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Abstract

In manuscript, a variant of the operators defined in [1], which preserve the linear functions are inves-
tigated. The rate of convergence of these operators with the help of K-functional is discussed. Also, the
modifications of the operators which preserve z? is defined. These modified operators yield better error
estimates than the operator defined in [1]. Asymptotic formula, Quantitative Voronovskaya theorems
and Griiss-type approximation results for these King’s Type Generalized operators are established.

1 Introduction

In [1], the author constructed a class of linear and positive operators given by

Sv[zv} (f’ JZ) = va(k,nw)f <k> , ne N, (1)
k=0

n

1 v
where 0 < v < 1 and p,(k,nz) = (1 — ’U)y(nl‘ + vk)Fe~ (= +vk) - For 4 = 0, the operators Si reduce to

Szasz-Mirakjan operators [2] as

> nx k
SU(f.2) = Su(foa) = ey T (k> , x>0 (2)

k=0

In [3], King presented an example of operators of Bernstein type which preserve the test functions eg(z) = 1
and ey(z) = 22 of the Bohman Korovkin theorem. Motivated by King’s work [3], the Szasz-Mirakjan
operators were modified in [4] and [5]. Moreover, by letting v,(2) := 2 — 5, n € N; it has been shown
in [5] that the operators defined by V,,(f;x) := Sn(f;vn(z)) do not preserve the test functions e;(z) = =
and ey (x) = 22 but provide the best error estimation among all Szasz-Mirakjan operators for all continuous
bounded function f on [0, 00) and for each z € [3, 00).

The aim of this manuscript is to investigate a variant of the operators (1) defined by Patel, which preserves
the linear functions. The rate of convergence of these operators with the help of K-functional is disscussed.
The modifications of these operators which preserve 22 was introduced. These modified operators yield better
error estimates than the operators defined in [1]. Also, an asymptotic formula, quantitative Voronovskaya
theorems and Griiss-type approximation results for these King’s type generalized operators are estabished.

2 Construction of The Operators

The following lemmas are needed for further discussion:
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324 Some Approximation Properties

Lemma 1 ([1]) Let 0 < a < o0, |[v| <1, r €N,

- 1 r, —(a+v
P(r,a,v) =Y e+ ok)Fres @b
k=0
and
(1 —-v)P(0,a,v) = 1.
Then

P(r,a,v) = ka(a + kv)P(r— 1, + kv, v).
k=0

When |v| <1, one has

2

Pl,a,v) = a _av)z + (liv)3’
a? 3av? v3(1 + 2v)
P(2,a,v) = (1_U)3+(1_U)4+ =0y
PGa,v) = al N 6a%v? N avd (4 + 1}@) vt + 805 + 605
o T—u 0—wp  (Q-oup A—u7
at 100202 5a? (203 + 7ot
P4,a,v) = (1—v)5+(1—v)6+ ((1—1))7 )
5 (vt + 100° 4 1009) N v + 2205 4 5807 + 2408
(1-v)® (1-v)? ’
PG a0) = ad . 15a%0? n 5a (4v® + 170v*) N 1502 (v + 120° + 150°)
Y (1—=v)%  (1-v)T (I—-v)® (1-v)?
L@ (65 4 1570° + 50807 4 2740°) L v+ 5207+ 3280° + 4440 4 120010
(1 —wv)10 (1—v)11 ’
P6.aw) — ab N 21a°v? N 35a* (v3 + 5u?) N 35a° (vt + 140° + 2109)
T (1-v)"  (1-wv)8 (1—0)9 (1 —w)t0
7o (305 + 9100 4 34907 + 23208) N T (08 + 6007 + 44408 + 72807 + 252010)
(= o) o
07 + 1140° + 14520° + 44000'° + 37080 + 7200!2
+ (1 —v)i3 '

3 Estimation of Moments
The following lemmas are required to prove main results.
Lemma 2 ([1]) The operators ST[LU], n > 1, defined by (1) satisfies the following relations

