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Abstract

A finite Toeplitz matrix T is normal if and only if it is a rotation and a translation of a Hermitian
Toeplitz matrix (Type I) or it is a generalised circulant (Type II). In this paper, we show that the powers
of a Type II matrix T are also Type II.

1 Introduction

The purpose of the present paper is to study the normal structure of powers of finite normal Toeplitz matrices.
There are already results related to the structure of finite or infinite normal Toeplitz matrices. An important
result is given by Brown and Halmos in [1]. It is stated that an infinite Toeplitz matrix (operator) is normal
if and only if it is a rotation and a translation of a Hermitian Toeplitz matrix. Ikramov [3] has also shown
that a normal Toeplitz matrix (of order at most 4) over the real field must be symmetric, skew-symmetric,
circulant, or skew-circulant. In [2] Farenick et al. state that every finite complex normal Toeplitz matrix T
is a rotation and a translation of a Hermitian Toeplitz matrix (Type I), that is T = αI + βH, where α and
β are complex numbers, and H is a Hermitian Toeplitz; or is a generalized circulant (Type II ) Toeplitz
matrix of the form

T =


a0 aNe

iθ . . . a1e
iθ

a1 a0
. . .

. . .
. . .

. . .
. . . aNe

iθ

aN
. . . a1 a0


for some fixed real θ. Here we are interested in Tn, n ∈ N, and try to find out whether it remains of the
same type as T , be it Type I or II.

2 Type II Matrix

Let

T =


a0 aNe

iθ . . . a1e
iθ

a1 a0
. . .

. . .
. . .

. . .
. . . aNe

iθ

aN
. . . a1 a0

 (1)

be a normal Toeplitz matrix of Type II for some fixed real θ.
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Theorem 1 Each Tn, n ∈ N, is of Type II.

Proof. We proceed by induction. First we prove that T 2 is of Type II. Let T be the matrix given by (1).
Then

T 2 =


α0 0 α0 1

. . . α0N

α1 0 α1 1
. . .

. . .
. . .

. . .
. . . αN−1N

αN 0
. . . αN N−1 αN N

 . (2)

To see this, we prove that: 
αp p = αq q ∀ p, q ∈ {0, · · · , N} ,
αp q = αp+1 q+1 ∀ p, q ∈ {0, · · · , N − 1} ,
α0N−p+1 = αp 0e

iθ ∀ p ∈ {1, · · · , N} .

Step 1. We prove that αp p = αq q. Clearly, αp p is given by

αp p = (apaN−p+1 + ap−1aN−p+2 + · · ·+ a2aN−1 + a1aN ) eiθ + a20
+(aNa1 + aN−1a2 + · · ·+ ap+2aN−p−1 + ap+1aN−p) eiθ.

We obtain

αp p = a20 +

(
N∑
k=1

akaN−k+1

)
eiθ = constant ∀ p ∈ {0, · · · , N} .

Hence: αp p = αq q.

Step 2. We prove that αp q = αp+1 q+1. We have to consider two cases:
Case 1: We assume that p > q. Then

αp q = (apaN−q+1 + ap−1aN−q+2 + · · ·+ ap−q+1aN ) eiθ

+(ap−qa0 + ap−q−1a1 + · · ·+ a1ap−q−1 + a0ap−q)
+ (aNap−q+1 + an−1ap−q+2 + · · ·+ ap+2aN−q−1 + ap+1aN−q) eiθ.

We have

αpq =

p−q∑
k=0

ap−q−kak + e
iθ

(
N−p+q∑
k=1

ap−q+kaN−k+1

)
,

αp+1 q+1 = (ap+1aN−q + apaN−q+1 + ap−1aN−q+2 + · · ·+ ap−q+1aN ) eiθ

+(ap−qa0 + ap−q+1a1 + · · ·+ a1ap−q−1 + a0ap−q)
+ (anap−q+1 + aN−1ap−q+2 + · · ·+ ap+3aN−q−2 + ap+2aN−q−1) eiθ

= (apaN−q+1 + ap−1aN−q+2 + · · ·+ ap−q+1an) eiθ

+(ap−qa0 + ap−q−1a1 + · · ·+ a1ap−q−1 + a0ap−q)
(aNap−q+1 + aN−1ap−q+2 + · · ·+ ap+2aN−q−1 + ap+1aN−q) eiθ

= ap q.

