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Abstract

In this paper, we prove the correct gqigz2-Hermite-Hadamard inequality, some new ¢ig2-Hermite-
Hadamard inequalities, and generalized ¢i1g2-Hermite-Hadamard inequality on g¢ige-differentiable co-
ordinated convex functions. Many results given in this paper provide extensions of others given in
previous works.

1 Introduction

The study of calculus without limits is known as quantum calculus or g-calculus. The famous mathematician
Euler initiated the study of g-calculus in the eighteenth century by introducing the parameter ¢ in Newton’s
work of infinite series. In early twentieth century, Jackson [9] has started a symmetric study of g-calculus
and introduced g-definite integrals. The subject of quantum calculus has numerous applications in various
areas of mathematics and physics such as number theory, combinatorics, orthogonal polynomials, basic
hyper-geometric functions, quantum theory, mechanics and in theory of relativity. This subject has received
outstanding attention by many researchers and hence it is considered as an in-corporative subject between
mathematics and physics. Interested readers are referred to [7, 8, 10] for some current advances in the theory
of quantum calculus and theory of inequalities in quantum calculus.

In recent articles, Tariboon et al. [15] studied the concept of g-derivatives and g-integrals over the
intervals of the form [a,b] C R and settled a number of quantum analogues of some well-known results such
as Holder inequality, Hermite-Hadamard inequality and Ostrowski inequality, Cauchy-Bunyakovsky-Schwarz,
Gruss, Gruss- Cebysev and other integral inequalities using classical convexity. Also, Noor et al. [12, 13],
Sudsutad et al. [14] and Zhuang et al. [16] have contributed to the ongoing research and have developed
some integral inequalities which provide quantum estimates for the right part of the quantum analogue of
Hermite-Hadamard inequality through g¢-differentiable convex and g¢-differentiable quasi-convex functions.

In [1], Dragomir defined co-ordinated convex functions on the on a rectangle from the plane R? as below:

FOz+ 1=z y+ 1= Nw) <Af(z,y) + (1= A) f(z,w)

holds, for all (x,y), (z,w) € R? and A € [0, 1].

After that, Dragomir proved the following inequality of Hermite-Hadamard’s type for co-ordinated convex
functions:

Suppose that f : [a,b] x [¢,d] C R? — R, where —00 < a < b < o0 and —o0 < ¢ < d < 00, is convex on
the coordinates on [a, ] X [¢,d]. Then

f a+b c+d
2 72
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b d
1 1 c+d 1 a+b
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(b— a)l(d ) a/bc/df (z,y) dydx

b b d J
1 1 1 1 1
< g b_a/f(z»c)dﬂﬂﬂLm/f(xad)d$+m/f(a,y)derﬁ/f(b,y)dy
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In [3], N. Alp proved the following ¢g-Hermite-Hadamard inequalities for convex functions on quantum
integral:
If f:[a,b] — R be a convex differentiable function on [a,b] and 0 < ¢ < 1. Then, ¢g-Hermite-Hadamard

inequalities
b
qa+b 1 qf (a) + [ (b)
1(557) = ima [ 10 vt <SR, (2)
b
a+b\ (1—-¢)(b—a), [a+b 1 qf (a) + £ (b)
f( 2 )+ 2(1+q) f( 2 )Sb—a/f(x) S N ®)
b
atgb\  (—-¢q)(b—a), (a+qd 1 qf (a) + £ (b)
() T () s [y e <R
hold.

In [2] M. A. Latif give the g1 go-Hermite-Hadamard inequality for co-ordinated convex functions. However,
Latif’s theorem and related proof are not correct, therefore we gave an example to the contrary in third
section. After that, in the next section, we proved true g;ge-Hermite-Hadamard inequality and obtained
q1q2-Hermite-Hadamard’s type inequalities for co-ordinated convex functions on quantum integral by using

(2), (3) and (4).

