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Abstract

In this paper, we study a class of Cauchy-type problem for a singular fractional differential equation
involving a Caputo fractional derivative with respect to another function . By using the modified
Picard’s iterative method, new existence and uniqueness results for the global solutions of Cauchy-type
problem are established. In particular, the unique existence of a global solution is proved under the
Lipschitz condition, without any constraints on the Lipschitz constant. The continuous dependence of
solution of Cauchy-type problem is investigated via generalized Gronwall inequality. At the end, an
illustrative example will be introduced to justify our results

1 Introduction

Over the decades, the fractional calculus has been building a great history and consolidating itself in several
scientific areas such as: physics, mechanics chemistry, biology, engineering, among others. The emergence of
various new definitions of fractional integrals and derivatives, makes the wide number of definitions becomes
increasingly larger and clears its numerous applications. So in the literature several studies dealing with
similar topics for different operators, for instance, Kilbas et al. in [10] introduced the properties of fractional
integrals and fractional derivatives of a function with respect to another function. Also some of generalized
fractional integral and differential operators and their properties were introduced by Agrawal in [3], and
consequently, open a window for new applications. And over time, other types of new fractional derivatives
and integrals arise and this makes the number of definitions wide, see [4, 8, 12, 13, 16].

Fractional differential equations have been proved to be new and valuable tools in the modeling of many
phenomena in various fields of physics, engineering and economics. Recently, there are some works about
the existence of solutions for a singular fractional differential equations, see [7, 9, 11, 17, 18, 19, 20] and the
references therein, for example Lian et al. in [11], studied a class of singular fractional differential equations

Deu(t) = f(t,u(t)), te (0,b,0<a<1, (1)

u(0) = wo, (2)

where Df, is the Caputo fractional derivative operator of order o, ug € R, b > 0 is a constant and the
function f is defined on R x R with lim;_q+ f(¢,.) = co.

As far as we know, there are few papers to discuss these problems for singular fractional differential
equations, especially those that include generalized Caputo fractional derivatives with respect to another
function . In a very recent contribution, Almeida in [4] introduced a new type of fractional differentiation
operator the so-called ¥-Caputo fractional derivative with respect to another function and extended the
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216 On y-Caputo Fractional Derivative Operator

works introduced by Kilbas et al. [10, 14]. Almeida et al. [5] investigated the existence and uniqueness
results for the Cauchy-type problem via fixed point theorem and Picard’s iteration method. Sousa and de
Oliveira in [15], discussed the existence, uniqueness and continuous dependence results of ¢-Hilfer fractional
differential equations by means of fixed point theorem and generalized Gronwall inequality.

Motivated by the excellent results mentioned above and the methods used in [11] and [5], in this paper, we
investigate the existence, uniqueness, and continuous dependence of global solution to the following singular
fractional differential equation involving the left generalized Caputo fractional derivative with respect to
another function :

g‘ﬁ’u( )= f(t,u(t)), t € (0,0], b>0, (3)

U(O) = Ug, (4)

where 0 < o < 1, CDgﬁ’ is the ¥-Caputo fractional derivative introduced by Almeida in [4], f : (0,b] xR — R

is given function with lim;_, ¢+ f(¢,.) = co and satisfies some assumptions that will be specified in Section 3
and ug is a constant.

The remainder of the paper is organized as follows: In Section 2, we present some preliminaries and
lemmas that will be used to prove our main results. In Section 3, we list the hypotheses and we also show
that problem (3)—(4) is equivalent to a Volterra integral equation. Further, we discuss the existence and
uniqueness of global solutions to the problem (3)—(4) via modified Picard’s iterative method. Section 4 deals
with the continuous dependence to such equations by means of generalized Gronwall inequality. Finally, an
example is provided to illustrate our main results in section 5

2 Preliminaries

For the convenience of the reader, we present here the necessary definitions and lemmas from fractional
calculus theory. These preliminaries can be found in recent literature.

