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Abstract

In this paper, we introduce the structure of extended quasi b-metric like spaces as a generalization
of both quasi metric like spaces and quasi b-metric like spaces. Also, we present the notion of JSR-
contractive mappings in the setup of extended quasi b-metric like spaces and investigate the existence of
fixed point for such mappings. We also provide examples to illustrate the results presented herein.

1 Introduction

Because of the importance of the concept of a distance between two abstract objects of an underlying
universe, there are several generalizations of the notion of a distance function defined on a nonempty set.
Some of the most important generalizations of metric space are b-metric space in [3] (see also [4]), partial
metric space in [9], metric-like space in [2], dislocated metric space in [5], b-metric-like space in [1] (see also
[6]), etc.
An extended b-metric or p-metric was introduced by Parvaneh and Ghoncheh [10] which is an extension

of the concept of a b-metric. Subsequently, Parvaneh and Kadelburg [11] extended this concept to a partial
p-metric space. The notion of a p-metric-like space was then introduced in [12].
Introducing the concept of a quasi b-metric, Chen et al. [15] generalized the concepts of quasi b-metric

and b-metric-like spaces. In this paper, we introduce the notion of a quasi p-metric-like space to generalize
and unify all the concepts mentioned above. We also obtain the existence of fixed point of JSR-contractive
type mappings in such spaces. Our results generalize and improve the main results in [12].

2 Mathematical Background

Let Υ = {Ω : R+
0 → R+

0 : Ω is a strictly increasing continuous function satisfying Ω−1(t) ≤ t ≤ Ω(t)}.

Definition 1 ([10]) Let Λ be a nonempty set. A function d̃ : Λ×Λ→ R+
0 is said to be an extended b-metric

or a p-metric if there exists Ω ∈ Υ such that for any η1, η2, η3 ∈ Λ, the following conditions hold:

(p1) d̃(η1, η2) = 0 iff η1 = η2,

(p2) d̃(η1, η2) = d̃(η2, η1),

(p3) d̃(η1, η3) ≤ Ω(d̃(η1, η2) + d̃(η2, η3)).

The pair (Λ, d̃) is called an extended b-metric space or a p-metric space.
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Note that the class of p-metric spaces is considerably larger than the class of b-metric spaces. Indeed, if
we define Ω(t) = st, s ≥ 1, then a p-metric becomes a b-metric. Also, if Ω(t) = t then a p-metric is a metric.

Definition 2 ([11]) Let Λ be a nonempty set and Ω ∈ Υ. A function pp : Λ×Λ→ R+
0 is called an extended

partial b -metric, or a partial p-metric if for any η1, η2, η3 ∈ Λ, the following conditions are satisfied:

(pp1) η1 = η2 ⇐⇒ pp(η1, η1) = pp(η1, η2) = pp(η2, η2),

(pp2) pp(η1, η1) ≤ pp(η1, η2),

(pp3) pp(η1, η2) = pp(η2, η1),

(pp4) pp(η1, η2)− pp(η1, η1) ≤ Ω(pp(η1, η3) + pp(η3, η2)− pp(η3, η3)− pp(η1, η1)).

The pair (Λ, pp) is called a partial p-metric space, or an extended partial b-metric space.

Definition 3 ([2]) Let Λ be a nonempty set. A function σ : Λ×Λ→ R+
0 is said to be a metric-like on Λ if

for any η1, η2, η3 ∈ Λ, the following conditions hold:

(σ1) σ(η1, η2) = 0 implies η1 = η2,

(σ2) σ(η1, η2) = σ(η2, η1),

(σ3) σ(η1, η2) ≤ σ(η1, η3) + σ(η3, η2).

The pair (Λ, σ) is called a metric-like space.

Every metric space is a metric-like space. Following are some examples of metric-like spaces.

Example 1 ([14]) Let b ∈ Λ = R and a ≥ 0. The mapping σi : Λ× Λ −→ R+
0 for each i ∈ {1, 2, 3} defined

by

σ1(η1, η2) = |η1|+ |η2|+ a,

σ2(η1, η2) = |η1 − b|+ |η2 − b|,
σ3(η1, η2) = η2

1 + η2
2,

are some examples of metric-like on Λ.