1. 8%(1,2) =1,

3. SR (#2,0) = i + S 4 S

n(l1—v)3 n2(1—v)?>

< z3 322 (14v z(148v+60v2 v(1+8v+602
4' Sn (t37x) = (1—v)3 + n(l(—i)r)4) + (n2(1—v)5 ) + (713(1_7))6 )’
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5 [v] (t4 2) = 2 22° (34-20) + 2 (T4+26v+120%) | 2(1+220+58v°+240°)  v(14+220+58v°+2407)
n ’ (1—v)* n(l—v)® n2(1—wv)S n3(1—v)7 nt(1—v)8

By a straightforward calculation, one obtain

1—
Sld 2y = ( 5v) (P(5,nx + 5v,v) + 10P(4, nx + 4v,v) + 25P(3,nx + 3v,v)
n
+15P(2,nx + 2v,v) + P(1,nz + v, v))
_ z° 524 (2 +v) 5z (54 12v + 4v?) N 1522 (1 + 9v + 140? 4 40°)
- (1-v)P®  n(l-wv) n2(1 —v)7 n3(1—wv)8
z (1+ 52v + 32807 + 4440 4 1200*) LY (14 52v + 32802 + 4440° + 1200*)
n(1l —v)? n5(1 — v)10 )
s, 2y = =Y (6, na + 6v,0) + 15P(5, na + 5v,0)
n ,x) = s , T U,V ,NT v,V

+65P(4, nx + 4v,v) + 90P (3, nx + 3v,v) + 31P(2,nx + 2v,v) + P(1,nz + v,v)).

Hence, we have

SO 2) = 5 3z5(5 4 2v) N 5a* (13 + 23v + 60?) N 1022 (9 + 50v + 5502 + 120%)
o (1—-wv)8 n(l —v)7? n?(1—wv)8 n3(1 —v)?
+a:2 (31 + 5620 + 1978v% 4 17940° + 360v?)
n4(1 — v)10
z (1 + 114v + 145202 + 44000° + 3708v* + 7200°)
+
nb(1 —v)ll

v (14 114v + 145207 + 44000° 4 3708v* 4 7200°)
+ .
nb(1 —v)12

4 Approximation Properties

The modification of the classical Bernstein operators proposed by King [3]. These type of Bernstein operators
preserve test function ey & ez and give faster convergence. This approach was applied to some well known
operators, details are found in [6, 7, 8, 9, 10]. One can observe that, the operator S introduced in (1)
preserve only the constant so further modification of these operators is proposed to be made so that the
modified operators preserve the constant as well as linear functions, for this purpose the modification of Sy[lv]
is defined as follows:

S:U(f,2) = 3 Pk, nra(@) f (fj) , 3)
k=0
where a ¢
T R T )

and p,(k,nz) is as defined in (1).
Lemma 3 The operators defined in (3) satisfies for each x > 0, the following identities
Sxll(1,2) =1,

S:i(t, 2) = x,

xT ’U2

S*[’U] t2 — 2
(e =2 +n(171})2+n2(17v)4’
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322 z(1+20+30%) 033+ 2v)
n(l —wv)2 n2(1 —v)4 n3(1 —v)8’

6> 22 (T+8v+6v%) (14 8v+240? +80%)  v? (74 200+ 90?)
n(l —v)? n?(1 —v)* n3(1l —v)b nt(l —v)8 ’

S8 ) = 23 +

n

St x) = 2t +

n

10z* 52% (5 +4v + 20%) 522 (34 120 + 18v% + 40?)
n(l —v)? n?(l —v)* n3(1 —wv)8
z (1+22v + 1330% + 16403 4 450*) N v? (15 + 1100 + 1600? + 440%)
nt(1—v)8 n®(1 —v)10 ’

S;[“](ts,x) = 254

152° N 5% (13 + 8v +3v%) 1023 (9 + 24v + 240? + 40%)

n(—1+v)?2 n2(—1+v)* n3(—1+4v)8

x? (31 + 2920 + 86802 + 68413 4 1351}4)
+ 4 8

nt(—=14v)

z (1 + 52v 4 59807 + 1684v° + 13850 + 2640°)

+ 14
nd(—14 v)10

3102 + 47203 + 1543v* + 134405 + 26505
+ 6 12 '
né(—1+v)

SIS x) = af +

n

By direct computation, the proof of the above identities can be obtained. By linear properties of the

operators Si*), one has
St — 2, x) =0,
2
*[v] t— 2 _ T v
Sn (( I) 72’,’) n(l _ ’U)2 + n2(1 _ U)4’
z(1+2v) | v*(3+2v)
n2(1—v)* " n3(l—w)s’