Definition 1 ([6]) For z € C, R(z) > 0, the Euler gamma function is given by

I'(z) = / t*~le~tdt.
0
Moreover, T'(z + 1) = 2T'(z).
Definition 2 ([6]) Given R(p) > 0 and R(q) > 0. We define the Beta function (denoted B(p,q)) by

T(p)T(q)
I'(p+q)
Definition 3 ([10]) The left-sided 1p- Riemann-Liouville fractional integral and fractional derivative of order

a (n—1< a<n) for an integrable function h : [0,b] — R with respect to another function v : [0,b] — R
that is an increasing differentiable function such that ¢'(t) # 0, for all t € [0,b] are defined as follows

B(p,q) = / P M (1 — )1 du = (5)

T2V h(t) = ﬁ / ()t —0()*h(s)ds, t >0, (6)
and
Dylh(t) = <¢’1(t t) IV h(t) (7)
. ]. 1 d S n—a—1 s)ds
- e () [ e - vy s, 1o ®

respectively.
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Definition 4 ([4, 5]) Let a > 0 and v € C™[0,b] be a function such that v is increasing and ' (t) # 0, for
all t € [0,b]. Given h € C™~1[0,b]. The +-Caputo fractional derivative of h of order « is defined as follows

ety (1 _ ot = h(0) k
Dy h(t) = Dgi” | h(t) - > W) —v)"
k=0 ’

k
where th] (t) = [w/l(t) %} h(t), and n = [a] + 1 for a ¢ N. Further, if « =n € N, then CDS‘J:ph(t) = hzl] (t).
In particular, if 0 < o < 1, then CDSTbh(t) = Dg‘ﬂ’ [A(t) — R(0)]. If h € C™[0,D], then the left-sided v-Caputo
fractional derivative of h of order o can be represented by the expression

QLY _ n—ao;y) 1 i "
1

= L e m - o) (s)ds
— o [ PO v s

Lemma 1 ([4]) Let a > 0, 1,h € C*10,b] and h"™) exists almost everywhere on any bounded interval of
[0,b]. Then

o, a,p — hE/]j](O) k
Io “DRR(t) = h(t) = Y~ () — (0))".
k=0

In particular, if 0 < a < 1, we have Igﬁ;w CDgﬁh(t) = h(t) — h(0).

Lemma 2 ([10]) Let a > 0 and 8 > 0. Then, we have the following semigroup property given by
ISVIDV () = ToT PV h(t), t € [0,0).

Lemma 3 ([2]) Let a >0, h € C[0,b] and ¢ € C1[0,b]. Then I3i"h € C[0,b] and

I5Yh(0) = lim Z55Vh(t) = 0.

t—0t

The following generalization of Gronwall’s lemma for singular kernels plays an important role in obtaining
some of our main results.

Lemma 4 ([15]) Let x,y, be two integrable functions and h continuous, with domain [0,b]. Let ¢ € C[0, b]
an increasing function such that '(t) # 0, Vt € [0,b]. Assume that x and y are nonnegative and h is
nonnegative and nondecreasing. If

z(t) <y(t) + h(t)/o W' (s)(W(t) = ¥(5))" " a(s)ds,

then, for all t € [0,b], we have
S [R()D () o
oy <0+ [ 3 POESIL w600 - wie) ™ ue)is. )
k=1
Corollary 5 Under the hypotheses of Lemma /4, let y be a nondecreasing function on [a,b]. Then, we have

2(t) < y(t) Ea (M) (a) [(t) — ¥ (0)]%), VE € [0,8],

k

where Eq(-) is the Mittag-Leffler function defined by Eo(t) = > pep F(#—H)
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3 Main Results

In this section, we show the equivalence between a Cauchy type problem (3)—(4) and the Volterra integral
equation. Moreover, by using the method of modified Picard’s iterative, we obtain the existence and unique-
ness results of the given problem. Before proceeding for the main results, we introduce the lemmas needed
in the sequel.

Lemma 6 Let 0 < k < a. Then v-Riemann-Liowville fractional integral of a power function is given by

F(a)(—k+1)
IMNa—k+1)

Moreover, for all k ={0,1,..,n— 1}, n € N, we have

Dy [(t) — v(0)]" = 0.