Definition 4 ([1]) Let Λ be a nonempty set and s ≥ 1 be a given real number. A function σb : Λ×Λ→ R+
0

is said to be a b-metric-like if for any η1, η2, η3 ∈ Λ, the following conditions are satisfied:

(σb1) σb(η1, η2) = 0 implies η1 = η2,

(σb2) σb(η1, η2) = σb(η2, η1),

(σb3) σb(η1, η2) ≤ s[σb(η1, η3) + σb(η3, η2)].

The pair (Λ, σb) is called a b-metric-like space with parameter s.

Definition 5 ([15]) Let Λ be a nonempty set and s ≥ 1 be a given real number. A function σqb : Λ×Λ→ R+
0

is called a quasi b-metric-like if for any η1, η2, η3 ∈ Λ, the following conditions are satisfied:

(σqb1) σqb(η1, η2) = 0 implies η1 = η2,

(σqb2) σqb(η1, η2) ≤ s[σqb(η1, η3) + σqb(η3, η2)].

The pair (Λ, σqb) is called a quasi b-metric-like space with parameter s.
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Definition 6 ([12]) Let Λ be a nonempty set and Ω ∈ Υ. A function σp : Λ × Λ → R+
0 is called a

p-metric-like if for any η1, η2, η3 ∈ Λ, the following conditions are satisfied:

(σp1) σp(η1, η2) = 0 implies that η1 = η2,

(σp2) σp(η1, η2) = σp(η2, η1),

(σp3) σp(η1, η2) ≤ Ω[σp(η1, η3) + σp(η3, η2)].

The pair (Λ, σp) is called a p-metric-like space or an extended b-metric-like space.

Definition 7 Let Λ be a nonempty set and Ω ∈ Υ. A function σqp : Λ×Λ→ R+
0 is called quasi p-metric-like

if for any η1, η2, η3 ∈ Λ, the following conditions are satisfied:

(σqp1) σqp(η1, η2) = 0 implies η1 = η2,

(σqp2) σqp(η1, η2) ≤ Ω[σqp(η1, η3) + σqp(η3, η2)].

The pair (Λ, σqp) is called a quasi p-metric-like space.

Note that every metric-like space is a p-metric-like space, every p-metric space is also a p-metric-like
space and every p-metric like space is also a quasi p-metric-like space. However, the reverse implications do
not hold in general.

Definition 8 Let (Λ, σqp) be a quasi p-metric-like space (QPMLS) and η ∈ Λ. A sequence {ηn} in Λ is said
to be:

(i) σqp-convergent to η, if
lim
n→∞

σqp(ηn, η) = lim
n→∞

σqp(η, ηn) = σqp(η, η).

(ii) a right σqp-Cauchy sequence in (Λ, σqp) if lim
n>m→∞

σqp(ηm, ηn) exists and is finite.

(iii) a left σqp-Cauchy sequence in (Λ, σqp) if lim
m>n→∞

σqp(ηm, ηn) exists and is finite.

Definition 9 Let (Λ, σqp) be a quasi p-metric-like space (QPMLS) and α : Λ × Λ → R+
0 . Then (Λ, σqp) is

said to be

(i) right α-complete quasi p-metric-like space if for every right σqp-Cauchy sequence {ηn} in Λ with
α(ηn, ηn+1) ≥ 1, there exists η ∈ Λ such that

lim
n>m→∞

σp(ηm, ηn) = lim
n→∞

σp(ηn, η) = lim
n→∞

σp(η, ηn) = σp(η, η),

(ii) left α-complete quasi p-metric-like space if for every left σqp-Cauchy sequence {ηn} in Λ with α(ηn+1, ηn) ≥
1 there exists η ∈ Λ such that

lim
m>n→∞

σp(ηm, ηn) = lim
n→∞

σp(ηn, η) = lim
n→∞

σp(η, ηn) = σp(η, η).

Here, we present an example to show that a QPML is not QbML in general.

Example 2 Let (Λ, σqb) be a QbMS (with parameter s) and ρ(η1, η2) = sinh[σqb(η1, η2)]. We show that ρ
is a QPML with Ω(t) = sinh(st) for all t ≥ 0. Obviously, condition (σqp1) of Definition 7 is satisfied. For
each η1, η2, η3 ∈ Λ, we have

ρ(η1, η2) = sinh(σqb(η1, η2)) ≤ sinh(s · sinh(σqb(η1, η2)) + s · sinh(σqb(η1, η2)))

= sinh(s · ρ(η1, η3) + s · ρ(η3, η2))

= Ω(ρ(η1, η3) + ρ(η3, η2)).
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Thus, condition (σqp2) of Definition 7 is satisfied and hence ρ is a QPML. Note that sinh[|η1 − η2| + |η1|]
is not a QML on R. Indeed

sinh[|5− 0|+ 5] = 11013.2328747


 548.316123273 + 201.71315737

= sinh[2 + 5] + sinh[3 + 3].

