 for each k € N, here ty € R, is arbitrary real number. Obviously

to =8y <& <& <& <& <.w(§—) :tl%gnx(t)
k

according to their path with the norm ||z|| = sup, <, <, |z(n)| for each t satisfying ¢ € [r,T7.

Let {B;,t > 0} be the simple counting process generated by {,}, that implies {B; > t}, also denote
F; as the notation for the o-algebra generated by {B;,t > 0}. The (Q, P, {FF;}) is a probability space. And
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the Hilbert space of all {F;}-measurable square integrable random variables with values in X is denoted as
Lo = Ly(Q, {F,}, X).

Let B denote Banach space B([r,T], La), the family of all {F;}-measurable random variable ¢ with the
norm

[$]? = sup By
tel[r,T]

Definition 1 ([15]) Let A be the infinitesimal generator of a Coy semigroup S(t). Let ug € X and f €
LY(0,T; X) with nonlocal condition g(u). Then the function u € C([0,T); X) is given by

w(t) = S(t)(uo — g( /St—s (s)ds, 0<t<T

is the mild solution of the initial value problem

{ u'(t) = Au(t) + f(t), 0<t<T, (5)
u(0) + g(z) = uo.

Definition 2 ([15]) A semigroup {S(t),0 < ¢ < 0o} of bounded linear operators on X is uniformly bounded
if there exists a constant IC > 1 such that

ISWI <K, fort >0,

Definition 3 For a given T € (T,+00), a stochastic process {z(t) € B,7 <t < T} is called a mild solution
to equation (4) in (Q,p,{F:}), if

(1) z(t) € X is Fy-adapted;

(it)
+oo k k &
= {l_lbZ 73)S(t — to)(zo — g(x ))—l—ZHbj(Tj)/ S(t—s)f(s,z(s))ds
k=0 Li=1 i=1 j=i §io1
t ; T
+/§k5(t—s) ds+;Jl_[Zb Tj / . (t—s)/o fi(n,z(s +n))dnds
+ [ S(t— s)/ filn, z(s+ n))dnds] e, 60 (), telr,T)
&k 0
where . .
H ()=1asm> n,Hbj(Ti) = by (Tr)bk—1(Tr—=1) - . - bi(74)

and I4(.) is the index function, i.e.,

1, tea,
I“‘(t)_{o, if t¢A

3 Assumptions

In this section, we deals with some hypotheses which are used in our results.

(H;) The function f satisfies the Lipschitz condition. That is, for x,y € X and 7 < t < T there exist
constants Ly, Mg > 0 such that

B|f(t,z) = f(t.y)lI> < LoElz —y|* and E||f(t,0)|* < Mo.
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(Hs3) The function f; satisfies the following condition. That is, for z,y € X and 7 < ¢t < T there exist
constants IL;, M; > 0 such that

T
E| /0 [fim,z(t+n) — fr(n,y(t +n)]dnll> < LaE|z(t+n) — y(t+n)?,
E|f1(n,0)|| <Mj.

(Hs) The condition max; k {H?_1 l1b; (TJ)”} is uniformly bounded if, there is a constant ¥ > 0 such that

)

max {H?_l ||bj(Tj)||} <¢, forall7T;€D;,j=1,2,3,....

(Hy) g : X — X satisfies the Lipschitz condition. That is, for z,y € X and 7 < ¢t < T, there exists a
constant L, > 0 such that

Elg(z) — g)|* < Li|lz -yl

(Hs)

L.
292

4 Existence and Uniqueness
We discuss the existence and uniqueness of the mild solution for the system (4).

Theorem 1 Assume that the hypothesis (Hy)—(Hs) hold. Then the system (4) has a unique mild solution
n B.

Proof. Let T be an arbitrary number T' < +oo . First we define the nonlinear operator F' : B — B as
follows

00 k
Fa(t) = Z{H St —to)(zo — g +ZHb T]/ S(t — ) f(s,x(s))ds

i=1 j=1 &ia

S(t—s) (s, a( ds+ZHb Tj/ St—s{/ filn,x 8+77))d77}d

=1 j=1

+/t S(t— 5){/0 fi(n, z(s +77))d77}ds} i, e (1), telr,T).