2 Notations and Preliminaries of ¢-Calculus

Throughout this paper, let a < b, ¢ < d and 0 < ¢, g1,g2 < 1 be constants. The following definitions are for
g-derivative, q;qo-derivates, g-integral, ¢;gs-integral of a function f.

Definition 1 ([15]) For a continuous function f : [a,b] — R, the g-derivative of f at x € [a,b] is charac-
terized by the expression

f(x)—flgz+(1—q)a)
(1-q)(z—a)

Since f : [a,b] — R is a continuous function, we have,Dyf (a) = lim oD, f (z). The function f is said
to be g-differentiable on [a,b] if oDy f (t) exists for all x € [a,b]. If a =0 in (5), then oDy f () = Dyf (z),
where Dy f (z) is familiar g-derivative of f at x € [a,b] defined by the expression (see [10])

f(x) - f(qx)
1-q)z

oDy f () =

, T #a. (5)

D,f (z) = 0. (6)
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Definition 2 ([15]) Let f : [a,b] — R be a continuous function. Then, the q-definite integral on [a,b] is
delineated as

/ F) it =(1—q) (@ —a) S q"F (s + (1 — ") a) (7)
p n=0
for x € [a,b)]. i
If a =0 in (7), then [ f(t) odgt =
0

[0,x] defined by the expression (see [10])

Ot—sy

f (@) dgt , where [ f(t) dgt is familiar g-definite integral on
0

T

/ F() odgt = / FO) dt =1 -2y q"f (@), (8)
0 n=0

0

If c € (a,x), then the g-definite integral on [c, x| is expressed as

if(t) alqt jf(t) algt /Cf(t) algt . (9)

In [2], M. A. Latif defined ¢;go-derivatives, ¢;¢o-integral and related properties for bi-variat functions as
follows:

Definition 3 Let f : [a,b] X [¢,d] C R?* — R be a continuous function of two variables and 0 < q; < 1,0 <
g2 < 1, the partial q,-derivates, go-derivates and qiqa-derivates at (x,y) € [a,b] X [¢,d] can be defined as
follows:

O f(@,y)  f(zy) —flaz+ (1 —q)ay)

O 0-a)(@—a) e
O f(2,y)  f(z,y) = f(z, 00 + (1 — g2)c)
Oy T-e) -0 Y7
and
a,caglqu(x7y) 1

a0gy Tc0g,y (1-q)(1—g)(z—a)(y—rc)
x[flpr+ (1 -q)a,u+ (1 —q)c) = f(qr+(1—-q)a,y)
—f (2,0 + (1 —q2)c) + f(z,y), v #a,y#c.

The function f : [a,b] x [c,d] C R? — R is said to be partially q1-, q2- and q1q2-differentiable on [a, b] X [c, d]

2
Zf aaql f(ziy) CBQQ f(z,y) and a»caqquf(z’y)
T cOary a0qy Tegyy

exist for all (z,y) € [a,b] X [c,d].

Definition 4 Suppose that f : [a,b] x [c,d] C R? — R is continuous. Then, the definite q1qo-integral on
[a,b] X [c,d] is defined by

y oz
//f(t,s) gt odyys = (1—q1)(1—g2) (@ —a)(y— 0
X3 gty f (gt + (1 —qf) a5y + (1—g5") c)
m=0n=0

for (z,y) € [a,b] X [¢,d].



344 Quantum Hermite-Hadamard’s Type Inequalities

Moreover, in [2], M. A. Latif obtained the following ¢; g2-Hermite-Hadamard inequality for co-ordinated
convex functions:

Theorem 1 Let f : [a,b] x [c,d] C R? — R be conver on co-ordinates on [a,b] x [c,d], the following

inequalities hold
a+b c+d
(550

b d
1] 1 c+d 1 a+b
= 3 ba/f<x’2> adg® +o— f( 5 y> g,y
1 b d
S Gama ][I ey s
d . d
q1
< m/f(my) cdg,y +2(1+q1)(d_0)/f(b,y) g,y
b b
q2 1
e el R R e e R R
o aef(@d+af(ad+efbe)+f(bd