Also,
d(η1, η2) = (η1 − η2)2 + η2

1

is a QbML on R with s = 2. There is no s ≥ 1 such that ρ(η1, η2) = sinh[(η1 − η2)2 + η2
1] is a QbML with

parameter s. Indeed, for y = 0 and η3 = 1 (with arbitrary η1)

sinh 2η2
1 ≤ s(sinh[(η1 − 1)2 + η2

1] + sinh 2)

which does not hold for any fixed s and η1 suffi ciently large.

In general, we have the following proposition.

Proposition 1 Let (Λ, σqb) be a QbML with coeffi cient s ≥ 1 and ρ(η1, η2) = ξ(d(η1, η2)), where ξ : R+
0 →

R+
0 is a strictly increasing function with η1 ≤ ξ(η1) and 0 = ξ(0). We show that ρ is a QPML with

Ω(t) = ξ(s · t). For each η1, η2, η3 ∈ Λ, we have

ρ(η1, η2) = ξ(σqb(η1, η2)) ≤ ξ(s[σqb(η1, η3) + σqb(η3, η2)])

≤ ξ(s[ξ(σqb(η1, η3)) + ξ(σqb(η3, η2)])

= Ω(s[ρ(η1, η3) + ρ(η3, η2)]).

So, ρ is a QPML.

With the help of the above proposition, we construct the following example:

Example 3 Let (Λ, σqb) be a QbML and ρ(η1, η2) = eσqb(η1,η2) sec−1(eσqb(η1,η2)). Then ρ is a QPML with
Ω(t) = es·t sec−1(es·t), where s is the parameter of QbML space (Λ, σqb).

The concept of α-admissible mapping was introduced by Samet et al. in 2012.

Definition 10 ([13]) Let Λ be a non-empty set and Γ : Λ→ Λ and α : Λ× Λ→ R+
0 be given mappings. Γ

is said to be α-admissible, if for all η1, η2 ∈ Λ, α(η1, η2) ≥ 1 implies that α(Γη1,Γη2) ≥ 1.

Definition 11 ([8]) A map Γ : Λ→ Λ is said to be triangular α-admissible, if

(Γ1) Γ is α-admissible,

(Γ2) α(η1, η2) ≥ 1 and α(η2, η3) ≥ 1 imply α(η1, η3) ≥ 1 for all η1, η2, η3 ∈ Λ.

3 Main Results

Motivated by the work in [7], ∆θ denotes the set of all functions θ : R+
0 → [1,∞) satisfying the following

conditions:

(θ1) θ is strictly increasing;

(θ2) θ is continuous;

(θ3) for each sequence {tn} ⊆ (0,∞), limn→∞ θ(tn) = 1 if and only if limn→∞ tn = 0.
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Definition 12 Let (Λ, σqp) be a quasi p-metric-like space (QPMLS), and α : Λ× Λ→ R+
0 . A self mapping

Γ on Λ is said to be a right Jleli-Samet-Reich (JSR) contraction, if for any η1, η2 ∈ Λ with 1 ≤ α(η1, η2)
and Γη1 6= Γη2, we have

θ(Ω2(σqp(Γη1,Γη2))) ≤ [θ(λ1σqp(η1, η2) + λ2σqp(η1,Γη1) + λ3σqp(η2,Γη2)]λ, (1)

where θ ∈ ∆θ, λ, λi ∈ [0, 1) and λ1 + λ2 + λ3 < 1.

Theorem 1 Let (Λ, σqp) be a right α-complete QPMLS. Suppose that Γ : Λ→ Λ is continuous triangular α
-admissible and a right JSR-contraction. If there exists η0 ∈ Λ such that α(η0,Γη0) ≥ 1, then Γ has a fixed
point.

