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Abstract

We discuss the existence and uniqueness of points of coincidence and common fixed points for three
self mappings in m-metric spaces and apply our main result to derive fixed points for expansive type
mappings and several new results in this setup. Finally, we give some examples to justify the validity of
our result.

1 Introduction

Fixed point theory is an important branch of nonlinear analysis that can be applied to many areas of
mathematics and applied sciences. The most celebrated result in this field is the Banach contraction principle
[5]. Because of its simplicity and usefulness, it has become an important tool to solving existence and
uniqueness problems in nonlinear functional analysis. After the appearance of Banach contraction principle,
lots of generalizations have been made in different directions (see [10, 11, 12] and references therein). In
1994, Matthews [9] introduced the notion of partial metric spaces as a generalization of metric spaces and
proved some important fixed point theorems including the well-known Banach contraction theorem in this
new framework. Recently, Asadi et al. [3] extended the notion of partial metric spaces to m-metric spaces
and studied some fixed point results in this setup. The main aim of this paper is to obtain a sufficient
condition for the existence and uniqueness of points of coincidence and common fixed points for three self
mappings satisfying a generalized contractive type condition in m-metric spaces. As some consequences of
this study, we obtain several related results in the setting of m-metric spaces.

2 Some Basic Concepts
We recall some basic notations, definitions, and results in m-metric spaces.

Definition 1 ([3]) Let X be a nonempty set. A function p: X x X — R is called an m-metric if the
following conditions are satisfied:

(m1) p(z,x) = ply,y) = p(@,y) <=z =y,

(m2) may < p(z,y),

(m3) p(x,y) = pwly, =),

(m4) (w(@,y) = may) < (1@, 2) = maz) + (1(2,y) = Mmzy),

where Mgy = min{u(z,x), u(y,y)}. Then the pair (X, p) is called an m-metric space. The following
notation is useful in the sequel My, = max {p(x, x), p(y,y)}.
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Example 1 ([3]) Let X = [0,00). Then p(z,y) = L on X is an m-metric. It is valuable to note that 1
is not a partial metric on X. In fact, if v = 4, y = 2 then p(z,z) > p(z,y).

Remark 1 ([3]) For every x,y € X,
1. 0< Macy + Myy = ,U,((,U,{L') +:u(y,y);
2. OSMTy*mTy :\u(a:,:c)fu(y,y) |

Example 2 ([3]) Let p be an m-metric. Put p*(z,y) = p(x,y) — 2may + Myy. Then p* is an ordinary
metric.

Lemma 1 ([3]) Every p-metric is an m-metric.

It is clear that each m-metric 11 on X generates a topology 7, on X. The set { B,(z,¢) :x € X,e >0},
where B, (z,¢) ={y € X : p(z,y) < mgy + €}, for all z € X and € > 0, forms the base of 7.

Definition 2 ([3]) Let (X, ) be an m-metric space. Then:

1. A sequence (x,,) in an m-metric space (X, u) converges to a point & € X if limy, oo (u(zp, ) =My, 5) =
0.

2. A sequence () in an m-metric space (X, p) is called an m-Cauchy sequence if limy, m— oo (11(Zn, Tm) —
My, x,,) aNd My, oo (Mg, o, — My, 2, ) exist(and are finite).

3. An m-metric space (X, ) is said to be complete if every m-Cauchy sequence () in X converges, with
respect to T, to a point x € X such that limy, o (1(zpn, £) =My, ) = 0 and limy, oo (Mg, o =My, ) = 0.

Lemma 2 ([3]) Let (X, u) be an m-metric space. Then:

1. (x,) is an m-Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric space
(X, ).

2. An m-metric space (X, ) is complete if and only if the metric space (X, ™) is complete.

Definition 3 ([7]) A function ¢ : [0,00) — [0,00) is called an altering distance function if it satisfies the
following properties:

(i) v is strictly increasing and continuous;
(ii) ¥ (t) = 0 if and only if t = 0.
The class of all altering distance functions is denoted by V.

Definition 4 ([2]) A function ¢ : [0,00) — [0,00) is called an ultra altering distance function if ¢ is
continuous, and p(0) >0, ©(t) > 0, t # 0. The class of all ultra altering distance functions is denoted by ®.