As a result, we see that αp q = αp+1 q+1.
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Case 2: We assume that p < q. Then

αp q = (apaN−q+1 + ap−1aN−q+2 + · · ·+ a1aN−q+p + a0aN−q+p+1) eiθ

+(aNaN−q+p+2 + aN−1aN−q+p+3 + · · ·+ aN−q+p+3an−1 + aN−q+p+2aN ) e2iθ

+(aN−q+p+1a0 + aN−q+paN + aN−q+p−1a2 + · · ·+ ap+2aN−q−1 + ap+1aN−q) eiθ

= e2iθ

(
q−p−2∑
k=0

aN−kaN−q+p+2+k

)
+ eiθ

(
N−q+p+1∑

k=0

akaN−q+p+1−k

)
,

αp+1 q+1 = (ap+1aN−q + apaN−q+p+1 + ap−1aN−q+2 + · · ·+ a1aN−q+p + a0aN−q+p+1) eiθ

+(aNaN−q+p+2 + aN−1aN−q+p+3 + · · ·+ aN−q+p+3aN−1 + aN−q+p+2aN ) e2iθ

+(aN−q+p+1a0 + aN−q+pa1 + aN−q+p−1a2 + · · ·+ ap+3aN−q−2 + ap+2aN−q−1) eiθ

= αp q.

Step 3. We prove that α0N+1−p = αp 0e
iθ where

αp 0 = (apa0 + ap−1a1 + · · ·+ a1ap−1 + a0ap)
+ (ap+1aN + ap+2aN−1 + · · ·+ aN−1ap+2 + aNap+1) eiθ

=

p∑
k=0

ap−kak +

(
N−p∑
k=1

ap+kaN−k+1

)
eiθ,

α0N−p+1 = a0ape
iθ + (aNap+1 + aN−1ap+2 + · · ·+ ap+2aN−1 + ap+1an) e2iθ

+(apa0 + ap−1a1 + · · ·+ a2ap−2 + a1ap−1) eiθ.

We obtain α0N−p+1 = αp 0e
iθ.

Thus, T 2 is of Type II. Assuming that the matrix Tn is of Type II,

Tn =


t0 tNe

iθ . . . t1e
iθ

t1 t0
. . .

. . .
. . .

. . .
. . .

. . . tNe
iθ

tN
. . . t1 t0

 , (3)

we prove that Tn+1 is of the same type

Tn+1 = Tn × T =


β0 0 β0 1

. . . β0N

β1 0 β1 1
. . .

. . .
. . .

. . .
. . . βN−1N

βN 0

. . . βN N−1 βN N

 . (4)

For this, it is suffi cient to prove that
βp p = βq q ∀ p, q ∈ {0, · · · , N} ,
βp q = βp+1 q+1 ∀ p, q ∈ {0, · · · , N − 1} ,
β0N−p+1 = βp 0e

iθ ∀ p ∈ {1, · · · , N} .
(5)
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In order to prove (5), we need the following three steps.
Step 1. We prove that βp p = βq q where

βp p = t0a0 + (tpaN−p+1 + tp−1aN−P+2 + · · ·+ t1aN ) eiθ

+(tNa1 + tN−1a2 + · · ·+ tp+1aN−p) eiθ

= t0a0 +

(
N∑
k=1

tkaN−k+1

)
eiθ ∀p ∈ {0, · · · , N} .

