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Abstract
In this paper, we first establish Hyers-Ulam and Hyers-Ulam-Rassias stability for the fractional order
Caputo nonlocal thermistor problem. Secondly, we prove the accompanying equation is Mittag-Leffler-
Hyers-Ulam and Mittag-Leffler-Hyers-Ulam-Rassias stable.

1 Introduction

The stability theory for functional equations started with a problem related to the stability of group homo-
morphism that was considered by Ulam in 1940 ([23]). The first answer to the question of Ulam was given
by Hyers in 1941 in the case of Banach spaces in [4]. Thereafter, this type of stability is called the Hyers-
Ulam stability. In 1978, Th. M. Rassias [18] generalized the Hyers Theorem by considering the stability
problem with unbounded Cauchy differences. In fact, he introduced a new type of stability which is called
the Hyers-Ulam-Rassias stability.

Alsina and Ger were the first authors who investigated the Hyers-Ulam stability of a differential equation
[1]. Recently some authors ([5], [6], [22], [25] and [26]) extended the Ulam stability problem from an integer-
order differential equation to a fractional-order differential equation.

Fractional differential and integral equations can serve as an excellent tool for the description of mathe-
matical modeling of systems and processes in the fields of economics, physics, chemistry, aerodynamics, and
polymerrheology. It also serves as an excellent tool for the description of hereditary properties of various
materials and processes. For more details on the fractional calculus theory, one can see the monographs of
Kilbas et al. [7], Miller and Ross [16], Podlubny [17].

Thermistor is a thermo-electric device constructed from a ceramic material whose electrical conductivity
depends strongly on the temperature. This makes thermistor problems highly nonlinear [20]. They can be
used as a switching device in many electronic circuits. A broad application spectrum of thermistor problems
in heating processes and current flow can be found in several areas of electronics and its related industries [21].
Generally, there are two kinds of thermistors: the first have an electrical conductivity that decreases with
the increasing of temperature; the second have an electrical conductivity that increases with the increasing
of temperature [8, 15]. Here we consider a prototype of electrical conductivity that depends strongly in both
time and temperature. The global existence of solutions for a fractional Caputo nonlocal thermistor problem
was proved in [19]. Here, precisely we consider the following fractional order initial value problem:

MEO) s
(Jy /(@ u())de) (1)

u(t)|e=0 = uo,

“Di5u(t) =

where CD(Q)Q“ is the fractional Caputo derivative operator of order 2a with 0 < a < % a real parameter and
f: Rt x Rt — RT is a continuous function. The function u denotes the temperature and ) is a positive
real.
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Choosing A such that

200 2 200 \ —1L
0< )< 2th 24CQth
(CiT(2a+1)  CiT'(2a+1)

is discussed in section 3.
Tt is seen that the equation (1) is equivalent to the following equation:

A - f(s,u(s))
u(t) =ug+ =—— [ (t—s)%71! 5ds. (2)
I'(2a) /O (fot f(x,u(x))dx)

D. Vivek, K. Kanagarajan and Seenith Sivasundaram [24] studied dynamic and stability results for Hilfer
fractional type thermistor problem. In [2], the authors by defining all types of Mittag-Leffler-Hyers-Ulam
stability of a fractional integral equation proved that every mapping of this type can be somehow approxi-
mated by an exact solution of the considered equation. In this paper we present similar definitions to that
of [2] and prove the stability results for equation (1).

The paper is organized as follows. In section 2, basic deffinitions, notations and lemmas are given. In
section 3, the Hyers-Ulam and Hyers-Ulam-Rassias stability of fractional order initial value problem (1)
are proven. Section 4 is devoted to the Mittag-Lefler-Hyers-Ulam and Mittag-Lefller-Hyers-Ulam-Rassias
stability of problem (1).

2 Preliminaries

In this section, we introduce notations, definitions and theorems which are used throughout this paper from
the references [7, 9, 10, 11, 13, 16]. Let Cla,b] be the Banach space of all real valued continuous functions
on [a, b] endowed with the norm ||z||jq 5 := maxie[q,5 |2(t)].

Definition 1 The Mittag-Leffler function of one parameter is denoted by E,(z) where z,a € C, Re(a) > 0,
and defined by,

oo
Zk

Bal®) =2 Tar 1)

=0

where the Euler Gamma function T': (0,00) — R is defined by

INa) = /000 5L exp(—s)ds.