Definition 5 ([2]) A mapping F : [0,00)? — R is called a C-class function if it is continuous and satisfies
the following axioms:

1. F(s,t) <s;

2. F(s,t) = s implies that either s =0 ort = 0.

We denote the C-class functions by C.
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Example 3 ([2]) The following functions are elements of C.
1. F(s,t)=s—1t.
2. F(s,t)=ms, 0 <m < 1.
3. F(s,t) =sp(s), B:[0,00) = [0,1) and is continuous.

Definition 6 ([1]) Let T, S : X — X be two self mappings on a set X. If y =Tz = Sx for some x in X,
then x is called a coincidence point of T and S and y is called a point of coincidence of T and S.

Definition 7 ([6]) The mappings T, S : X — X are called weakly compatible if they commute at their
coincidence points, i.e., if T(Sxz) = S(Tx) whenever Sz = Tx.

Lemma 3 ([4]) Let X be a nonempty set and the mappings S, T, f : X — X be such that (S, f) and (T, f)
are weakly compatible. If S, T and f have a unique point of coincidence y in X, then y is the unique common
fized point of S, T and f in X.

Definition 8 Let (X, ) be an m-metric space. A mapping f : X — X is called expansive if there exists a
positive number k > 1 such that

u(fz, fy) = kp(z,y), Vo, y € X.

3 Main Results

Theorem 4 Let (X, p) be an m-metric space and let the mappings S, T, f : X — X satisfy the following
condition:

mazx {Y(u(Sz, Ty)), (T, Sy)), ¥(w(Tz, Ty)), b (u(Sz, Sy))} < F((u(fx, fy)), o(u(fz, fy))) (1)

for all z,y € X, where v € ¥, ¢ € ® and F € C. Suppose that S(X) U T(X) C f(X) and f(X)
is a complete subspace of X. Then S, T and [ have a unique point of coincidence u(say) in f(X) with
w(u,u) = 0. Moreover, if (S, f) and (T, f) are weakly compatible, then S, T and f have a unique common

fized point in f(X).

Proof. Let xy € X be arbitrary and choose a point z; € X such that fxy; = Szy which is possible since
S(X) C f(X). Similarly, there is a point 3 € X such that fze = Tz;. Continuing this process, we can
construct a sequence (fz,) in f(X) by fz, = Sz,_1,if n is odd and fz, = Tx,_1,if n is even.

If n € N is odd, then by using condition (1) we have

Y(p(fTn, fTni1))

P(p(Swn—1,Ty))

< max {Y(u(Sen—1,Ten)), Y((TTn-1, ), Y((T2n-1,Txn)), Y(1(STn-1, ST0))}
< F@(u(fzn-1, fon), o(u(frn-1, frn))).

If n € N is even, then similarly we get

V(p(fzn, foni1)) < F@p(frn-1, fzn)), o(0(f2n-1, fz,))).
Thus for all n € N, we must have
Y((fn, frni1)) < F@(u(fen—1, fon)), o(u(fon-1, fon))) < O(p(frn-1, f2n))- (2)

We shall show that lim, o p(fzn, fXnt1) = 0. I pu(fTng, fTno+1) = 0 for some ny € N, then by using
condition (2), we have

0< ¢(N(fmnn+1v fxn0+2)) < 1/J(N(f$nm fxno+1))
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which implies that ¥(u(fTng+1, [Tne+2)) = 0 and hence p(fxn,+1, fTno+2) = 0. This means that
w(fn, fxnt1) =0 for all n > ng

and so limy, o0 i(fZn, font1) = 0.