14+ q) (14 q2) (10)

However, (10) is not correct. We give the following counter-ezample.
Example 1 Let f:[0,1] x [0,1] C R? = R. Then, f(x,y) = 1 —x —y is convex continuous on co-ordinates

on [0,1]x[0,1]. Therefore, the function f satisfies (1). Then, from the inequality (10) the following inequality
must hold for all g1,q2 € (0,1),

0+1 0+1
f(2 ot )
1 1 1 0+1 1 ; 0+1
+ +
< Z - - - - '-
> 9 1_O/f<xa 2 ) Odq1$+1_0/f< 9 7y> Odqzy
0 0
11
< a=0a=0 1_0 //l—ac—y 0dg, Y odg
0 0
1 1
< b [ 100y + —5 [ £
- 2(1+q1)(1—0)0 2 2(1+q1 )
. 1
0) od 1) odg,
YT /f #0) ot +2<1+q2><1—0>0/f(x ) ot

(I+aq)(1+ QQ)

By calculating above quantum integrals

0+1 0+1 11
L=f—1=2 2" )=1_2_2-=
! f( 2 72 > 5730
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r 1 1
1 1 0+1 1 0+1
Iy = - |—— —_—
2 2 1_O/f<m7 2 > Odq13j +1_O/f< 2 ,y> Odqzy
L 0 0
[ 1 / 1
1
= 5 / (2 — JZ) Odqlﬂj —|—/ (2 — y) Odqzy
L0 0
_1[1 1 1 :|_ q1QQ—1
2 1+ 1+ 214+ q1) 1+ gq2)’
1 1 . )
q1q2 — 1
I3 = 1—x— d d =1- — = ,
3 O/b/( x y) 00q,Y  00q, T 1+(]1 1+(]2 (1+(]1)(1+(I2)
1 1
a1 q q1G2
Lia = 0,9) edgy =2 [(1=y) odyy = ,
1 1
Iy = ! [ 10w sy = 5 [ ) ey =~ -
4b 2(1+q1) (1_0) / 7y c QQy 2(1+q1) J y c qzy 2(1+q1) (1+q2)3
1 1
q2 q2 q192
IC: -'I/‘,O d r = —"""-= 1—$ d Tr = ,
4 2(1+q2)(10)0/f( ) oda, 2(1+q2)0/( ) oda, 2(14+q1) (1 +q2)
1 1
I ! [ due =5 [ (o) o .
— z, xr = —X r = — )
Y204 (1-0) T 20 T T 204 a) (L)

qiq2 — 1

Iy = Iyq + Iyp + Lye + 1sg = m7
1

I — q192 — 1
(1+q1)(1+q)
By using above equality, we have
I <L <3<y <5 (11)
q1q2 — 1 q19q2 — 1 q1q2 — 1 quq2 — 1

< < <

T2(l4+q) A+ q) T (I+a)(A+q@) ~ A+a)(1+q) ~ 1+aq)(1+q)

If we choose ¢ = g2 = % in (11), then we have the following contradiction

0<—=-<—-<--<-—

[N
Wl =
W —
Wl =

It means that the left hand side of (10) is not correct. In the next section, we give the correct qiqo-Hermite—
Hadamard inequality and some q,qs-Hermite—Hadamard inequalities for two variables the co-ordinated conver
functions on quantum integral.
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3 ¢qiq>-Hermite-Hadamard Inequalities

In this section, we prove ¢;¢a-Hermite-Hadamard inequality by using (2,3,4). After that we obtain varieties
of g1¢qo-Hermite-Hadamard inequalities.