I3 (1) — w(0) F = [W(t) — (0)]*7". (10)

Proof. In view of Definition 3, we have

1

762 [(s) — 4 (0)] 7" = o) J, () (W) = () [1b(s) = (0)] " ds.

The integral is evaluated by the change of variable 1(s) = ¥(0) + z [(¢) — ¥(0)], and with the help of the
Beta function defined by Eq.(5), we obtain

TiP ) = v = o [0 = 0] () = (0] o ()
_ L _ a—k ' )7k,
= Fa O - [ a-aeteta
N PR
= e O — 0O Bk + 1)

To prove that

We have from Definition 4,
Dt [1(t) — w(0)]" = Zgo ¥ Di¥ () — w(0)]". (12)
Since k < n € N, then
1 41"
DY [(t) — A — t) — M =o.
b o)~ w0 = | S 5] o v =0
Replacing this last formula into Eq.(12), we conclude that the relation (11) holds. m

Lemma 7 For any constant function C, we have

‘DY C = 0. (13)
Proof. From the Definition 4, we have
: 1 ad\"
cDa,l/)C — Z—n—a,l/) “ C
e = 5 ()

= 17" DllC
= CIyo™" Dy [u(t) — o (0)°

since n > 0, Dgfp [¥(t) — 1(0)]° = 0. Therefore, the relation (13) holds. m
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Lemma 8 Let o > 0, ¢ be as given in Definition 3 and u € C[0,b]. Then
cDgﬁ’ g‘;wu(t) u(t), a.e.

Proof. From the Definition 4, we observe that

— ll'ngquf ) k
DI u(t) = DY | T8 u(t) - [¥(t) = ¥(0)]
k=0
Also, we have
k
a,p k] o 1 d .,
IO+ uw (t) = |:fl)[}l(t)dt:| IO+ U(t)

= Dgﬁzgﬁlgflﬁ’wu(t)
1 t o
T T(a—k /0 () [(6) — ()] u(s)ds.
Since u € C]0,b], and by using Eq.(10), we find that

Tyl )] < s o) - v

Consequently,
( gf’bu)[k]( 0)=0, forall k=0,1,....,n— 1.

From the last equality with Eqgs.(14), (7), and using Lemma 2, we obtain
Dy Ioult) = DR Igult)
_ [wl()jt} T T ()
= DYYINYu(t) = u(t).
[

Corollary 9 ([2]) Let a > 0, 9 be as given in Definition 3, and h € C[0,b]. Then

t
ut) =+ o [ VW~ v s, e 0.1
is a solution for the Cauchy problem

{ DY u(t) = h(t), a.e.t € (0,0],
u(0) = up.

219

(14)

(15)

(16)

For the forthcoming analysis, we introduce additional conditions that will be used to show our main

result.

(A1) f:(0,b] x R — R is a continuous with lzm f(t u) = oo and there exists a constant 0 < k < « such

that [(t) — (0)]" f(t,u) is a contlnuous functlon on [0,b] x R.
(A2) For the k above, there exists constant L > 0 such that
[(t) = ()] |f(t ur) = f(t,u2)| < Llur —u
for all ¢ € [0,b] and for all uq,us € R.
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Lemma 10 Assume that (A1) and (A2) are fulfilled. The function u € C[0,b] is a solution to Cauchy
problem (3)—-(4) if and only if u satisfies the following Volterra integral equation

t
ut) = v+ s [ @00~ v@) (s u(s)ds, 1€ 0.0 (15)
Proof. We first show that for every u € C]0, b], the integral