We now suppose that u(fx,, fen41) > 0 for all n € N. Since 4 is strictly increasing, it follows from
condition (2) that u(fxn, frnt1) < pu(fxn—1, fz,). Therefore, (u(fxn, frnt1)) is a decreasing sequence of
nonnegative real numbers. So, there exists r > 0 such that lim,, o p(fzn, fonr1) = 7. We shall show that
r = 0. From condition (2), we get

1imsup¢(ﬂ(fxnafx7z+l)) < limsupF(¢(M(fxn—lvfxn))aSO(M(fxn—lafxTL)))

n—oo n—oo

< limsup Z[)(H(fxn—laf:r’n))'

n—oo

Therefore, ¥(r) < F(¢(r), (r)) < 1(r). So, it must be the case that F(¢(r),o(r)) = ¢(r) which ensures
that either ¥(r) = 0 or ¢(r) = 0. By using the properties of ¢ and ¢, it follows that in each case, r = 0.
Therefore,

nILH;o pw(frn, frni1) =0, (3)

Now we prove that (fzy) is an m-Cauchy sequence in (f(X), u).
For all n € N, we obtain by using condition (1) that

max {w(/‘(smm Txn))a 1/1(M(T33m T337L))7 T/J(M(Sﬂfn, an))}
F(p(p(fan, fen)), o(u(fan, fon)))
Y(p(fan, frn)).

Since 1) is strictly increasing, we have p(fxni1, foni1) < u(fxn, fo,). This assures that the sequence

(u(fzp, fzy)) is decreasing. So, Um u(fx,, fz,) exists. By using (m2), we get

Tﬁ(ﬂ(fl“nﬂ, fxn-‘rl))

VANVARNVAN

0< Mfz, fonp = ,U'(fxn-i-lv fwn-&-l) < /‘(fxnv fxn-&-l)-

This implies that lim,, o pt(fZn, f2n) = 0. On the other hand, my4, fo,, = min{u(fen, fon), L(fTm, fom)}
implies that
lim M, fe, = 0. (4)

n,m— 00

As 0 < Myy, fon — Mz fam = | W(fTn, f20) = p(f2Zm, fTm) |, it follows that

lim (Mye, fz,, — Mz, fe,,) = 0.

n,Mm—00

We now show that lim,, ,,— o (4(fZn, fTm) — Mf, fon) = 0. Let p*(z,y) := p(x,y) —my,, for all z, y € X.

Therefore,
lim 1" (fan, foni1) = 0. (5)

n—oo

Suppose that limy, ,m—co ™ (fZn, fTm) 7# 0. Then there exist € > 0 and two subsequences (fz,,) and (fzm,,)
of (fx,) with k < nj < my and

1 (frme—1, fon,) < € < p"(fTm,, fon,) Yk €N.
By (m4), we have

GSM*(fxmkafxnk) S ,U/*(fxmkafxmkfl)+M*(fxmk71afxnk)
< :U’*(fxmmfivmkfl) +e.
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Taking limit as k¥ — oo and using condition (5), we get
Jon 17 (g, fm,) = €.

ie.,
lim (:u(fank ; fxnk) - mfxmkfxnk) = €.
k—oo

As limy_ o Mfap, fon, =0, it follows that
klglolo M(fwmk ) fxnk) =€ (6)
By repeated use of (m4), we get

w (fx”ﬂk ) fx"lk) < “*(foka fxmm-l) + M*(fxmk-&-la fxnk-&-l) + U*(fxnk-i-l: fxnk)

and
:U'*(fxmk+1a fxnk.—i-l) S N*(fxmk+1> fxmk) + N*(fxmk, fxnk) + /L*(fxnkv fxnk—&-l)-

Taking limit as k — oo and using conditions (3) and (6), we have
Jim W (fTmp41, fTn41) = €
This together with condition (4) imply that
i (femrrs fEn, 1) = e (7)
By using condition (1), we obtain

Y(p(fTmyt1s fTn,41))

max {Y (u(Szmy, TTn,)), Y (T Ty, STny,)), YT Ty, Tny.))s (ST STy ) }
F@(u(fmy fon,), o(u(fTm fon,)))

Y((fmys fTny))-

Taking limit as k — oo and using conditions (6) and (7), we get

P(e) < F((e), p(e)) < v(e).