Theorem 2 (q;¢o-Hermite-Hadamard Inequality) Let f : [a,b] X [c,d] C R? — R be convex on co-
ordinates on [a,b] X [c,d], the following inequalities hold for all ¢1,q2 € (0,1)

aq1 +b cqga+d
f<1+Q1’1+q2> (12)
b d
L1 cq2 +d 1 agL +b
S§ b—a/f<x’ 1—|—q2) adg, @ +d—c/f(1+q1 ,y> g,y (13)
1 b d
: m//”“) cdarly ol (14)
3 | d
q1
< 2(1+ql)(d_c)/f(a,y) cdg,y +2(1T)(d—c)/f(b’y) edyyy (15)
b b
q2 1
+m/“‘“> ala® +2(1+q2)(b—a)/f($’d) allay @
< 00f (0,0 + auf(a,d) + af (b,0) + f (b,d) )

- (L4 q1) (14 q2)
Proof. Let g, : [¢,d] = R, g-(y) = f (z,y) is convex function. By using (2), ¢-Hermite-Hadamard inequality

we have ,
cqz +d 1 / q292(c) + g2 (d)
xT < xr Cd S b)
g <1+q2>_d_c 9:(Y) cdg,y I ra

C

d
CQQ+d 1 qgf(a:,c)+f(x,d)
f<$a 1+q2 ) S d—C/f(x’y) CdQQy S 1+q2 I (17)

for all z € [a,b] and g1, ¢2 € (0,1). By ¢1-integrating the inequality (17) on [a, b], we have

b b d
1 cqgs +d 1
< -
b_a/f(xy 1+q2) adgz < (b—a)(d—c) //f(xay) gy aldgT (18)

a

o1 /bq2f<x,c>+f<x,d>
_b—a 1—|—QQ

a

aldg, T .

By the same way, let g, : [a,b] — R, g,(2) = f (z,y) be a convex function. By using (2), ¢-Hermite-Hadamard
inequality we have

b

agi +b 1 q29y(a) + g,(b)

< od g AN A
b

aqr +b 1 q1f(a,y) + f(b,y)
F(AmE) < ot [ 1) sy < 2HENEI0D) (19

a
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for all y € [¢,d] and ¢1,¢2 € (0,1). By go-integrating the inequality (19) on [e, d], we have

d b d
1 aq +b 1
D —
dC/f<]_+ql 7y> quzy — (bfa) (d*C)//f(x,y) quzy adqlx

C

d
< dl /qlf(a,y)Jrf(b,y) oy
—c 1+aq

C

By summing (18) and(20), we obtain following (14) and (15) inequalities in (12) as follows

b d

1 1 cqg2+d 1 / aq1 +b

a ad ’ cd
2 b—a/f<$’1+qz) Ay T4+q Y)Y

a c

b d
1
S e R
b 1 X
q2
< 2(1—&—q2)(b—a)/f(x’c) alg, T +2(1+q2)(b—a)/f($’d) ol

a a

d d
q1 1
+z<1+q><d—>/ fay) ey + 5Ty / F0.) edyy

By choosing respectively z = al"i;rlb and y = "’qur;d in (17) and (19) inequalities we have

—C

d aqiy aqgi
f<aQ1+b cq2+d> _ 1 /f(aql—i—b ) iy _ ef (RO + (. d)
_d cYqq =

1+¢ 1+q 1+Q1’y

1+ qo

c

).

1+¢ 1+q

b cqa+d cqa+d
f(aql—l—b cq2+d> < g 1 /f( cq2+d> oz < a1 f(a, s )+ f(b, s

z,
—a 1+ ¢q I+aq
a

By summing (22) and(23), we obtain the following (13) inequality in (12) as follows

f aqr +b cqgx+d
I1+q¢ 1+¢q

b d
1 cqo +d 1 aqy +b
ba/f<$ 1+q2> "dar® +dc/f<1+ql V) ooy

[qu(‘ﬁl;b,c) + (92 d) . 1 f(a, L) + f(b Cqﬁd)}

IN
DN =

<

DN —

’ 1+q2
1+¢ 1+aq

Now finally, by using (2) on the right hand side of (21) we have

b

72 @ qf(ac)+ f(bc)
2(1+q2)(b—a)/f(x’c) adqlx §2(1+Q2) T+ )

a

347

(21)