F(s)((t) — Y(s))*
/0 (o) f(s,u(s))ds

is convergent and uniformly bounded for ¢ € [0, ]. In fact every u € C[0,b] is bounded. From the hypothesis
(A2), we know that (1(t) — (0))¥ f(t,u(t)) € C[0,b]. So there exists a constant M > 0 such that

|(8) = $(0)* f(t,u(t))] < M = [ f(t,u(t))] < M (1) —(0)] 7",

for all ¢t € [0,b]. Using Lemma 6, and definition of Beta function, we get

I sy
< / & () [0(0) — ()] [ls) — (0)] ™ ds
- M_Zﬂ) () — (o))"
< FryBlo—k+ D) — v

This means that ft ¥(s) (w(t)( ;/)(s)) f(s, u(s))ds is convergent and uniformly bounded for ¢ € [0, b].
The necessity is a consequence of Lemma 1. In view of Corollary 9, suppose that u € C]0, b] is a solution

of Cauchy problem (3)—(4). Applying Igiw on both sides of Eq. (3) and according to Lemma 1, we deduce
that

I -
u(®) =0+ s [ V@)~ 9s) (s, u(s))ds, (19)
L(a) Jo
On the other hand, assume that u € C]0, b] satisfying the Volterra integral equation Eq. (18), and we prove

that u also satisfies the nonlinear fractional differential equation Eq. (3). Applying the fractional derivative
operator °Dgﬁw on both sides of Eq. (19) with using Lemma 8 and Eq. (13), we get

Dy u(t)

. 1 ! -
DG o+ ey [ W)W 05" s u(s))ds
L(a) Jo
— DYug + DTt u(t)
= f(t,u(t)). (20)
Since f(t,.) € C[0,b], the Lemma 3 shows that Ig;wf(t,u(t)) in Eq.(19) vanishes at the initial point ¢t = 0,
and thus u(0) = ug. So this completes the proof. m

Next, we prove the existence and uniqueness of solution for the Cauchy problem (3)—(4) in C[0,b] by
means of the modified Picard’s iterative.

Theorem 11 Assume that the hypotheses (A1) and (A2) are fulfilled, then there exists a uniquely defined
function x € C[0,b] solving the Cauchy problem (3)-(4).
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Proof. In view of Lemma 10, we know that it suffices to prove that the integral equation (3) has a unique
solution. To this end, the equation (18) makes sense in any interval [0,¢1] C [0,b], ( t1 = to + ho, ho > 0,
t; < b ). Thus, we choose ¢; such that the inequality

T(—k+ 1)

MNa—k+1) (21)

N —

[W(t:) —(0)** <

holds, and then prove the existence of a unique solution z € C[0,t1] to the equation (18) on the interval
[0,t1]. We define a function sequence by

2V (t) = ug, t €[0,t1] (22)

and

e (t) = up + %a) / W (s) (W () — (5)) L f (s, 281 (5))ds, t € [0,t1], n €N (23)

It is clear that wn € C0,t1]. Hence, it follows from the proof of Lemma 10 that the functions sequence
x%l) are well-defined for all n = 1,2, - - -. Furthermore, according to hypotheses (A1), (A2) and Lemma 6, we
conclude that

28000) — <t>\

- r<1a / V()W) — () [ Fls 2l () = Fs,aly(5))] ds

< i [0 ) ) 0 0) ) ~ 2l s
- ﬁb’(a, k1) [(0) = w )" ol — 2y

= M[wm)—w(om-k‘ () 53>2H

Therefore, by Eq. (21), we get

n

w0(0) — 2, (0)] < 7 |

It follows,

1
’xg)(t) 20 (t)’ < — Hm(ll) — xél)H , forallm=2,3,---.

Tn-1 = 9n-1

Thus, we have that the series Y - | [a:g)(t) - xglzl(t)} is uniformly convergent on the interval [0,¢1]. It

then follows that { (1)( )} is uniformly convergent on [0,#;]. Denote (M) (t) = hm zl )( t). Then 2™ €

n=1
C[0,t], since a:%) is continuous on [0, ;] for all n. Now, we show that z(!) is the unique continuous solution
of Cauchy problem (3)—(4) on the interval [0,¢;]. From (A2), we see that the expression

W) = O | £t 2D 0) = FE2D )] < L] @) —2D(1)| = 0
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uniformly as n — oo on the interval [0, ¢1]. Hence by Egs.(22) and (23), we obtain

D) = lim_ (D (t)
=t [0+ s [0 - o) . ()
= a0+ s [ (w () 06(8) — ()" () - (0)) "

x(1h(s) — P(0))F £ (s, ;1>1(s))>ds

= )+ ﬁ / (¢'<s><w<t> —p(s))* (w(s) — (0)F

i (006) = 90 (5,212, () ) s

< (46(s) — B(O)* £ (s, x<l><s>>> ds

= xé”<t>+ﬁ / () ((t) — ()71 £ (s, 2D(s)) ds.