&k
We can prove the continuity of F easily. Next we will show that B is mapped into B under F'.

+oo k
e < [Z[HHbi(Ti)HHS(t—to)Hon—9(93)||

k=0 =1
+ZIIHb 7 ||/ 1S(t — 5) £ (5, 2(5)) s
||S<t—s> o a( ||ds+2\|Hb - ||/ St—s{/ filna s+n>>dn}|ds

+ /5 se-a{ [ f1<n,x<s+n>>dn}||ds} Tt ®]
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—+o0

[Z [ng PIZIS(E = to)|Plleo — g <x>||2f[gk,f,cﬂ><t>}

k=0 i=1

[Z[Znﬂb () ||/ 1S(t — 5)F(s, () | ds

k=0 “i=1 j=1

¥ / 150~ 5)(s.a(e)las| I[gkm)(t)ﬂ

([T [ st [ st man} s

k=0 “i=1 j=1

+/§k |S(t — S){ /0 fi(n,z(s + U))dn}“ds} I[gk,gkﬂ)(t)} ’

k
21 g { | [ 7 I o ~ 9o

i=1

+2;c2[max{1 e ||2H2{ /t:|f<s,x<s>>|dsf[gk,gm><t>}2

_] 7

<212 e {1 ||Hb ) ||H2{ / [ foto + myinldsie, o)}

=1

IN

IN

2

IN

21C%0% o — g()||? + 2K maX{l,ﬂz}{ /t ||f(s,33(8))||d8}

+2/c2max{1,192}{ / / ' ||f1<n,x<s+n>>|dnds}2

IN

21C%0% o — ()| + 2K max{1, 9} (¢ — tO)/t 1£ (s, 2(s))lI*ds

t T 2
—|—2/C2max{1,192}(t—t0)/ {II/ f1(777$(8+77))d77“ds} :
to 0
Thus we get

B[ Fa(t)|?

IA

2207 |lwo — g(@)|I* + 2K2 max{1,9* (T — 1) /tt E| f(s,x(s))|*ds

t T
+2/C2max{1,192}(T—T)/t E||/0 fi(n, (s +n))||>dnds

IN

t

2]C2192||a:0 — g(x)|)* + 4K> max{l,ﬂQ}(T - T)]Lo/ E||z(s)||*ds
to

+4K?% max{1,9*}(T — 7)*My + 4K% max{1,9*}(T — 7)°M,

¢
+4K% max{1,9*}(T — 1)L, / Elz(s +n)|ds.
to

Therefore,

t
sup EHFac(t)H2 < 2/C2192||330 — g(a:)H2 +4K2 max{l,ﬁQ}(T — T)]Lo/ sup E||x(s)||2d5
te[r,T] to t€[7,T]

+4K% max{1,9*}(T — 7)>My + 4K? max{1,9*}(T — 7)*M,
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t
+4K% max{1,9*}(T — T)Ll/ sup Ellz(s 4 n)|*ds
to te[r,T]

for every t, 7 <t <T, Hence F maps B into B.
Next we will show that F' is a contraction mapping:

[Fa(t) — Fy(t)|?

+oo k 2
[Z TT Il — o)l (olz) — g<y>>||f[gk,gk+l><t>]
k=01i=1
[Z{Zﬂnb ol 5= 1) = F o
= =1 j=1i

2
[ st =9l Gsx(0) - f(s,y<s>>||ds}fgk,gkﬂ<t>]
[Z[ZHUJ - ||/ ||Stfs||/ L Fu(ms (s +m) — Fu(n, (s +n))dnlds

k=0 *i=1 j=1

n / 15(t— ) / fi(m (s +m)) —f1<n,y<s+n>>dn||ds] I[g,c,g,w)(t)}

[max{Hnb I Hloto) - sl
[max{l,liubj ;) |}] { / 1 (s,(s)) f<s,y<s>>||dsf[gk,5k+1><t>}2