St = 2)*, )

2 2 2 2
S’Z[“}((t—x)‘l,x): 3z +:E(1+81)+12v)+v (7+20U+9U)’
n2(1 —v)* n3(1 —v)8 n*(l —v)8
S*[“]((t )z = 1022(1 +2v) = (1 + 22v + 9802 + 64113) v? (15 + 110v + 160v? + 44113)

" B %)= n3(1 — )6 nt(1 —v)8 n®(1 — )10 ’
1523 522 (5 + 32v + 3502 1+ 520 + 508v% 4 10240° + 4250*
St 2)0,2) = x n z? ( . v v?) v v 1 v vt)

n3(1l —v)b nt(l—v)8 nd(1 —v)10

+v2 (31 + 472v 4 15430v% + 13440° + 2650%)
nb(1 — v)12 '

Remark 1 Let n > 1 be a given number. For every 0 < v < 1, one has

2 1 :
S o0 < o (x i ”>2) |

Remark 2 Let n > 1 be a given number. For every 0 < v < 1, one has
3n2z?(1 — v)* + v? (7 + 200 + 90?) + na(1 — v)? (1 + 8v + 120%)
n*(1 — sv)8
3n%x? +36 + 21lnw _ 36(x® + 2+ 1)
n*(1—v)8 - n2(l-v)®

St —a)te) =
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Remark 3 Let n > 1 be a given number. For every 0 < v <1 and x € (0,00), one has

SilN((t - 2)%, 2) 15m323(1 — v) + 5n222(1 — v)4(1 + 50)(5 + Tv)+
57’;[”]((75 — 2)2,2) n4(1 —v)® (nz(l —v)2 +n222(1 —v)* +v?)
nz(l —v)2(1 4 v(52 + v(508 + v(1024 + 425v))))
nt(1 —v)® (nz(l — v)?2 + n2z2(1 —v)* + v?)
02(31 + v(472 + v(1543 + v(1344 + 2650))))
nt(1—v)® (nz(l —v)? + n222(1 —v)* 4+ 0v2)
150323 + 360n222 + 2010nx + 3655

. 4
~ n*(1—-v)8 (nz(l —v)?+n222(1 —v)* +032) )
Using (1 —v)* < (1 —v)? and 1 < n < n?, one get
nz(l —v)? +n’z?(1 —v)* +0? > nz(l —v)* + nz?(1 —v)* +0? > n(l —v)*(z +2?2).
Therefore,
1
< : ()
nx(l —v)2 +n222(1 —v)*+ 02 ~ n(l —v)*(z+ 2?)
Also,
15n%2® 4 360n2x? + 2010nx + 3655 < 360n°2z?(x + 1) + 3655n(x + 1)
< 3655(z 4+ 1)n®(z? + 1). (6)

Using (5) and (6) in (4), one has

S ((t = 2)%,2)
Sa(t — 2)2,2)

3655(x 4+ 1)n3(z® +1)  3655(z* + 1)
n5(1 —v)2(z+22)  n2(l—v)l22’

<

The general technique to construct sequences of operators of discrete type with the same property as given in
[3] was obtained by Agratini [11]. With the help of this technique, the function is defined as

V1—4v? +422p2(1 —v)i—1-2v
2n(1 — v) '

Tn(x) =

Using this function, the following linear and positive operators are defined

5 (1. 2) va (e, (2 f<k> (1)

n

Direct computation gives

S, 2) = 1,
5 (¢, ) \/1 —4v2 +4n222(1 —v)i -1
2n(1 — v)? ’
SE(2 2) = 22,
Also,
Sl e _ V1—40? +an2a2(1—v)t =1
S’n (t .’E,.’E) 27?,(1 _ ’U)2 Z,
5 1—+/1—4v2 +4n222(—1 + v)?
Wl ((¢ — _
Syt — )%, 2) = 20 + a ( n(l—v)2 :
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Now, by defining a function similar to the one used in [5],

F@) = (1—v) (a:—21n> _ﬁ'