This means that Eq.(18) holds. From Lemma 10, we conclude that z(!) is a continuous solution of the
problem (3)—(4) on [0,¢1]. Assume that y € C[0,¢] is also a solution of the problem (3)—(4). Then for all
t €[0,t1],

1 t , o
e /0 W () (1h(t) — () f(s,y(s))ds.

In light of hypothesis (A2), and Lemma 6, then for ¢ € [0,%;], we have

00 -50] < g [ VO v fea D) - fe(s)] s

< i [0 06 ) O ) ot s
< & W) — o) ) — O] [0 — | _as

= Bk D) — v o0 =y

< m itn) = w0 o =y

The last inequality with Eq.(21) lead us to

|+ =] = 5=l

<s]

D =yon [0,¢1]. Therefore, M is the unique continuous solution of the

This is a contradiction, and hence z!
problem (3)-(4) on [0, t1].
Next, we discuss the solution on the interval [¢1,ts] where to = t1 + hy, by > 0 and t2 < b. Thus, we
choose t3 such that
I(—k+1)

Ta kD) V) — vt <

(24)

DN | =
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holds and we prove the existence of unique solution x € C[t1,t2]. Set

¢(t) =g+ h w/(s)(¢(t) — w(s))a_lf(s,l‘(l)(s))ds, te [t17t2]-
0 I'(a)

For n=1,2,- -, we define

and

2@ (t) = o) + F(s,22 [ (s))ds, t€ [t,ta).

t [(a)

As seen above, z(1) is uniquely defined and continuous on [0, 1], ¢ is uniquely defined on [t;,t5] and ¢(t1) =

(M (t1). Moreover, one can easily conclude from (A1)-(A2) that ¢ is bounded on [t1, 5], and hence xéQ) is

(2)
n—1

’xle(t)’ < Ly, for every t € [t1,t2]. Since f is continuous on [t1,t2] X [—L1, L1], then ’f , f)l(t)) <L*
for some constant L* > 0 and for all ¢ € [t1,¢2]. Therefore, for every t € [t1, tg]

bounded on [ty t3]. Now assume that is bounded on [t1,t2], i.e. there exists a constant L; > 0 such that

o] < o)+ [ IO ZII 02 (o)) as
< H¢||oo+ [w(tr>a fit)l)]aL* — ¢

This means that mg) is also bounded on interval [t1,t2]. So we can conclude by mathematical inductive that

,(1) is bounded and continuous on [ty, t5] for every n = 1,2, - -, and hence the function sequence {me’} is

well-defined. We now show that {x% )} is convergent uniformly for each ¢ € [t1,ts]. In fact, since

’x(2)(t) —® (t)‘
1

< F( i w (W) = () £, () = F(s. i (s)) | ds
< / P (s)() — () [ls) — 9(O)]* [ 1 (5) — 2 (5)] s
< / Y)W — 9 [00s) = () o2 - o2y as
L —k+1) o k‘ (2) (2) H
< to) — YP(T
< e ) - vt
Ly 2
< glmima
which implies that
zP(t) —x t)‘ <oy Hx(ll) — x(()l)H , foralln=2,3,---
2n= 00
Thus, we have that the series >~ [ng) (t) — f) 1(t)} is uniformly convergent on the interval (¢, t], similar
with the proof of interval [0, ¢1], we know that {xg)(t)}oo are uniformly convergent on [t1,¢2]. Hence, we
n=1

denote by 2 (t) = lim xs«?)(t). Then 2(?) € C[ty, 5], since 2P e Clty,te] for all n = 1,2, - -. Using the
n—oo
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same arguments as above, we can deduce that z(?) is the unique continuous function satisfying

1

2Pt = ot)+ f ¢( )@ (1) = v(s)* " f(s, 2P (s))ds

/ W ()((t) — 9()* 1 f (5,20 (s))ds

1 _
o 1//(8)(1/1(?5) — () f (5,23 (5))ds,
L(a) Ji,
for t € [t1,t2], which is the unique solution to (3)—(4) on [t1,ta].