(23)

(24)

(25)
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b

1 1 af(a,d)+ fb,d)

2O+ﬂﬂ@_a%/f@ﬁ)a%ﬁ < o, (26)
d
qn q1 g2f(a,¢) + f(a,d)
2<1+q><d—>/ Flow) et <5000 Tie 27
d
1 1 q2f(b’ C) + f(b’ d)
Tl BT R i s (28)

c

By summing (25), (26), (27) and (28) inequalities we
completed. m

obtain the (16) inequality in (12) and the proof is

Remark 1 In Theorem 2, if we take ¢ — 1=, we recapture (1) inequality.

Theorem 3 Let f : [a,b] — R be a convez differentiable function on [a,b] and 0 < ¢ < 1. Then we have

s <Qa + b) - 1
1+g¢ b—a
Proof. The left hand side of (29) inequality was proved in (2). Here we will prove right hand side of (29)
for convex functions on quantum integral. Since f is a convex function on [a, b], the f function is under the

qa+b
144¢

qf(a) + f(b) L

af (@) + £ (b)
(1+q°  1+a '

u 1+g¢

) < (29)

k1 (x) and ks (x) lines which connecting the points (a, f (a)), (qlfqb f (ql‘fqb))

be expressed as

qa+by a
o (o = [ @

(x—a)+ f(a) and ko (z) =

and (b, f (b)). This lines can

qa+by b
O 10

qatb _ qatd _ g
1+q 1+q
Then, we have the following inequalities
f(%%)—f(a) qa+b
f@) < @) = (40 S @t f @), on [o 255, (30)
f(qlafb)—ﬂb) qa+b
< = R i I
@) < ko) = () S e £ @), on 2552, (31)
nw) = =D ) pa),
b—a
For all z € [a,b], ¢-integrating the inequalities (30) on [a, ql”fqb] and (31) on [ql(:zb, b], we have
ga+b
b T+gq b
/f (x) adgr < / ki (z) odgz + / ko (z) odgx (32)
a a ga+b
1+4+q
Now calculate g-integrals in (32) we have
ga+b
o b +b
—a qa
k ad = , 33
@) ader = 2 (SO o) 3
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b
T T = b—a 2 —
[b/@( ) e = [f<b>+(q a1 A

qa—i—b)} .

I+gq 3

qa
1

By summing (33), (34), we have

qa+b

b 1+q b
[1@) e < [ B@) s+ [ @) sde = -0) (‘-’f((f)j(;z(b)+liqf<quqb>). (35)

a

1

Finally, in figure 3 k1 (z) < h(z) on |a, 28| and ko (z) < h(z) on |22E2 b|. By taking ¢-integrals, we have
1+gq 1+q

qga+b
q

S\:

a
1

b b
ki (z) odgz + / ko (z) odgx S/h(m) adg
ga+b a
+q

@0 | eatd af @0
(1+¢° 14+q¢ l+q = l+gq

and we obtain right hand side of (29) so the proof is accomplished. m

Remark 2 In Theorem 3, if we take ¢ — 17, we recapture the following classical Hermite-Hadmard type
inequality:

b
f(a;b) < bia/f(mdméwﬁf(a;bﬁ oo

Theorem 4 Let f : [a,b] x [c,d] C R? — R be convex on co-ordinates on [a,b] x [c,d], the following
inequalities hold for all q1,q2 € (0,1)

f (aql +b cqg—i-d)

I+q " 1+q
b d
_% [bia/f<$, Clqi_—tpd) adg, @ eric/f(‘ll‘Z:—‘;lb’y) quzy] (36)
’ b od ‘
= Wl(d%)//f(m’y) cdezy  adn® (37)
a ¢ b
- 2(b—a)q§1+q2)2 /f(x’c) ol ¥ (38)

a

b
1

oo (ta) a/f(x’d) o

b

Q2 cq2 +d
*'Q(b__a)([+qh)j/f(xv ) adg,®

a

IEEEETS:
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1
+ Td— 90 ra) C/f(b,y) g,y

d
q1 aq1 +b
, gy
+2(d—c)(1+q1)/f<l+q1 y) a=Y

QIQQf(a c)+qif(a,d)+ q2f(b,c) + f(b,d)