The linear and positive operators are define, forn € N and f € C ([0, 00)),

n

@w%ﬁx>=§jpvwnﬁux»f(k>. ®)
k=0

The following identities, for the operators :S’\:L[U], T > %, can be obtained

SE(1,2) =1,
*[v 1
Sl @) =T-5-,
2 34 b
Aol (12 4y = 42 z(2—-v)v —14+8v?—4v’+v
St z) == +n1 )2 4n2(1 —v)4
and
1
Sl x,x)—%,
x —1+8v? — 403 + vt

St - 2)* @) =

n(l —v)? * 4n2(1 —v)*

The modification of Jain operators [12], the author consider the restriction that v, — 0 as n — oo, in
order to get convergence. Here, in (3), (7) and (8) need not to be take any restriction on v. Because of this
interesting property its worth to study these operators.

4.1 Asymptotic Formula

Theorem 4 Let f be a continuous function on [0,00) and 0 < a < b < co. Then the sequence {ST*L[U](f, 9}
converges uniformly to f as n — oo in [a,b].

Proof. Using Lemma 3, observe that SZ[U](l,m), ol (t,z) and el (t?,z) converges uniformly to 1, x
and 22 as n — oo respectively on every compact subset of [0,00). Thus, the required result follows from
Bohman-Korovkin theorem. m

Similarly, we have

Theorem 5 Let f be a continuous function on [0,00) and 0 < a < b < co. Then the sequence {§Z[U](f, )}
converges uniformly to f as n — oo in [a,b].

Theorem 6 Let f be a continuous function on [0,00) and 0 < a < b < co. Then the sequence {S’\Z[U](f, z)}
converges uniformly to f(x) as m — oo in [a,b].

Theorem 7 Let f be a bounded integrable function on [0,00) which has second derivative at a point x €

[0,00). Then
x

Jim n [ST(1,2) = £@)] = g @
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Proof. By the Taylor’s expansion of f, one has

1
F(t) = f@) + (@)t —a) + S f? +r(t,2)(t - 2)?, 9)
2
where 7(t, z) is the remainder term and lim;_,, r(¢,2) = 0. Operating S to the equation (9), one obtains

f,l( )S*

Sl fx) — f(z) = f/(x)SEMN((t — z), ) + Ut —2)? 2) + il (r(t, 2)(t — 2)?, 2). (10)

Using the Cauchy-Schwarz inequality, one has

Sl (r(t, 2)(t — 2) \/s*[”] \/S (t —2)4, 2). (11)
As r(z,z) = 0 and 72(t,z) € C3[0,00), one has

lim SV((r(t, 2))?%, z) = (r(z,2))? =0 (12)

n—oo

uniformly with respect to z € [0, A]. From (11) and (12), one has

Jm o [S1900) - f@] = i | £8P o)+ T 20
+SH I (r(t, 2) (- 2)?, x)} .
= f(x) lim SNt — ), z) + @nlggo nSE((t — )2, z)

[z x vl g,
5 [(1@2 + n(lv)‘l} - 2(1—v)2f (@)-

]

Theorem 8 Let f be a bounded integrable function on [0,00) which has second derivative at a point © €
[0,00). Then

5 (@)

n—o0

tim 7 [5:1(7,0) ~ 1) = 5=

The proof of the above theorem follows along the lines of Theorem 7, thus the details are omitted.

4.2 The Rate of Convergence

The set Cp ([0, 00)) is the class of real valued continuous bounded functions f on x € [0, 00) with the norm
[ £1l = sup,ep,00) | f(@)]. For f € Cp([0,00)) and § > 0 the m-th order modulus of continuity is defined as

wm(f,0) = sup sup [ARf(z)],

0<h<é z€[0,00)

where A is the forward difference. For m = 1, w,,(f, ) is the usual modulus of continuity. The Peetre’s
K-functional is defined as

K(f,0) = inf  {[|f —gll +dllg"]| : g € CF ([0, 00))},
9€C([0,00))

where
C%([0,00)) = {g € Cp ([0,0)) : ¢, 9" € Cp ([0,00))}.