Proof. Let {ηn} be the sequence generated by Picard iterative algorithm starting with a given point η0,
that is, ηn = Γnη0 = Γηn−1. Since Γ is an α-admissible mapping and α(η0,Γη0) = α(η0, η1) ≥ 1, therefore
α(Γη0,Γη1) = α(η1, η2) ≥ 1. Continuing this process, we have α(ηn−1, ηn) ≥ 1 for all n ∈ N. If there exists
n0 ∈ N such that ηn0

= ηn0+1, then ηn0
is a fixed point of Γ and hence the result has been obtained.

Now, we assume that ηn 6= ηn+1 for all n ∈ N. Thus, σqp(Γηn−1,Γηn) > 0 for all n ∈ N. Since Γ is a
right JSR-contraction, it follows that

θ
(
σqp(ηn, ηn+1)

)
= θ
(
σqp(Γηn−1,Γηn)

)
≤ θ
(
λ1σqp(ηn−1, ηn) + λ2σqp(ηn−1,Γηn−1) + λ3σqp(ηn,Γηn))λ

= θ
(
λ1σqp(ηn−1, ηn) + λ2σqp(ηn−1, ηn) + λ3σqp(ηn, ηn+1))

)λ
. (2)

As θ is strictly increasing and λ < 1, we obtain that

σqp(ηn, ηn+1) ≤ λ1σqp(ηn−1, ηn) + λ2σqp(ηn−1, ηn) + λ3σqp(ηn, ηn+1).

If there exists n > 0 such that σqp(ηn, ηn−1) ≤ σqp(ηn, ηn+1), then

σqp(ηn, ηn+1) ≤ λ1σqp(ηn, ηn+1) + λ2σqp(ηn, ηn+1) + λ3σqp(ηn, ηn+1),

σqp(ηn, ηn+1) > 0 and λ1 + λ2 + λ3 < 1,

imply that σqp(ηn, ηn+1) < σqp(ηn, ηn+1), a contradiction. Thus, {σqp(ηn, ηn+1)} is a decreasing and
bounded below sequence. Consequently, there exists r ≥ 0 such that limn→∞ σqp(ηn, ηn+1) = r. From
(2), we have

θ
(
σqp(ηn, ηn+1)

)
≤ θ
(
σqp(ηn−1, ηn)

)λ ≤ θ(σqp(ηn−2, ηn−1)
)λ2

.

Thus,

1 ≤ θ
(
σqp(ηn−1, ηn)

)λ ≤ θ(σqp(ηn−2, ηn−1)
)λ2

≤ · · · ≤ θ
(
σqp(η0, η1)

)λn
. (3)

On taking limit as n→∞ on both sides of (3), we have

lim
n→∞

θ
(
σqp(ηn−1, ηn)

)
= 1,

which further implies that
r = lim

n→∞
σqp(ηn−1, ηn) = 0. (4)

Now, we show that {ηn} is a right σqp-Cauchy sequence in Λ . That is, lim
n>m→∞

σqp(ηm, ηn) = 0. If not, then

there exists ε > 0 such that we may find two subsequences {ηmk} and {ηnk} of {ηn} with nk the smallest
index for which nk > mk > k and

σqp(ηmk , ηnk) ≥ ε and σqp(ηmk , ηnk−1
) < ε. (5)
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From (5), we obtain that

ε ≤ σqp(ηmk , ηnk) ≤ Ω[σqp(ηmk , ηmk+1) + σqp(ηmk+1, ηnk)].

On taking the upper limit as k →∞, we get

Ω−1(ε) ≤ lim sup
k→∞

σqp(ηmk+1, ηnk). (6)

Also,
σqp(ηmk , ηnk) ≤ Ω[σqp(ηmk , ηnk−1) + σqp(ηnk−1, ηnk)].

From (4) and (5), we have
lim sup
k→∞

σqp(ηmk , ηnk) ≤ Ω(ε). (7)

As α(ηmk , ηnk) ≥ 1, so we have

θ
(
Ω2(σqp(ηmk+1, ηnk))

)
= θ
(
Ω2(σqp(Γηmk ,Γηnk−1))

)
≤ θ
(
λ1σqp(ηmk , ηnk−1) + λ2σqp(ηmk , ηmk+1) + λ3σqp(ηnk−1, ηnk))λ.