So F(¢(e),p(e)) = ¥(e). The definition of F' ensures that either () = 0 or ¢(e) = 0. In each case, we
have € = 0, which is a contradiction. Therefore, limy, m—oo(U(fTn, fTm) — Mfa, f2,,) = 0. Thus, (fz,) is
an m-Cauchy sequence in f(X). Since f(X) is complete, there exists u € f(X) such that fz, — u = ft for
some ¢t € X. So it must be the case that

IAINCIA

lim (pu(fxn, u) —mypg,u) =0and Um (Mg, — Myz,) =0.

n—oo n—oo

Aslimy, oo Mfa,u = 0, it follows that lim,, o p(f2n,u) = 0. Moreover, 0 < My w—mfz,u =| p(fTn, fTn)—
w(u, ) | implies that p(u,u) = 0.By using condition (1), we get

Y(u(fronyr, Tt)) Y(u(Swan, Tt))

max {1 (1(Sz2n, T'1)), (T T2n, ST)), ¥ (T 25, Tt)), Y (11(Sz2n, St))}
Fp(p(fran, f1)), o(u(fr2n, ft)))

Y(pu(fron, f1)).

Since 1 is strictly increasing, we have

INIA TN

1(front1, Tt) < p(faon, f1). (8)
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By an argument similar to that used above, we obtain

p(frany2, St) < p(frony1, ft).

By using condition (8), we have

0 < pu(ft,Tt)

n(ft, Tt) — mpery
< u(ft, frongr) + p(fronts, Tt)
< N(ftafx2n+1) +/‘(f$2mft)'

Taking limit as n — oo, we get u(ft,Tt) = 0. Similarly, by using the inequality
0 < p(ft, St) < p(ft, franse) + p(fT2ns2, St),
we obtain, u(ft,St) =0. Again,

0 < P(u(TTE) < maa{p(u(St,TH), w(u(Tt, Tt)), v(u(St, 51)))
< F((u(ft, £1), o (ulft, f1)))

< P(u(ft, ft)) =0.
This gives that p(T¢,Tt) = 0. Similarly, u(St,St) = 0. Therefore, u(ft, ft) = u(ft,Tt) = p(ft,St) =
w(Tt, Tt) = p(St, St) and hence ft = Tt = St = u. This shows that u is a point of coincidence of S, T' and

I
For uniqueness, assume that there is another point v € f(X) such that fx = Te = Sz = v for some
x € X and p(v,v) = 0. Then,

P (p(u,v))

Y(u(St, Tx))
max {1 (u(St, Tx)), »(u(Tt, Sx)), b(u(Tt, Tx)), Y (u(St, Sx))}
Fp(u(ft, fx), o(u(ft, fx))) < P(p(u,v)),

which implies that F(¢(u(u,v)), p(u(u,v))) = ¢¥(p(u,v)). Using properties of F, we have ¢(u(u,v)) = 0
or o(u(u,v)) = 0. In each case, u(u,v) = 0. Thus, p(u,u) = p(v,v) = p(u,v) which ensures that u = v.
Therefore, S, T and f have a unique point of coincidence in f(X). If (S, f) and (7T, f) are weakly compatible,
then by Lemma 3, S, T and f have a unique common fixed point in f(X). m

<
<

Remark 2 [t is worth mentioning that we can replace the continuity of F in Theorem /J by its upper semi-
continuity.

Corollary 5 Let (X, u) be an m-metric space and let the mappings T, f : X — X satisfy the following
condition:

Y(u(Tx, Ty)) < F(u(fz, fy), e(u(fz, fy)))

forall z,y € X, where v € ¥, p € & and F € C. Suppose that T(X) C f(X) and f(X) is a complete
subspace of X. Then T and f have a unique point of coincidence u(say) in f(X) with p(u,u) = 0. Moreover,
if T and f are weakly compatible, then T and f have a unique common fized point in f(X).