The following direct results are established in this section:
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Theorem 9 Let f € Cp([0,00)) and 0 <wv < 1. Then

5:00(00) = ) <28 (gt (04—t ). (13)

Proof. Consider any g € C% ([0,0)) and an arbitrarily fixed z € [0,00). Using the Taylor formula, one
obtain

o(t) - g(2) = (t — 2)g/(2) + / (t — u)g"(uw)du, t>0.

. *(U| . . .. .
Since Sn[ Jis a linear and positive operator, one obtains

5:(00) ~g(@)] < I @S- a0+ |5 /:< —u)g"(u)du,x)]
« | f-sronh)
< lg"|s;! (‘/x(t—u)du,x>
< g IS (¢ - 2)2,2) < A (:c+ ! )

~n(l—-wv)? n(l —v)?

For f € Cp([0,00)), one obtain

1S 2) = f@)] < 1S = g.0)l + 187 (g, 2) — g(@)] + () — f(2)]
lg"ll (', !
21F =9l + a0 < +n(1_v)2).

A

IN

By using the K-functional described by

K(0)= it (15 =gl +lgl).
for x > 0,

i) = @1 <28 (o (o o))
|

Theorem 10 Let f € Cp ([0,00)) and 0 <wv < 1. Then

1S:1(f,2) = f(@)] < 20(f,3(x)),

5(z) = \lng . (1 — /1 —40? +4n2x2(_1+v)4>.

where

n(l—wv)?

Proof. Let f € Cp ([0,00)) and = > 0. Using linearity and monotonicity of S,, one gets

18 (f.2) — F(@)] < w(f.0) (1+ V- ap.2)).

Choosing § = (z), the proof follows. m
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Theorem 11 Let f € Cp ([0,00)), 0 <v <1 and x > 5. Then

1
-

(1, 2) — f(@)] < 20 (£.3(@))

where

3(a) = x +—1+8v2—4v3+y4
= n(l —v)? 4n2(1 —v)* ’

4.3 Quantitative Voronovskaya Theorem

The weighted modulus of continuity is denoted by Q(f,0) and given by

B e+ h) — f(a)
ML= S Gt

for f € Cy2 ([0,00)). For every f € C7, ([0,00)),
Lim Q(f,9) =0

and
Q(f,N0) = 2(1 4+ M) (1 +5*)Q(f,0), A>0, (14)
which was proved in [13, p. 359-360]. Using the definition of the weighted modulus of continuity, one write
[f(y) = f(@)] < (1 +2*) A+ (y — 2)*)Q(f: ]z — y)).
Also, using the property (14), one has
fy) = f@)] < 0+ y—2)*)(1+2)Qf; |z —yl)
< 2 (1 4= x') (146%) Q(f,8) (1 + (y — 2)) (1 + 22). (15)

- 0
Now, we give the quantitative Voronovskaya-type theorem in weighted spaces, as follows:

Theorem 12 Let Si”) be defined as in (3), where 0 < v < 1. If f € C([0,00)) and f" € C, ([0,00)), then
one has for x € (0,00) that

S9(f.2) — £(a) - LN 5200 (¢ - 2.

16(1+3%) (o of36552 + 1)) (- 1
= n(l—v)29<f V21 —v)2z ( Jrn(l—U)Q)'

Proof. Using the Taylor’s expansion of f, one obtain

fll(z)
2

f(&) = f(@) + f/(2)(t - 2) + (t—2)* + Ro(f3t,2), (16)

where
(t —=z)°

Ra(fit,2) = == (FO©) = fO @) for € € (t,).

Applying the operators S to both sides of (16), we obtain

_ @)

5 SEI((t— )2, 2) = SRy (f3 ¢, 2), 2). (17)

S f ) = f(z) = f'(@) St - @, 2)
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Hence, using the inequality |£ — x| < |t — x|,

B (fita)li= Sl - fO)
< SUiE—al) (L+ (€ - 2) 1+ o)
< 50 <f<2 6= al) (14 (= 2)?) (1+22)
< < x')(1+62)Q(f(2),6)(1+(t—x)2)(1+x2).

If |t — x| < 4, one has
B3 (fit,0)| <2 (146%)°Q(FP,6)(1+?)
and if |t — x| > 4, one has

IR (fit,2)] <2 (1+06%) (t ;45”>4Q(f<2>, 5)(1+ 2.