Definition 2 The Riemann-Liouville integral of a function g with order a > 0 is defined by

1

RLI&tg(t) = I‘(oz)/o (t—8)*"tg(s)ds,t > 0,

where I'(.) is the (Euler’s) Gamma function defined by
INE3) :/ ts"Le~tdt, € > 0.
0

Definition 3 The Riemann-Lioville fractional derivative of order o > 0 of a function g is defined by

1 ar

Dgg(s) = — =
RL O,tg(s) I\(n _ OZ) dtn

t
/ (t—s)""*"tg(s)ds, t>0,
0

wheren—1<a<nezZt.
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Definition 4 The Caputo fractional derivative of order o € (0,1] of a function h € L*{R,} is defined by

(Diast) = gy [ (=9 "g" (s

wheren—1<a<neZr.

Lemma 1 ([12]) Let M be a subset of C([0,T]). Then M is precompact if and only if the following condi-
tions hold:

(i) {u(t) :u e M} is uniformly bounded,
(ii) {u(t) : u € M} is equicontinuous on [0,T].

Theorem 1 (Schauder fixed point theorem [12]) Let U be closed, conver and nonempty subset of a
Banach space X. Let T : U — U be a continuous mapping such that T(U) is relatively compact subset of X.
Then, T has at least one fized point in U.

Lemma 2 (Generalized Gronwall inequality [3]) Let v : [0,b] — [0,+00) be a real function and w(.)
be a nonnegative, locally integrable function on [0,b]. Suppose that there exist a > 1 and 0 < o < 1 such that

v(s)
(t—s)*

¢
v(t) <w(t) + a/
0

Then, there exists a constant K = K («) such that

wis)
s

u(t) <w(t) + Ka/o

for all t € ]0,b].

3 Hyers-Ulam Stability and Hyers-Ulam-Rassias Stability

Consider the following fractional order initial value problem

€ p2au(t) = tAf tLult) oy, 3)
(fo f(x,u(x))dm)

and the following fractional inequalities:

CD(Q)?;Z(t) o )‘f(ta Z(t))

t 51 <e€ t>0, (4)
(fo f(&z(x))dm)
CD%:’;Z(’:) _ - Af(t’ Z(t)) 3 < Etp(ﬁ), t> 07 (5)
(Jy f(@,2(@))de)
CDS%Z(t) _ Af(t 2(1) 5| < o(t), t>0. (6)

(fg f(x,z(x))dx)
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Definition 5 Fquation (3) is Hyers-Ulam stable if there exists a real number ¢ > 0 such that for each ¢ > 0
and for each solution z € C'[0, h] of inequality (4), there exists a solution u € C'[0,h] of equation (3) with

|2(t) — u(t)] < ce,t > 0.

Definition 6 FEquation (3) is generalized Hyers-Ulam stable if there exists 8 € C(]0,00),[0,00)), 6(0) =0
such that, for each solution z € C'[0,h] of inequality (4), there exists a solution u € C [0, h] of equation (3)
with
[2() — u(t)] < B(e), ¢ > 0.
Definition 7 Equation (3) is Hyers-Ulam-Rassias stable if there exists a real number c, > 0 such that
for each € > 0 and for each solution z € C[0,h] of inequality (5), there exists a solution u € C[0,h] of
equation (/) with
|2(t) — u(t)] < cpep(t),t > 0.

Definition 8 Fquation (3) is generalized Hyers-Ulam-Rassias stable if there exists a real number ¢, > 0
such that for each solution z € C'[0,h] of inequality (6), there exists a solution u € C'[0,h] of equation (3)
with
2(8) — ult)] < cpp(t), £ > 0.

Remark 1 A function z € C[0,h] is a solution of inequality (/) if and only if there exists a function
g € C[0,h] (which depends on solution z) such that

1. [g(t)] < et >0.

Af(t, z(t
2. CD%%Z(t): . f(vz( ))
(fo [z, 2(z))dz)?

We consider the following hypotheses:

+g(t),t > 0.

(Hy1) f:RT xRt — R* is a Lipschitz continuous function with Lipschitz constant Ly with respect to the
second variable such that ¢; < f(s,u) < co with ¢; and ¢y two positive constants;

(Hs) there exists a positive constant M such that f(s,u) < Ms?;

(H3) |f(s,u) — f(s,v)| < s?|u — v| or, in a more general manner, there exists a constant w > 2 such that
‘f(svu) - f(s,v)| < 5w|u - U|;

(H4) There exists an increasing function ¢ € C'[0,h] and there exists A, > 0 such that for any ¢t > 0,
CI3e(t) < App(t)-

Lemma 3 Suppose that assumptions (H1)—(Hs) are satisfied. Then the initial value problem (1) is equivalent
to the integral equation (2) .