Taking the following interval [to,t3], where t3 = to + ha, ho > 0 such that t3 < b. By reiterating this
proceeding, we conclude that there exists a unique solution z(*) to the equation (18) on each interval [t;_1,t;],.
Let us we set

z M (t); t €]0,t4],
z@(t); t € [t1,La],
z(t) = .

cN(t); t € [ty_1,tn].

Since £ € C[t;_1,t;] (for i = 1,2,--- N, and 0 =ty < t; <t < --- < ty = b) and by definition of £,
i=1,2,---, N, we notice that x(t) is the unique continuous solution of the problem (3)-(4) on [0,5]. This
completes the proof. m

Corollary 12 Assume that the hypotheses (A1)-(A2) hold. Then the Cauchy problem (3)-(4) has a unique
solution on [0,00).

4 Continuous Dependence
In this section, we study the data continuous dependence of the fractional differential equation including

1-Caputo derivative via the generalized Gronwall inequality. To this end, under conditions of Theorem 11,
we consider that Cauchy problem

"Dyt () = F(t (1), (25)
w*(0) = uj, (26)

has a unique solution

e / ()@t — 0())* 1 (5,1 (5))ds,
where 0 < a—e< a < 1.

Theorem 13 Let ¢, f € C([0,b],R) two functions such that 1 is increasing function and ' (t) # 0, for all
t € [0,b] and f satisfying Lipschitz condition FEq.(17) in R. Let a >0, € >0 such that 0 < a —e < a < 1.
Assume that u is the solution of Cauchy problem (3)-(4) and u* is the solution of Cauchy problem (25)-(26).
Then for 0 <t <b,

|u*(t) —U(t)l

> LpF — )\ ¥ (5)(w(t) — p(s)) !
Z( ) Ma—ok) @) ds

k=1

where
_ Tla—k+1)

C2LT(—k+1)
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_ —90)*7° (@) —¢(0)*°
A®) =y = uol + ) [T e
(0))0‘ < (W) —9(0)”
+I71 ‘ F(a)F(a —¢)  T(a+1) ’
and ||fl =~ sup |f(t,u)l.
(t,u)€(0,b] xR
Proof. The problems (3)—(4) and (25)—(26), have similar integral solutions and are given by
s [ )" (s, uls))ds, ¢> 0
and
u*(t) = =9 / V' (s Yo f (s, u*(s))ds, t >0,

respectively. It follows that

[u* () —u(t)] < Jug — uol

+immg / V() (E) — ()" (s " (5))ds
_ 7/ ,(/) a 1f(S,U(S))d$
S - U0|
))afefl B (¢(t) 7,(1) S))afefl ; U* ) )
{ a—e) () ]f(, (s)d
+m/@ P (8)((t) — (s)* L [f(s,u*(s)) — f(s,u(s))] ds
" [0 —w<s>>a+1 I COEIO) YRR
WLl T s uoa
—(0)*¢  ((t) — ¥(0)*
< uouo|+||f||’ 1) Tfa-o
+@/O W' () () — () [(s) — (0)]F [u*(s) — u(s)| ds

(1)~ (0D _ (1) ~b(0)"
MU S e i Tt

From Eq.(21) we note that, for s € (0,],

[9(6) =) < [0(e) — w0 < FE T =

Hence
* Lp K / a—e—1 *
|u® () —u(t)] < At) + F(a)/o P (s) (W) = ¢(s)) [u*(s) — u(s)| ds,
where A(t) is defined as in Eq.(27). In view of Lemma 4, we conclude that
|u*(t) = u(?)]

'S (Lebla =) " #/(s)(w(t) —(s) @I
< AW+ /0 ;( - ) vt A ds.