Proof. The proof can be obtained from Theorem 4 by taking S=T7T. m

Corollary 6 Let (X, u) be an m-metric space and let the mappings T, [ : X — X satisfy the following
condition:

Y(p(Tx, Ty)) < Y(u(fr, fy) — e(p(fz, fy))

forall x,y € X, where ¢y € ¥, p € . Suppose that T(X) C f(X) and f(X) is a complete subspace of X.
Then T and f have a unique point of coincidence u(say) in f(X) with u(u,u) = 0. Moreover, if T and f
are weakly compatible, then T' and f have a unique common fized point in f(X).
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Proof. The proof follows from Theorem 4 by taking S =T and F(s,t) =s—t. =

Corollary 7 Let (X, u) be an m-metric space and let the mappings T, f : X — X satisfy the following
condition:

w(Tx, Ty) < p(fz, fy)B(u(fz, fy))
forallx,y € X, where 8 :[0,00) — [0,1) is a continuous function. Suppose that T(X) C f(X) and f(X) is
a complete subspace of X. Then T and f have a unique point of coincidence u(say) in f(X) with u(u,u) = 0.
Moreover, if T and f are weakly compatible, then T and f have a unique common fized point in f(X).

Proof. The proof can be obtained from Theorem 4 by taking S =T, ¥(t) =¢t, V¢ > 0 and F(s,t) = s8(s).
[

Corollary 8 Let (X, pu) be an m-metric space and let the mappings S, T, f : X — X satisfy the following
condition:

maz {p(Sz, Ty), w(Tx, Sy), W(Tx, Ty), u(Sz, Sy)} < k p(fz, fy)

forall x,y € X, where 0 < k <1 is a constant. If S(X)UT(X) C f(X) and f(X) is a complete subspace
of X, then S, T and f have a unique point of coincidence u(say) in f(X) with pu(u,u) = 0. Moreover, if
(S, f) and (T, f) are weakly compatible, then S, T and f have a unique common fized point in f(X).

Proof. The proof follows from Theorem 4 by taking ¥(t) =t¢, V¢ > 0 and F(s,t) = ks, 0<k <1l m
The following corollary is a generalization of [3, Theorem 3.1].

Corollary 9 Let (X, u) be an m-metric space and let the mappings T, f : X — X satisfy the following
condition:

w(Tz, Ty) < k p(fz, fy)
forall z,y € X, where 0 < k < 1 is a constant. If T(X) C f(X) and f(X) is a complete subspace of X,
then T and f have a unique point of coincidence u(say) in f(X) with p(u,u) = 0. Moreover, if T and f are
weakly compatible, then T and f have a unique common fized point in f(X).

Proof. The proof follows from Theorem 4 by taking S = T, ¢(t) = ¢ for all ¢t € [0,00) and F(s,t) = ks,
where 0 < k<1 =m

Taking T'= I in above corollary, we obtain the following result.

Corollary 10 Let (X, u) be a complete m-metric space and let f: X — X be an onto expansive mapping.
Then f has a unique fized point in X .

We now give some examples to support our main result.

Example 4 Let X = [0,00) and p: X x X — RT be defined by u(z,y) = %ry for all x,y € X. Then
(X,p) is a complete m-metric space. Let S, T, f : X — X be defined by Sx = 5, if 0 <z < 1 and
Sx=0,if 1<z <o0;Tx=0,if 0<z<landTzr=7%, if 1 <x<oo; fx=2x forallx € X. Clearly,
S(X)UT(X) C f(X) = X. Take 1(t) = 3t for all t > 0 and F(s,t) = is for all s, t > 0. It is easy to
verify that all the hypotheses of Theorem 4 hold true and 0 is the unique common fized point of S, T and f
in f(X) with u(0,0) = 0.

Example 5 Let X = [0,00) and p: X x X — R be defined by pu(z,y) = min{z,y} + =¥ for allz, y € X.

Then (X, p) is a complete m-metric space. Let S, T, f : X — X be defined by Sx = (x;1)2, if0<zxz<1

and St =0, if 1<z <oo;Tx=0,if 0<z<1andTx = (x—31)27 if 1<z <oo; fr=(x—1)2 for all
z € X. Clearly, S(X)UT(X) C f(X)=X. Take (t) =2t for allt > 0 and F(s,t) = 3s for all s, t > 0.
It is observed that S(1) = T(1) = f(1) = 0 but f(S(1)) # S(f(1)). Therefore, S and f are not weakly
compatible. However, all the other conditions of Theorem 4 are satisfied. We find that 0 is the unique point
of coincidence of S, T and f in f(X) with u(0,0) = 0. It should be noticed that Theorem 4 can not assure

the existence of a common fixed point of S, T and f.
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