Proof. It is a simple exercise to see that u is a solution of the integral equation (2) if and if only it is also
a solution of the IVP (1). m

Theorem 2 ([19]) Suppose that conditions (Hy)—(Hs) are verified. Then (1) has at least one solution
u € C0,h] for some T > h > 0.

Lemma 4 (Uniqueness). Assume that the assumptions (Hy)-(Hs) are satisfied. If

NPLy DAL
AT2a+1)  T2a+1) ’

and

L¢h2® 2C2Lsh% \ '
(Cr2a+1)  CIT2a+1))

then the problem (1) has a unique solution.

0<A<(
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Proof. Consider the operator A : C'[0,h] — C[0, h)

f(s,u(s))
fot f(z, u(a:))dx)

(Au)(t) = uo + F(/Q\a)/o (t - 8)2(’_1( _ds. (8)

It is clear that the fixed points of A are solutions of problem (1). Let u,v € C'[0,h] and ¢ > 0. Then we have

A ! 200—1 f(s,v(s)) f(s,u(s))
[(Av)(t) — (Au)(t)| < w5 [ t—8)™ - ds
T(2a) /0 (f(f f(ac,v(av))da:)2 (f(f f(x,u(a:))dx)Q
( NFL; L EheL ) ol
(c1)2T(2a+1) ' (c)*T (20 + 1) Clohl-

Then
>\h2aLf 2/\C§h2a[/f HU _ u||
(c1)’T(2a+1) ' (c1)*T(2a + 1) ClO.A):

|Av — Aullco,n < (

Choosing A such that

L 20 2 2L 2 -1

0<h< (il CoLih :
(CT(2a+1) | OT(2a+1)

the map A : C'[0,h] — C

[
is a solution of problem (1

0, h] is a contraction. From (7), it follows that A has a unique fixed point, which
). m

Theorem 3 If assumptions (Hy)—(Hs) and the equation (7) are satisfied, then the problem (1) is Hyers-
Ulam stable.

Proof. Let € > 0 and z € C'[0,h] be a function that satisfies inequality in the inequality (4) and let
u € C'[0, h] be a unique solution of the problem

CD%%u(t) _ )‘f(tau(t)) t> 07

(fot f(a:,u(m))dm)w

u(t)|t=0 = z(t)|t=0 = vo,

where 0 < a < % From Lemma 3, we have

u(t) = wuo + A /0 (t —s)?! ( f(s, u(s)) 5ds.

By using of (4), we get

fo.2) e o)

P — un — L ! —_ s 2a—1
(t) 0 F(QO() /0 (t ) (fot f(:E’Z(x))dm)Z — F(2a—|— 1)
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for all ¢ > 0. So it follows that

12(t) — u(t)| < |2(t) — uo — I‘(;\a)/o (t—s)2! (fot ff(ii’;((j))))dx)2 ds
z(t) —u —L t — g)21 f(s,2(5))
< o0 =0 g [ 0= e

+F(;0‘)/o (6= U @)y U fawula)dn]|
= r(sz: N F(;\a) /0 (b =5y T f(%i(x))dx)Jf(SaZ(S)) = flsus
i J, O P | e - -
We set
h= i - o 1 o e

A

I

= — t —8)2 7 (s, u(s
=t [ =9 1)

(i foe@ydn) (fi f6a

Now, we estimate I;, I> terms separately. We have

he X [ g 1 f (5, 2(5)) -
F(QO&) 0 (f x)
0

/\ ' 2a—1 .
SW/N-@ [f(5,2(9)) = f(s,u(s))|ds

< ?@2) / (t— 5)°=(s) — u(s)]ds,

and

A i 200—1
b < / (£ — )27 £(s, u(s))

f(s,u(s))|ds

(@))dr)”

(Ji £, 2(a))dz)’ (fo

(fo fla, 2(x ) (fo

1k(t — )27 f (s, u(s))] ‘
F(2a)/o (fg Flz, ) (fo
22Xt Ly Iz —

t
< _ 200—1
= (C t)4F( ) uHC[O,h]/O (t S) ds
2>‘C§Lf 2a—1
< — — .
o / (t - )% L|a(s) — u(s)|ds

ds.