On taking the upper limit as k →∞ on both sides of the above inequality, we have

1 < θ
(
Ω(ε)

)
= θ
(
Ω2(Ω−1(ε)

)
≤ θ
(
Ω2(lim sup

i→∞
σqp(ηmk+1, ηnk))

)
≤ θ
(

lim sup
i→∞

[λ1σqp(ηmk , ηnk−1) + λ2σqp(ηmk , ηmk+1) + λ3σqp(ηnk−1, ηnk)]
)λ

≤ θ
(
λ1Ω(ε)

)λ
< θ
(
Ω(ε)

)λ
,

which is a contradiction. Hence, {ηn} is a right σqp-Cauchy sequence in the (QPMLS) (Λ, σqp). Since
(Λ, σqp) is right σqp-complete, the sequence {ηn} σqp-converges to some % ∈ Λ, that is,

lim
n>m→∞

σqp(ηm, ηn) = lim
n→∞

σqp(ηn, %) = lim
n→∞

σqp(%, ηn) = σqp(%, %) = 0.

As Γ is continuous, ηn+1 = Γηn → Γ% when n→∞. Thus

σqp(%,Γ%) ≤ Ω(σqp(%,Γηn) + σqp(Γηn,Γ%)).

On taking limit as n→∞ on both sides of the above inequality, we obtain that

σqp(%,Γ%) ≤ Ω( lim
n→∞

σqp(%,Γηn) + lim
n→∞

σqp(Γηn,Γ%)) = Ω(σqp(%, %) + σqp(Γ%,Γ%)).

From (1), we have

θ
(
σqp(%,Γ%)

)
≤ θ
(
Ω[σqp(Γ%,Γ%)]

)
≤ θ
(
Ω2[σp(Γ%,Γ%)]

)
≤ θ
(
λ1σqp(%, %) + λ2σqp(%,Γ%) + λ3σqp(%,Γ%))

≤ θ
(
λ2σqp(%,Γ%) + λ3σqp(%,Γ%)

)λ
≤ θ
(
σqp(%,Γ%)

)λ
,

which is not impossible unless we have Γ% = %.
In the following theorem, we omit the continuity of the mapping Γ.
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Theorem 2 Let (Λ, σqp) be a right α-complete (QPMLS). Suppose that Γ : Λ → Λ is a triangular α-
admissible and a right JSR-contraction. If there exists η0 ∈ Λ such that α(η0,Γη0) ≥ 1, then, Γ has a fixed
point provided that for any {ηn} in Λ with α(ηn, ηn+1) ≥ 1 and ηn → η as n → ∞, we have 1 ≤ α(ηn, η)
for all n ∈ N.

Proof. Following arguments similar to those in the proof of Theorem 1, we obtain a sequence {ηn} such
that

α(ηn, ηn+1) ≥ 1 and ηn → % as n→∞,

where ηn+1 = Γηn and σp(%, %) = 0. By given assumption, we have 1 ≤ α(ηn, %) for all n ∈ N. Assume that
σqp(%,Γ%) > 0. Note that

Ω−1(σp(%,Γ%)) ≤ lim sup
n→∞

σqp(Γηn,Γ%)

and

lim sup
n→∞

σp(ηn,Γ%) ≤ Ω(σqp(%,Γ%)).

Now, from (1), we have

θ
(
σqp(%,Γ%)

)
≤ θ
(
Ω(Ω−1(σqp(%,Γ%))

)
≤ θ
(
Ω(lim sup

n→∞
σqp(Γηn,Γ%))

)
≤
[

lim sup
n→∞

θ
(
λ1σqp(ηn, %) + λ2σqp(ηn,Γηn) + λ3σqp(%,Γ%)]λ

≤
[
θ
(
λ3σqp(%,Γ%))]λ

<
[
θ
(
σqp(%,Γ%)

)]λ
,

a contradiction. Thus σqp(%,Γ%) = 0.

Example 4 Let Λ = [0, 1]. Define the mapping σqp : Λ× Λ→ R+
0 by

σqp(η1, η2) = e[η2
1+η2

2]2+η2
1 − 1.

Define α : Λ× Λ→ R+
0 by

α(η1, η2) =

{
1, if η1 ≥ η2,
1
9 , otherwise.

Then (Λ, σqp) is a right α-complete (QPMLS) with Ω(t) = et − 1. Let λ = 1√
2
and θ(t) = ete

t

. Define
Γ : Λ→ Λ by

Γη1 = ln(1 +
η1

16
).