+/c2{max{1,f[||bj +) |}] {[i] Tfl(n,x(Hn))fl(n,y(s+n))dnlldsf[gk,gk“)(t)}2

K29?[lg(2) — g(u)|I* + K* max{1, 9*} (¢ — to) t 1£(s,2()) = f(s,y(s) | *ds

IN

IN

t T
K max {1, 9%} (t  fo) / || / i a(s +m) — fa(m (s + )| ds.

E|Fx(t) — Fy(t)|*

IN

K29*Elg(z) — g(y)|?
K max{L, 07} (T — to) / Elf(s,2(5)) — £(5,5(s))||ds

t T
+K2 max{1,9* (T — to)/t E| /O Si(n,z(s+m)) = filn,y(s +n))dn|ds
K*9*E|lg(z) — g(y)|I?

IN

K2 maxc{1, 92}(T — T)Lo/t Ella(s) — y(s)||%ds

t
+K2 max{1,9*}(T — 1)Ly / Elz(s +n) — y(s +n)|*ds.
to

Taking supremum over t, it follows that

1Fa — Fyl* < K*0°Lalz — yl* + K2 max{1,9*HT — 7)°Lo[lz - y|
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+K2 max{l,ﬁQ}(T —7)%La |z — y?

IN

K20% max{1,9*}(T — 7)°L |||z — y||?

A

Lz =yl

where I' = K29% max{1,9*}(T — 7)2L and L = Lo +1L; + . From Hs and 0 < T < 1, we get that F

L.
(T —71)2
is a contraction mapping. Thus using Banach fixed point theorem we get F' has a unique fixed point on B.
Hence (4) has a unique mild solution. m

Remark 1 Let f : R, x X - X, f1: R x X — X and g : X — X satisfy the assumptions (Hy)—(Hs).
Then there exists a unique, global, continuous solution x to (/) for any initial value (to,xo) with to > 0 and
Ty € B.

Remark 2 The above theorem is an extension of [19, Theorem 8.1]. Theorem 1 gives existence and unique-
ness of random impulsive integro-differential equations with nonlocal condition. This solution is practically
more useful than the solution of random impulsive differential equations.

Remark 3 Assume that all hypotheses hold. Then the mild solution for the system (7) without existence of
nonlocal condition and the solution is

x(t) = Z[Hb Ti) t—t0x0+ZHb TJ/ S(t—s)f(s,z(s))ds

k=0 11_]1

S(t—s) s, x( ds—l—ZHb T]/ St—s/ fi(n,z(s +n))dnds

=1 j=1
t

+ . S(t— s)/0 filn,z(s+ n))dnds] I[5k7§k+1)(t), telr,T.
k
5 Stability
Theorem 2 Let x(t) and Z(t) be solutions of the system (/) with initial value o — g(x) and Ty — g(T)
respectively. If the assumptions (Hy)—(Hy) of Theorem 1 are satisfied, then the system (4) is stable in the

mean square.

Proof. From assumptions, z(t) and Z(t) are two solutions of the system (4) for every ¢ € [r,T]. Then

400 k
o) - 300) = Z[Hb ) t—to><xo—ao>+z[ben)su—toxg(m)—g@))

k=0
-l-ZHb T / St —s){f(s,x(s)) — f(s,2(s)) }ds
+/§k S(t—s)[f(s,z(s)) — f(s,2(s))]ds
T
+ZHb o [ s [ (st s ) - nnsos ) o

t

se-sf | A4 m) — Fil s+ )] anfas | T, 0

&k
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By using (H;)—(Hy), we get
e - 201
3 [Hnb IPIS(E — to) [2Ellwo — FolP T, 6, (¢ )}

k=0 -i=1
k

+o0
+2) {H 1B (o) 2115 (¢ — to) I* Ellg(x) — g(f)IIQI[gk,gk+l)(t)}
e ’