521
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Substituting (11) and (12) into (10), we get

(1) — u(t)| < mgjl) +C§f2fa) [ = s e s

eh?> ALy  2M\3L;\ 1 ! _—
t—s)2” — u(s)|ds.
- F(2a + 1) + < C% + Cil > F(?O&) /0 ( 8) |Z(8) U(S)| 5

By Lemma 2, we have

h2o Kh* ALy | 20G3Ly
£) —u(t)| < 1
=0 =uOl < Fa T TRar ' 2 ol

)]e := ce,

where K = K(«) is a constant, which completes the proof of the theorem. m

Theorem 4 If assumptions (H1)—(Hy) and the equation (7) are satisfied, then the problem (1) is Hyers-
Ulam-Rassias stable.

Proof. Let z € C[0,h] be a solution of inequality (5) and let w € C'[0,h] be a unique solution of the
following thermistor problem

Af(E,u(?)) N
(fg flz, u(:r))dx)

u(t)|t=0 = z(t)|t=0 = o,

CDO Gu(t) =

where 0 < o < % From Lemma 3, we have

) =0+ gy [ s

By using of (5) and assumption (Hy), we get

D U R () N D
00— ey ) = 9 | < e (13)
for all ¢ > 0. From above relations, it follows that:
S P<2a>/o(t_s)m_l<f$ o)
! _ g)2a-1 f(s,2(s)) s
< 20 —uo F(2a)/( ) (fotf(x,z(:p))dx)Qd
A | fas) futs) |
F(Qa)/o( ) Ik 2))dx)?  (fy )2 a
Sewwr(ga) / T : S 20 = fle o)
0 XL
A 1 1

»
—~

—_

>~
~—
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Substituting (11) and (12) into (14), we get

2(t) — u(t)] < Applt) + ?f;a) / (t - )% |a(s) — u(s)|ds

02 t
”F(QLO{) / (t— )% |a(s) — u(s)|ds

)\Lf 2>\C§Lf> 1

< et + (250 + B2 ) o [ 9 1) - utolas.

By Lemma 2, we have

02
(0 - ) < |14 KO+ PR cptt) = ce)

where K7 = Kj(«) is a constant, which completes the proof of the theorem. m

4 Mittag-Leffler-Hyers-Ulam and Mittag-Leffler-Hyers-Ulam-Rassias
stability
In this section we study the Mittag-Leffler-Hyers-Ulam and Mittag-Leffler-Hyers-Ulam-Rassias stability for

thermistor problem.

Definition 9 Fquation (3) is Mittag-Leffler-Hyers-Ulam stable with respect to E, if there exists a real
number ¢ > 0 such that for each € > 0 and for each solution z € C'[0,h] of inequality (4), there exists a
solution u € C'[0, h] of equation (3) with

|2(t) — u(t)| < ceEq(t),t > 0.

Definition 10 FEquation (3) is generalized Mittag-Leffler-Hyers-Ulam stable with respect to E,, if there exists
0 € C([0,00),[0,00)), 6(0) = 0 such that, for each solution z € C [0, h] of inequality (1), there exists a solution

u € C[0,h] of equation (3) with
[2() — u(t)] < B(€) Ealt), ¢ > 0.

Definition 11 FEquation (3) is Mittag-Leffler-Hyers-Ulam-Rassias stable with respect to pE,, if there exists
a real number c, > 0 such that for each € > 0 and for each solution z € C [0, h] of inequality (5), there exists
a solution u € C'[0, h] of equation (3) with

|2(t) — u(t)| < cpep(t)Eq(t),t > 0.

Definition 12 FEquation (3) is generalized Mittag-Leffler- Hyers-Ulam-Rassias stable with respect to ¢E,, if
there exists a real number ¢, > 0 such that for each solution z € C'[0,h] of inequality (6), there exists a
solution u € C'[0, h] of equation (3) with

12() — u(t)] < cpP(t)Ea(t).t > 0.
Theorem 5 ([14]) For any t € [0,b), if

where all the functions are not negative and continuous and the constants 8; > 0. b;(i = 1,2,...,n) are the
bounded and monotonic increasing functions on [0,b), then

= Hz 1[ ( )T (ﬂl’)] Sk B,—1
a(t) + (t — s)==1"i"a(s)ds
kz:; 1”22 (Zz 1 B ) /0
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Remark 2 If the constants by > 0, 8; > 0, a(t) are nonnegative and locally integrable on 0 < t < b and
u(t) is nonnegative and locally integrable on 0 < t < b with

u(t) < aft) + by / (t — 5)%~u(s)ds,

0

then we have

+i{b1 (e /Ot@s)’“ﬁlla(s)ds .

k=1

Remark 3 Under the hypotheses of Remark 2, let a(t) is a nondecreasing function on 0 <t <b. We have
u(t) < a(t)(Bs, iT(8,)t7]),
where Eq, is the Mittag-Leffler function [17] defined by E, [z] =Y e, 1‘(#:-1)’ z e C.