Therefore any for ¢ € [0, 00) and choosing § < 1, we get

|R3(f;t,2)] < 2(1+ 52)2 (1 + (t ;4:”)4) Q(f?,6)(1 + 2?)

Using the above inequality, we deduce
Si(Ra(fit ) 2) = S((8 = 2)?|R5(f3t, 7)), 2)

< 8(L+a2)0(f?).,5) (s;:[“]«t o,a) + S x)%a)).

Using above inequality, Remarks 1, 3 and the equation (17), one has

Sia) — fla) - D5 - a2
< s+ x2>sz<f ) 5) (s:;[v]((t —a)?,2) + S x>6,x>)

< 8(1+2M)0(fP, )8 (- 2)%, 2) (” 1 (W))

55
3655(22 + 1)\ /*
Choosing § = (W) , one has

15:907,2) — @) ~ WD (0 2,y < SOLHL)
as desired. m

4.4 Griiss-Type Approximation Results

Theorem 13 Let S:L[U] be defined as in (3), where 0 < v < 1. Let E be subspace of C(|0,00)). f,g €
EUC, ([0,00)) be such that f?,9*> € EUCY, ([0,00)) and fg € E. Then for fized x € [0,00) the inequality

1531 (fg,2) = S (f,2) 831 (g, 2)| < Ap() Ay (),



P. Patel

where

Ap(z) = V/32(1 +22) (2, 8) + (1 + M) (1 +22)[| fll.2 (S, 6))

and

Ag(w) = V/32(1+22) (g%, 0) + (1 + My ) (1 +22)llgll.2 (g, 5)).

Proof. Denote
Du(f,9;%) = S;1(fg,2) — S (f,2) 831" (g, ).
Applyig the Cauchy-Schwarz inequality, one has

On the other hand, using (15),

5:19(7.0) = ) <20+ 221+ 9000530 (1455 (4 - 0) 0.

Let A(z,y) := (1 + lyg””‘) (1+ (y —2)?) . Since

201+ 82) w2y g >,

2(1 4 62 —z| <
A(m,y)g{ (1+4%), ly— | <6,
64

we obtain for all z,t € [0,00) that

A(z,y) <2(1+ 62 <1 + gf)4) .

Using the inequalities (19) and (20), one gets

1S5 (F2) — f(2)] < 401+ 22)(1+ 6%)2Q(f, 6)S; ! <<1+

< 16(1 + 22)Q(f, ) (1 + 5482 ((y — o), 1:)) .

By definition (18),

Dulf fix) = S0~ @)+ P - (S8

Since f € C%,[0,00),
Sl fw) _ flle2 S (1 +#2), @)
1+z22 — 1+ 22 '
Now, using 0 < v < 1 and n > 1, one gets

x U2

*[v 2 2
S +4%),2) = 1+ +n(1_v)2+n2(1_v)4
v? + na(l —v)?
o

1 T
n?(1 —v)* + n(l —v)*

1+ 2%+

IN

1+ 2%+

IN

1
oy

IN

2+m2+m).

S @) = @) + (@) = $1(F.2) (F@) + S50 (f.2))

333

(20)
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If z € [0,1], then x < 1 and if € (1, 00), then z < 2. Hence, one has

2(1+:c2)
SEl(1 2, 2) < S 2
n (( + ),ZIZ)_ (1*11)4
Finally,
S;[U] , T w2 My (1 + 22
) WMol
1+ 1+
Hence,

D (f, f32)] < ISP ) = f2 @)+ 1 (2) = S5 ) (1 llae + Mol fllo2) (1 + %),

Using the inequality (21), one deduce

Du(f, i)l < 1601+ a2)0(%,6) (14651 ((y - 2)*, ) )
F16(1+22)2(1+ M) 290, 8) (14 88;0 ((y — )", 7))

16(1 + 22)Q2(f2, 8) (1 + 54?%)

IN

T16(1+ 22)°(1+ M) | £l 6) (1 s

and choosing 6 = ¢/ %, one has

1Dy (f, fi2)] < 32(1+22) (f2,6) + (14 My)(1+ 2%)[| fllo2Q(f,0)) .

136(2% + 2+ 1))
n?(1 —v)8

We may obtain similar estimate for |D,,(g, g; )|, which completes the proof. m
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