oo

k k
+2E[Z[2Hb )l / ISt = )l (s,2(5)) = F(5,3() ds

= =17

n /E 15t — )1 (s, 2(5)) — £ f(s»nds} I[gk,gk+l><t>}

%[Z[Zﬂb [ 180l [ stk ) 5o+

k=0 -i=1 j=1

n /E QR / [Fu(n, (s +m)) — fi (.55 + n))]dnms} f[gk,gkﬂ)(t)}

k k
< 2/c2mgx{_ﬂlbi<n>|2}E||<zoao>|2+2f€2m,3x{||[[lbi<n>||2}E||g<x>g(f)HQ
k

#2671 100 }]E{ t:IIf(s,w(S))f(s,f(S))ldsf[gk,gkﬂ)(t)}

2

#2121 f[nb () }]E{ [i] ' [f1<n,x<s+n>>—f1<n,aa<s+n>>]dndsf[gk,;,w(t)}z.

Taking supremum over t, it follows that

sup, lz(t) =2®)* < 2K*9°E|lwo - Zo|* + 29 E||g(x) — 9(@)|?
te|T,
t

+2K? max{1, 192}(T —7)Lg / sup E|z(t) — Z(t)||dn
to s€[r,T]
t

+2K% max{1,9*}(T — 1)L, / sup Elz(t +n) — 2(t +n)||*dn.
to t€[T,T)

Using Grownwall inequality, we get

sup |lz(t) — Z(t)||? < 2K292E||zo — To||? exp [2KC% max(1, 9 (T — 7)%]L
telr,T]

< TE|lzo — Zo||*.
where

I = 2K%9* | exp [2K% max(1, 9*) (T — 7)*]L

and

L= L0+L1+7
(T —7)?
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Now given € > 0, choose § = & such that E||zg — Zo||* < 6. Then

sup Ellz(t) —z(t)] <e.
te(r,T)

|
Remark 4 Random impulsive integro-differential equation with local initial condition is a special case of

the system (7). So the random impulsive integro-differential equation with local initial condition is stable in
mean square.

6 Example 1
Consider partial random impulsive differential equations

2e(t, @) = 2z (t, ) + Fi(t, 2(t,2)), t#&, t>T,

Ex §)k)_—z(qt(l7fr))7'k:z(();x,£k ), asx € A7 (©)

z(to, )—l—zgzlcjz(pj,x):zo(x), O0<pr <pa<---<pg<T, z € 0.

ISR

Let A C R" be a bounded domain with smooth boundary 3&, X = LQ(A), 71 be random variable defined
on Dy, = (0,dy) for k € N, dj, € (0,400) . Also assume that 7y, follow Erlang distribution and if ¢ # j then

7; and 7; are independent with each other for ¢,7 = 1,2,.... Here q is a function of k, £, = §,,_; + 7 for
keN, tgeRT.
82
Let A be an operator on X by Az = 8—2 with the domain
]

2,

D(A) = {z € X |zand % are absolutely continuous, ol

€ X,z2=0, z—won@A}

Thus A generates a strongly continuous semigroup S(¢) which is analytic, self adjoint and compact. Fur-
thermore the operator A can be represented as

Az:Zn2 < zZ,2n > 2zn, 2z € D(A).

n=1

Here 2, (¢ [ Sin(n¢),n =1,2,..., forms the orthonormal set of eigenvectors of A. Also for every z € X,

S(t)z = anl ") < 2. 2, > 2, which holds ||S(t)|| < (=™ (t=10)) t > t,. Therefore S(t) is a contraction
semigroup.
Consider the following assumptions:

(i) f: R, x X — X, is a continuous function defined by
ft,2)(z) = Fi(t,z2(x)), 7<t<T,0<z<m
and also function f satisfies the Lipschitz condition.