Theorem 6 If assumptions (Hy)—(H3) are satisfied and

)\h2aLf 2/\C§h2aLf <1
AT2a+1)  T2a+1) ’

then the problem (1) is Mittag-Leffler- Hyers-Ulam stable.

Proof. Let ¢ > 0 and let z € C'[0,h] be a function that satisfies inequality (4) and let w € C[0,h] be a
unique solution of the following thermistor problem

Af(t, u(t))

(fot f(z, u(ar:))da:)2

u(t)|t=0 = 2(t)|t=0 = uo,

CDO Gu(t) =

, t>0,

where 0 < a < % From Lemma 3, we have

! 20—1 f(s,u(s))
u(t) = up + (t—s) 5ds.
I'(2a) /0 (fg f(m,u(x))dm)

By using of (4), we get

)\ t
z(t)—uo—if(t—s)m*l ds| < T
I'(2a) Jo ( tf(m,z(m))dm) I'2a+1)
for all £ > 0. From these relations, we have

EEC)

20— o) < 200 == gy [0 2
o J (@, 2(z))dz
N[ | S 2(s) (s u(s))
t—s - ds
1 (i 7 =) (i G, ul)do)?
€h?® A t 91 1 ot u(s)ds
< e T L ) T s o) — ol

A 1 1

t —s)22 1 f (s, u(s
+F(204)/0(t sl ‘ L fw2(@)de)? ([ F(x,u(z))da)?

ds. (15)
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We get
)| € Fa s+ Bra | () — o)l

o [ =) — uoas

eh2™ ALy  2X\L;\ 1 K 01
< t—s)2 - d
“T'(2a+1) + ( c? * ci I'(2a) /0 (t=5) |2(s) = u(s)lds,

|2(t) —

by using Remark 2 and Remark 3, we have

(0~ 0l0)] < i (Baol 5 + 2222 ) i e,

1 cf
Thus we obtain the Mittag-Leffler-Hyers-Ulam Stability for the problem (1). =

Theorem 7 With assumptions (Hy)—(Hy) and the inequality

A2 L 2X\3h** Ly
AT(2a+1)  T2a+1)
problem (1) is Mittag-Leffler- Hyers-Ulam-Rassias stable.

<1,

Proof. Let z € C[0,h] be a solution of inequality (5) and let u € C'[0,h] be a unique solution of the
following thermistor problem

Af( u(t))

(fot f(z, u(a:))dx) ’

u(t)|t=0 = 2(t)|t=0 = uo,

CDOtu() , t>0,

where 0 < a < % From Lemma 3, we have

wl(t) = u A ! _ )20l f(s,u(s)) s
0=t g}, 0 g fau(a)dzy

By using of (5) and assumption (Hy), we get

~ o — L ! _ )20l f(s,2(s)) s c
(1) = 0= gy [, 6= 9 2 | < Aol (16)
for all ¢ > 0. From above relations, it follows that:
=0 =00 o6 =0 = s [0
! _g)2e-1 f(s,2(s)) s
e R o) /0 (=) T o o) da)?
A ! 20—1 f(s,2(s)) f(s,u(s)) ds
o J, ¢ e f @ 2(@)da? (g BE
<€W(>+r<§a) sy T ! Sl — S s
A t s)22 1 £(s u( ! ! s
o T T
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Substituting (11) and (12) into (17), we get

—u € AL t —8)2 7 z(s) — u(s)|ds
() = ult) £ Ape(t) + et [ (1= 927 a(s) — o)l

2Ac3Ly [ 2a-1
+C%F(2a)/0(t—s) [2(5) — u(s)|ds

AL;  2X0EL;. 1

< edpp(t) + ( 2 T )F(Qa)/o(t—S)Q"“lIZ(S)—U(S)Id&

By Remarks 2 and 3, we have

02
2(8) — ult)] < Applt) (E((ALJ‘ " %‘)ﬁ“)) = cpep(t) Balh)

Thus the conclusion of our theorem holds. m

References

[1]

2]

C. Alsina and R. Ger, On some inequalities and stability results related to the exponential function, J.
Inequal. Appl., 2(1998), 373-380.