< (39)
14+q)* (14 )
q1G2 (aq1 +b cqo+ d)
(1+q1)(1+ge2) I+q1" 1+
q142 (aqler ) qn aqi +b d)

5 ,C) + 5 ,
I+q)(1+q) 1+a 1+q)(l+q) 1+a
cqo +d cqo +d
+ Q1QCI2 f (a, q2 ) n %2 f (b, q2 )
(I4+q¢1)" (14 ¢2) 1+¢ (1+q1)" (14 q2) 1+¢go

Proof. (36) and (37) is proved in Theorem 2. We will prove (38) and (39). Let g, : [¢,d] — R, g.(y) = f (z,9)
be convex function. By using (29), ¢-Hermite-Hadamard type inequality we have

d
=(¢) + g.(d +d
(14 ¢2) L+ q I+¢o
1 [(@,0) + £(@,d) d
q2J\T,C + z, q2 C(J2+ )
T T, .d, < + z, , 40
—C/f( y) clq Y (1+C]2)2 1+q2f< 1+ ¢ ( )

for all z € [a,b] and g1, ¢2 € (0,1). By ¢p-integrating the inequality (40) on [a,b], we have

(:E7 y) Cdrpy admx

a

b

b
1
aldg, @ +7/fxd odgx +
/ ot 4 g ] 10D

/f LD . (1)

1+Q2 1+q

1+QQ

By he same way, let g, : [a,b] — R, g,(z) = f (x,y) is convex function. By using (29) ¢-Hermite-Hadamard
inequality, we have

b
/gy(m) wdgy < q19y(a) + gy(b) L@ (aql—i—b)

I+a)?  1ta”\1+a
i f(a,5) + £(b,y) b
qajla,y + Y q1 a(h-i‘
z, adgr < + R R 42
b—a/f( ¥) ol (1+q)° 1+Q1f<1+q1 y) (42)

for all y € [c,d] and ¢1,¢2 € (0,1). By go-integrating the inequality (42) on [e, d], we have

1 b d
—a)//f gy adg @
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d d

(]_flql)Q/f(avy) cdtI2y +(1—’_1ql)2/f(b,y) qu2y

d
qn aq1 +0b
+ , gy -
1+q1/f(1+q1 y) a2¥

351

(43)

If (41) is divided by (b — a) and (43) is divided by (d — ¢) and (41 with (43) are summed, then (38) and (39)

inequalities are obtained as follow:

b d
it [ren oy

: / : /
< flz,0) odyx + flz,d) odgx
2(b—a)(qu ! 2(5—a>(1+q2 ’
1 d 1 ’
cq2 + Q1
odgx + / a,Y) gy
(b—a 1+¢]2/f Q2) ! 2d—c) (1+q)? fla:y) ooy

C

d
1

Finally, by using (2) on the right hand side of (44) we have

b

qz 1 q2 _QIf(av C) + f(b7 C) q1 aq, + b
51 1L \2h— f(x,c) adgyx < . A 9
2(1+¢p)"b—a 2(1+¢2)" | (1+aq) T+ 1+aq

b L] d) + f(b,d b
% ]' /f('T?d) adqlx S 5 Q1f(a7 )+f2( 5 ) Q1 aq1+ 7d)
2(1+Q2) b—a 2(1+q2) I (1+q1) 1+q 1+

d

1 a,c)+ fla,d cqa +d
Q1 2 /.f(aay) cdqu S ql 2 q2f( ) f2( ) + q2 f <CL, QQ >

2(1+q) d—c 2(14q) (1+aq) 1+go 1+ g2

d
1 1 1 q2f(b,c) + f(b,d q cq2 +d
e [ S0y < L | @I eI bd) a2 () e
2(1+q)°d—c 2(1+q1) (14 q) 1+ qo 1+qo