(ii) g : X — X is a continuous function defined by

q
g(u)(t) = zo(t) — chz(pj,x) O0<pi <p2<---<pg<bzel0mn]
i=1

where z(s)(t) = z(s,t), 0 <t <.
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k .
(i) E|max;; { [T;_; la@) ()} | < oo
Under the conditions, we can define the function b, by

b = q(k)Ts

Assume that assumptions (i) and (ii) are satisfied, then the problem (6) becomes an abstract random
impulsive differential equation.

Proposition 1 Assume that (Hy)—(Hy4) hold. Then there exists a unique mild solution of the system (6)
respectively, provided

K29* max{1,9°}(T — 7)*[Lo + -5
is satisfied.

Proposition 2 Assume that the conditions of Proposition 1 hold. Then the mild solution z of the system
(6) is stable in the mean square.

Example 2

Consider partial integro-random impulsive differential equations

2¢(t, @) = 220 (t, @) + F1 (8, 2(t, 1) —|—f0 Fy(n, z(tsinn, x))dn, t# &, t>T,

z(w,§)) = q(k)Trz(2,8y ), asw € A @
Z(t ) - Z(t 7T) :0)

%(to ,x)+zgzlcj3 z(pj,x) = 20(x), 0<p1 <pa<-<py<T, x€OIA.

Let A C R" be a bounded domain with smooth boundary 8&, X = Lz(ﬁ), Tk be random variable defined
on Dy = (0,d) for k € N, dj, € (0,400) . Also assume that 7, follow Erlang distribution and if ¢ # j then
7; and 7; are independent with each other for ¢,7 = 1,2,.... Here q is a function of k, §,, = §,,_; + 7 for

kEN,t0€§R+.
2

0
Let A be an operator on X by Az = a—z with the domain
x

) 2
D(A) = {z € X | z and a—; are absolutely continuous, 902

Thus A generates a strongly continuous semigroup S(t) which is analytic, self adjoint and compact. Fur-
thermore the operator A can be represented as

€ X,z=0, z-won@A}

oo
Az = ZnQ < z,2n > zZn, z€ D(A).
n=1
Here z,(¢ \/> Sin(n¢),n =1,2,..., forms the orthonormal set of eigenvectors of A. Also for every z € X,

S(t)z = 22021 “"*) < 2. 2, > 2, which holds ||S(t)| < (=™ (t=t0)) ¢t > t,. Therefore S(t) is a contraction
semigroup.
Consider the following assumptions:

(i) f R, xX =X, f1 : R, x X — X is a continuous function defined by
ft.2)(x) = it 2(2), T<t<T, 0<az<m,
T
fina(t+m)dn = [ FaGy, x(esin, )

0
and also function f and f; satisfies the Lipschitz condition.
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(ii) g: X — X is a continuous function defined by

where z(s)(t) = 2(s,t), 0<t<m.
(i) £ maxei (T oI} < .

Under the conditions, we can define the function fi,bx by

T
b, = q(k)Tr and fi(n,z(t +n))dn = /0 Fs(n, z(tsinn, x))dn.

Assume that assumptions (i) and (ii) are satisfied. Then the problem (7) becomes an abstract random
impulsive integro-differential equation (4).

Proposition 3 Assume that (Hy)-(Hy) hold. Then there exists a unique mild solution of the system (7)
respectively, provided

K29® max{1,9°}(T — 7)*[Lo + Ly + ]<1

(T —71)2
is satisfied.

Proposition 4 Assume that the conditions of Proposition 3 hold. Then the mild solution z of the system
(7) is stable in the mean square.

7 Conclusion

We have investigated the existence, uniqueness and stability of an integro-differential system with nonlocal
conditions. Here we used contraction mapping principle for proving the existence and uniqueness. Finally
some examples are given to show the importance of random implusive differential equations as well as inegro-
differential equations with nonlocal conditions. In future we can extend this work to fractional differential
equation and the results derived in this paper can be used to analyse the variation in the behaviour of the
solution with respect to the variation in the complexity of the system of differential equation considered.
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