225
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Next, we discuss the continuous dependence of solution of (3)—(4) with small change in the initial condi-
tion. Consider the following fractional differential equation

“DyiPu(t) = f(t,ut), t>0, (28)
w(0) = ug + 6, (29)

where § is an arbitrary positive constant.

Theorem 14 Assume that hypotheses of Theorem 11 hold. Let u and u* are solutions of the problems
(3)-(4) and (28)-(29) respectively. Then

[ult) = ()] < 18] Bai (DK + D[ = (0] *) , £ [0,8]

Proof. In view of Theorem 11, we have u(t) = lim w,(t) with

Uuo (t) = Up (30)

and

un(t) = uo(t) + I‘(la)/o W () (1) = (5)) " f (5, un—1(s))ds.
1 ‘ / a—1
= ot gy [ W) = ()T s 3)) . Gy
Clearly, we can write u*(t) = nlLH;o u) (t) with

wy(t) = o + 5, (32)

and

* _ U* L ¢ /8 _ a—1 S
W) = w0+ g [ YOO -0 e

= wu L t (s —(s)) > f(s,ul_(s))ds
= b g [0~ 00 s () (33)
By Eq.(30) and Eq.(32) we get
uo(t) —ug(t)] = |uo —uo — 4
< 4] (34)

Using relations Eqgs.(30), (31), (32), (33), the Lipschitz condition Eq.(17) and the inequality Eq.(34), we get

lui(t) — “1
< I+ / e B() | (5 u0(5)) — (5, u(s)] ds
< B+ g / 8 () (1) — (5)* [b(s) — B(0)] " [uo(t) — w3 (1) ds
< 18+ L1o BB iy oyt

I(a)

O P Y S AU

MNa—k+1)
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Hence,
1

F [(t) — (o))"

a(6) — i (0] < J01 3 (D(=k o+ )L S (35)
1=0
On the other hand, we have
Juz () — w3 (1)
< ol
1 ! / a—1 *
Y@ / W () (1) — () F(s.u1(s)) — f(s,ui(s)] ds
< B+ g | YOO = 0@ W)~ O i (®) — i) ds
< i+ g [ Ve v ) — o)
< [lo-+ Ba—k+ 1)15(2; w(s) - w<o>]"ﬂ ds
— B+ 5 / e () — (0)] " ds
o, — 2 -2
B j; SRl / P )W) — ()" [[(s) - w07 ] ds
— B+ 0 e 0 - w0+ [ | 2 - e
_ i ) - p(0) M
- “”Z kDL G hir
Using the induction, we get
. (—k)i
-0 15 iy B
Taking the limit n — oo in Eq.(36), we obtain
fult) = u* (8)] < 18] B (T(=k+ DL [B() = w(0))* )
| |
5 An Example
Fix a kernel 9 : [0,1] — R. Consider the singular fractional differential equation
“DE () = [(e) —w(O0)] 7 (L4 gul), € (0,10] (37)
with the initial condition
u(0) = 4, (38)

where @ = % ug = 4, f(t, u) = 72 (14 tu), for (t,u) € (0,10] x R, and lim;_q+ f(t,.) = oco.
Set k = L, then [1(t) — ¢(0))" f(t,u) = (1+ $u) is continuous on [0,10]. So the hypothesis (A1) is satisfied.
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For all u,u* € R, and ¢ € (0,10], we have

£t = feu)] = [0 = 9O |1+ 5w — (1 + gu)
= S ) — (0] u -
Consider ¥(t) = \/t + 1, for t € [0, 10], we get
£l = ) = 5 VEFT=1] 7 fu— ]
So, the hypothesis (A2) is also satisfied with L = § and k = . Moreover,
A ) - o) valvil 17 [9{1(12)_ JUSY

Therefore, all the assumptions in Theorem 1 are fulfilled. This implies that the Cauchy problem (37)-(38)
has a uniquely continuous solution on [0, 10].

Acknowledgment. The authors are grateful to the referees for the careful reading of the paper and for
their remarks.
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