C

d
7 1 agr +b
ed
2(1+q1)d— c/f(1+q1’y> a2¥
a a b
G f (P22 ) + [P, d)+ 2 (G(I1+b C(J2+d>
(14 q2)? I+g  \1+a 1+e

q1
2(14q1)

b

1 d
2 /f(gc, g2 + ) adg, T
2(14+g)b—a 1+ ¢

a

1 1 q1 / <0J(]1+b >
+ b7 cdz + o ) cdz .
2(CZ—C)(1+ql)2/f( b) edany 2(d—c)1+q ! 1+q Y a2¥

)

(47)

(48)

(49)



352 Quantum Hermite-Hadamard’s Type Inequalities

cqo+d cqo+d
a2 qf(a, 1qiqz )+ f(b, 1qiq2 ) n f (aql e d) (50)
2(1+qo) (1+q)? 1+q I+q 1+q

By summing (45)—(50) inequalities the proof is completed. ®
Remark 3 In Theorem 4, if we take ¢ — 1, we recapture [5, Theorem 2.2].

Theorem 5 Let f : [a,b] x [c,d] C R? — R be conver on co-ordinates on [a,b] x [c,d], the following
inequalities hold for all q1,q2 € (0,1),

d
a+b c+d 1-—q1)(b—a) |0f fa+b c+d 1 0 a+b
f( 2 2 )+ 4(1+q1) a:c( 2 2 >+d—c/8xf< 2 y) daxy
b
(1—g2)(d—c) |Of fa+b c+d 1 0 c+d
i) [@( 2 2>+b—a/mﬁ<% 2)“%ﬁ]

b d
1 c+d 1 a+b
2w_@/7(%2) MWE+2M—@/j<f2*OC%w

<
b
(1—q2 0 c+ (1—q1 b—a a+b
A 1 (+5) e + S [ (5550) o
. b d
< m//f(%y) gy alg,®
d . d
Q1
< 2(1—i—q1)(d—c)/f(a’y) g,y +2(1—|—ql)(d—c)/f(b’y) cdgyy
b b
42 1
+m/f(w,0) adq, @ +m/f(%d) adq, @
< thzf(a:C) +q1f(a7d) +qf (b7c) +f(b7d)

(1+q)(1+q2)

Proof. The right hand side of Theorem 5 was proved in Theorem 2. We will prove the left hand side of
Theorem 5
Let g, : [¢,d] = R, g.(y) = f (z,y) is convex function. By using (3), ¢-Hermite-Hadamard inequality we

have .,
c+d (1—g2)(d—¢)0gs (c+d 1 /

< x Cd2 )

gx< 5 >+ cta) oy \ 2 ) Sa e 92 () cdgyy

(55 R )

) edgy - (51)

By the same way, let g, : [a,b] — R, g,(z) = f (z,y) is convex function. By using (2) ¢-Hermite-Hadamard
inequality we have

b
a+b 1-—q)(b—a)dgy (a+Db 1 /
- <
gy< 2 >+ 2(l+q1) 9z \ 2 ) " b—a 9y(2) adgy@
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a+b (I1-q1)(b—a)df (a+Dd /
. 2
P(t) A (0 ) < [ adys 52)
By choosing respectively z = “TH’ and y = °+d n (51) and (52) inequalities we have, we have
d
a+b c+d (1-—q)(d—c)df (a+b c+d 1 / a+b
=L < oz
f( 2 2 )+ 20ta) ay\ 22 )Sa—c )\ Tay) day . (53)
b
a+b c+d 1-q)(b—a)df fa+b c+d 1 / c+d
- < —_— . 4
f( 2 2 >+ 0+q) e\ 22 )Sh—a )\ ® ) el (54)