Note that Γ is an α-admissible and continuous self map on Λ and α(1,Γ1) ≥ 1. Also, we have

σqp(Γη1,Γη2) = e[(Γη1)2+(Γη2)2]2+(Γη1)2

− 1

= e

[(
ln(1+

η1
16 )
)2

+
(

ln(1+
η2
16 )
)2]2

+
(

ln(1+
η1
16 )
)2

− 1

≤ e
[(

η1
16

)2
+
(
η2
16

)2
]2

+
(
η1
16

)2

− 1

≤ e
1

256

(
[η2

1+η2
2]2+η2

1

)
− 1

≤ 1

256
σqp(η1, η2).
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Hence,

Ω2[σqp(Γη1,Γη2)] = ee
([(Γη1)2+(Γη2)2]2+(Γη1)2)−1 − 1 ≤ e 1

256σqp(η1,η2) − 1 ≤ 1

256
σqp(η1, η2),

and so

θ(Ω2[σqp(Γη1,Γη2)]) = eΩ2[σqp(Γη1,Γη2)]eΩ
2[σqp(Γη1,Γη2)]

≤ e 1
256σqp(η1,η2)e

1
256

σqp(η1,η2)

≤
[
e

1
16σp(η1,η2)e

1
16
σp(η1,η2)] 1√

2

= [θ(
1

16
σqp(η1, η2))]

1√
2

≤ [θ(λ1σqp(η1, η2) + λ2σqp(η1,Γη1) + λ3Ω−1σqp(η2,Γη2)]
1√
2 .

Thus, (1) is satisfied with λ1 = 1
16 and λi = 0 for i ∈ {2, 3}. Moreover, 0 is a fixed point of Γ.

Now, we have the following definition.

Definition 13 Let (Λ, σqp) be a (QPMLS) and α : Λ×Λ→ R+
0 be a given mapping. A mapping Γ : Λ→ Λ

is called left Jleli-Samet-Reich (JSR) contraction, if for any η1, η2 ∈ Λ with 1 ≤ α(η1, η2) and Γη1 6= Γη2,
we have

θ(Ω2(σqp(Γη1,Γη2))
)
≤ [θ(λ1σqp(η1, η2) + λ2σqp(Γη1, η1) + λ3σqp(Γη2, η2))]λ, (8)

where θ ∈ ∆θ, λ, λi ∈ [0, 1) and λ1 + λ2 + λ3 < 1.

Following arguments similar to those in Theorems 1 and 2, we have the following theorems.

Theorem 3 Let (Λ, σqp) be a left α-complete (QPMLS). Suppose that Γ : Λ→ Λ is a continuous triangular
α -admissible and a left JSR-contraction. If there exists η0 ∈ Λ such that α(η0,Γη0) ≥ 1, then Γ has a fixed
point.

Theorem 4 Let (Λ, σqp) be a left α-complete (QPMLS). Suppose that Γ : Λ→ Λ is a triangular α-admissible
and a left JSR-contraction. If there exists η0 ∈ Λ such that α(η0,Γη0) ≥ 1, then Γ has a fixed point provided
that for any {ηn} in Λ with α(ηn+1, ηn) ≥ 1 and ηn → η as n→∞, we have 1 ≤ α(η, ηn) for all n ∈ N.

4 Existence of a Solution for an Integral Equation

Consider the following integral equation

η(t) =

∫ b

a

G(t, r)K(t, r, η(r)) dr, t ∈ J = [a, b], (9)

where K : J × J × R → R and G (t, r) is the Green function. The purpose of this section is to present an
existence theorem for a solution to (9) that belongs to Λ := C(J ,R) (the set of continuous real functions
defined on J ), by using the obtained result in Theorem 2.
Let Γ : Λ→ Λ be the mapping defined by

Γη(t) =

∫ b

a

G(t, r)K(t, r, η(r)) dr, (10)

for all η ∈ Λ and t ∈ J . Then the existence of a solution to (9) is equivalent to the existence of a fixed point
of Γ.
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Define σqp : Λ× Λ→ R+
0 by

σqp(η1, η2) = ξ(σ(η1, η2)) for all η1, η2 ∈ Λ,

where ξ : R+
0 → R+

0 is a strictly increasing function with t ≤ ξ(t) and ξ(0) = 0, and

σ(η1, η2) = max
t∈J

[ |η1(t)− η2(t)|p + |η1(t)|p ].