Then we have: βp p = βq q.
Step 2. We prove that βp q = βp+1 q+1. We have to consider two cases:
Case 1. We assume that p > q. Then

βp q = (tpaN−q+1 + tp−1aN−q+2 + · · ·+ tp−q+1aN ) eiθ + (tp−qa0 + tp−q−1a1 + · · ·+ t1ap−q−1 + t0ap−q)
+ (tNap−q+1 + tN−1ap−q+2 + · · ·+ tp+2aN−q−1 + tp+1aN−q) eiθ,

βp+1 q+1 = (tp+1aN−q + tpaN−q+1 + tp−1aN−q+2 + · · ·+ tp−q+1aN ) eiθ

+(tp−qa0 + tp−q−1a1 + · · ·+ t1ap−q−1 + t0ap−q)
+ (tNap−q+1 + tN−1ap−q+2 + · · ·+ tp+3aN−q−2 + tp+2aN−q−1) eiθ

= βp q.

Case 2. We assume that p < q. Then

βp q = (tpaN−q+1 + tp−1aN−q+2 + · · ·+ t1aN−q+p + t0aN−q+p+1) eiθ

+(tNaN−q+p+2 + tN−1aN−q+p+3 + · · ·+ tN−q+p+2aN ) e2iθ

+(tN−q+p+1a0 + tN−q+pa1 + · · ·+ tp+2aN−q−1 + tp+1aN−q) eiθ,

βp+1 q+1 = tp+1aN−qe
iθ + (tpaN−q+1 + tp−1aN−q+2 + · · ·+ t1aN−q+p + t0aN−q+p+1) eiθ

+(tNaN−q+p+2 + · · ·+ tN−q+p+2aN ) e2iθ

+(tN−q+p+1a0 + tN−q+pa1 + · · ·+ tp+3aN−q−2 + tp+2aN−q−1) eiθ

= βp q.

Step 3. We prove that β0N−p+1 = βp 0e
iθ where

βp 0 = (tpa0 + tp−1a1 + · · ·+ t1ap−1 + t0ap)
+ (tNap+1 + tN−1ap+2 + · · ·+ tp+2aN−1 + tp+1aN ) eiθ,

β0N+1−p = t0ape
iθ + (tNap+1 + tN−1ap+2 + · · ·+ tp+2aN−1 + tp+1aN ) e2iθ

+(tpa0 + tp−1a1 + · · ·+ t2ap−2 + t1ap−1) eiθ

= βp 0e
iθ.

Consequently, we have obtained : Tn is of Type II ∀n ∈ N.

Example 1 Let

A =

 1 3eiθ 2eiθ

2 1 3eiθ

3 2 1

 , θ ∈ R.
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A simple calculation yields;

A2 =

 1 + 12eiθ 10eiθ (4 + 9eiθ)eiθ

4 + 9eiθ 1 + 12eiθ 10eiθ

10 4 + 9eiθ 1 + 12eiθ


and

A3 =

 1 + 44eiθ + 27e2iθ (21 + 54eiθ)eiθ (6 + 63eiθ)eiθ

6 + 63eiθ 1 + 44eiθ + 27e2iθ (21 + 54eiθ)eiθ

21 + 54eiθ 6 + 63eiθ 1 + 44eiθ + 27e2iθ

 .

3 Type I Matrix

In general, the n-th power of a normal Toeplitz matrix T of Type I is not always of type Type I. To see a
counterexample, let A = αI + βH be a normal Toeplitz matrix of type (I) with α = −2i and β = 1 and H
be a Hermitian Toeplitz matrix given by

H =

 3 + 2i 2− i −1 + 3i
2 + i 3 + 2i 2− i
−1− 3i 2 + i 3 + 2i

 .

Then we have

A =

 3 2− i −1 + 3i
2 + i 3 2− i
−1− 3i 2 + i 3

 .

While a simple calculation gives us

A2 =

 24 7− i −3 + 14i
7 + i 19 7− i
−3− 14i 7 + i 24

 .

It is clear that A2 is not of Type I merely because it is not a Toeplitz matrix.
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