N. Eghbali, V. Kalvandi and J. M. Rassias, A fixed point approach to the Mittag-Leffler-Hyers-Ulam
stability of a fractional integral equation, Open Math., 14(2016), 237-246.

J. Henderson and A. Ouahab, Impulsive differential inclusions with fractional order, Comput. Math.
Appl., 59(2010), 1191-1226.

D. H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci., 27(1941), 222-224.

R. W. Ibrahim, Generalized Ulam-Hyers stability for fractional differential equations, Int. J. Math.,
23(2012), No. 5, 9 pp.

R. W. Ibrahim, Ulam stability for fractional differential equation in complex domain, Abstr. Appl.
Anal., 2012(2012), 1-8.

A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications of Fractional Differential
Equations, North-Holland Mathematics Stydies, 204, Elsevier Science, B. V., Amsterdam, 2006.

K. Kwok, Complete Guide to Semiconductor Devices, McGraw-Hill, New york, 1995.

V. Lakshmikantham, S. Leela and J. Vasundhara Devi, Theory of Fractional Dynamic Systems, Cam-
bridge Scientific Publishers, Cambridge, 2009.

Y. Li, Y. Chen and I. Podlubny, Mittag-Leffler stability of fractional order nonlinear dynamic systems,
Automatica J. IFAC, 45(2009), 1965-1969.

C. Li and W. Deng, Remarks on fractional derivatives, Appl. Math. Comput., 187(2007), 777-784.

C. Li and S. Sarwar, Existence and continuation of solutions for Caputo type fractional differential
equations, Electron. J. Differential Equations, 2016(2016), 14 pp.

C. P. Li and F. H. Zeng, Numerical Methods for Fractional Differential Calculus, Chapman and
Hall/CRC, Boca Raton, USA, 2015.

S.-Y. Lin, Generalized Gronwall inequalities and their applications to fractional differential equations,
J. Ineq. Appl., 2013(2013), No. 549.



L.Sajedi and N.Eghbali 527

[15]
[16]

[17]
[18]

[19]

[20]

[21]

[22]

[23]
[24]

[25]

[26]

E. D. Maclen, Thermistors, Electrochemical Publication, Glasgow, 1979.

K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Differential Equations, John
wiley, New York, 1993.

1. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

Th. M. Rassias, On the stability of linear mapping in Banach spaces, Proc. Amer. Math. Soc., 72(1978),
297-300.

M. R. Sidi Ammi, I. Jamiai and D. F. M. Torres, global existence of solutions for a fractional caputo
nonlocal thermistor problem, Adv. Difference Equ. 2017, Paper No. 363, 14 pp.

M. R. Sidi Ammi and D. F. M. Torres, Numerical analysis of a nonlocal parabolic problem resulting
from thermistor problem, Math. Comput. Simul., 77(2008), 291-300.

M. R. Sidi Ammi and D. F. M. Torres, Optimal control of nonlocal thermistor equations, Internat. J.
Control, 85(2012), 1789-1801.

S. E. Takahasi, T. Miura and S. Miyajima, On the Hyers-Ulam stability of the Banach-space valued
differential equation 3’ = Ay, Bull. Korean Math. Soc., 39(2002), 309-315.

S. M. Ulam, A Collection of Mathematical Problems, Interscience Publishers, New York, 1968.

D. Vivek, K. Kanagarajan and Seenith Sivasundaram, Dynamics and stability results for Hilfer fractional
type thermistor problem, Fractal Fract., (2017), 1,5.

J. R. Wang, L. Lv and Y. Zhou, Ulam stability and data dependence for fractional differential equations
with Caputo derivative, Electron. J. Qual. Theory Differ. Equ., 63(2011), 1-10.

J. R. Wang, Y. Zhou and M. Medved’, Existence and stability of fractional differential equations with
Hadamard derivative, Topol. Meth. Nonl. Anal., 41(2013), 113-133.



	Introduction
	Preliminaries
	Hyers-Ulam Stability and Hyers-Ulam-Rassias Stability
	Mittag-Leffler-Hyers-Ulam and Mittag-Leffler-Hyers-Ulam-Rassias stability