Then (Λ, σqp) is a complete quasi p-metric-like space.
Now, we will prove the following result.

Theorem 5 Suppose that the following hypotheses hold:

(A) K : J × J × R→ R is continuous;

(B) there exists a function µ : Λ× Λ→ R such that if µ(η1, η2) ≥ 0 for all η1, η2 ∈ Λ, then we have

ξ2(

∫ b

a

[|K1(t, r, η1(r))−K2(t, r, η2(r))|+ |K1(t, r, η1(r))|]pdr)

≤ 1

ζ
[α[|η1(r)− η2(r)|p + |η1(r)|p] + β[|η1(r)− Γη1(r)|p + |η1(r)|p]

+ γ[|η2(r)− Γη2(r)|p + |η2(r)|p]],

where ζ > 1 and α, β, γ ∈ [0, 1), with α+ β + γ < 1;

(C) for all t ∈ J , we have (
∫ b
a
|G(t, r)|qdr)

1
q < 1 ( note that 1

p + 1
q = 1);

(D) there exists η0 ∈ Λ such that µ(η0,Γη0) ≥ 0;

(E) for all η1, η2 ∈ Λ, µ(η1, η2) ≥ 0 implies µ (Γη1,Γη2) ≥ 0 and
for all η1, η2, η3 ∈ Λ, µ(η1, η2) ≥ 0 and µ(η2, η3) ≥ 0 imply µ (η1, η3) ≥ 0;

(F) if {ηn} is a sequence in Λ such that ηn → η ∈ Λ and µ(ηn, ηn+1) ≥ 0 for all n, then µ(ηn, η) ≥ 0 for
all n.

Then, the integral equation (9) has a solution η ∈ Λ.

Proof. Let η1, η2 ∈ Λ such that µ (η1 (t) , η2 (t)) ≥ 0 and Γη1(t) 6= Γη2(t) for all t ∈ J . Then since
ln θ
(
λt
)
≤ λ ln θ

(
t
)
, from (B), we deduce

lnθ
(
ξ2(|Γη1(t)− Γη2(t)|p + |Γη1(t)|p)

)
≤ ln θ[ξ2(

∫ b

a

|G(t, r)|[|K1(t, r, η1(r))−K2(t, r, η2(r))|+ |K1(t, r, η1(r))|]dr)p]

≤ ln θ[ξ2(

∫ b

a

|G(t, r)|qdr)
1
q (

∫ b

a

[|K1(t, r, η1(r))−K2(t, r, η2(r))|+ |K1(t, r, η1(r))|]pdr)
1
p )p]

≤ ln θ[ξ2(

∫ b

a

[|K1(t, r, η1(r))−K2(t, r, η2(r))|+ |K1(t, r, η1(r))|]pdr)]

≤ ln θ[
1

ζ
(α[|η1(r)− η2(r)|p + |η1(r)|p] + β[|η1(r)− Γη1(r)|p + |η1(r)|p]

+ γ[|η2(r)− Γη2(r)|p + |η2(r)|p])]

≤ ln(θ(
M(η1, η2)

ζ
)))

≤ 1

ζ
(ln(θ(M(η1, η2)))),
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which implies

θ
(
ξ2(σqp(Γη1,Γη2))

)
≤ [θ

(
M(η1, η2)

)] 1
ζ ,

for all η1, η2 ∈ Λ with µ (η1, η2) ≥ 0 and Γη1 6= Γη2, where

M(η1, η2) = ασqp(η1, η2) + βσqp(η1,Γη1) + γσqp(η2,Γη2).

Define the function α : Λ× Λ→ R+
0 by

α (η1, η2) =

{
1, if µ (η1 (t) , η2 (t)) ≥ 0, t ∈ J ,
0, otherwise.

Also, putting Ω = ξ and λ = 1
ζ , we get

θ
(
Ω2(σqp(Γη1,Γη2))

)
≤ [θ

(
M(η1, η2)

)]λ
,

for all η1, η2 ∈ Λ with α (η1, η2) ≥ 1 and Γη1 6= Γη2.
It is easy to show that all the hypotheses of Theorem 2 are satisfied and hence the mapping Γ has a fixed
point, that is, there exists a solution in Λ = C(J ,R) for the integral equation (9).
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