By summing (51) and(52), we obtain the following the left hand side of Theorem 5

f<a+b c+d>+(1—q1)(b—a)8f<a+b c+d)+(1—q2)(d—c)8f<a+b c+d>
2 7 2 41+q) oz \ 2 7 2 4(1+¢q) oy\ 2 2

b d
1 1 c+d 1 a+b
< = =
= 5 [b—a/f<x’ 9 ) adqlx +d—6/f< 9 7y) cdqu] (55)

a c

for all z € [a,b] and ¢1,¢2 € (0,1). By ¢i-integrating the inequality (51) on [a,b] and divide by (b — a), we

have
o) SR (550 e

b d
1
= (b_a)(d—c)a/c/f(x’y) cdgy  atg, T

b

b
1 c+d (I-g)(d—c) [0 c+d
b—a/f<x’ 2 > “da® T T ) =a) (1—|—qz b—a /(‘3yf< ) ada,

bfa 70 //f xy QQy dqr%" (56)

for all y € [¢,d] and ¢1,¢2 € (0,1). By go-integrating the inequality (52) on [¢,d] and divide by (d — ¢), we
have ,
a+b 1—q)(b—a)df (a+Db 1 /
a_ < ad ’
.f( 2 7y>+ 2(1+q1) 81: 2 7y —_ bfa f(377y) lIIx

d

d
1 a+b (1 )(b—a) 0 a+b
d—c/f< 9 7y> cdgyy +2(1+CI1 /% < 9 Y ) elgyy

IN
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By summing (56) and(57), we obtain the following (14) and (15) inequalities in Theorem 5

i (255 gt [ (55)
EiEncer / o (50) cton
w_aﬁwﬂﬂfff@w>ﬂwya%ﬁ. o9

By using 55) and (58), the proof is completed. m

Theorem 6 Let f : [a,b] x [c,d] C R? — R be convex on co-ordinates on [a,b] x [c,d], the following
inequalities hold for all q1,q2 € (0,1)

f(a+qlb,c+Q2d)+(1—q1)(b—a) "
I1+q1 " 1+¢q 2(1+aq¢1)

d
Of (a+qb c+ q2d 1 /8 a+ qb
g7 < od
[ax(1+q1’ 1+ g0 +dfc axf 1+q1’y 0=

b
(1—go2)(d—c) 8f<a+q1b c+q2d) 1 /c’) < c+q2d)
9 + a. ) adl
* 2(1+qq) Iy \1+q 1+¢ b—a 8yf BT o

d

b
1 C—f—QQd a+q:1_b
< 2(ba)/f<x’1+q2) adg, @ + /f(lJrq ) g,y
b
(1-g2)( 0 c+ qod
+ 2(1+gq2)( b—a /8yf< 1+q2> adg,
d
I-q)(b—a) [0
+2(1+CI1 /(%f< ’y> cdgyy
. b od
S ncer § ECCRCURC
d . d
T
< S ) T e gy [0 e
a2 1
e e R R e e R R
. aef(ed+af(ed+af(bo+f(bd

(14+q1) (1+q2)
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Proof. The right hand side of Theorem 6 was proved in Theorem 2. We will prove the left hand side of
Theorem 6.
By using (4) inequality The proof is done with same method in Theorem 5. =

4

Conclusion

With the help of these results, it will be possible to find a range for co-ordianetd convex functions whose
g-integral can not be calculated.

Example 2 The quantum integral of f (x,y) = e +9° can not be calculated on I = [0,1] x [0,1]. But, we

can

obtain an interval for q-integral for this function on I by q1q2-Hermite-Hadamard Inequality as follows:

1

1 + 1 1 1 1 2
e(+a? " (1+42)2 < = [ e(+a2)? 4 ¢ (1+a1)? e” dex
-2
0

1 1
PP ydgw < LTC [ ey
/6 @Y0q T > (1+q) € qT
0 0

INA
O\H

Qg2 + qre + gae + €2
(1+q1)(1+q2)

where 0 < q,q1,q2 < 1.

As can be seen, the inequalities obtained are very useful in quantum integral estimates calculations.
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