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Abstract

We compute a new solution of a diffusion equation with space and time dependent variable diffusion
coefficients in terms of a special function known as a confluent hypergeometric (Kummer) function. This
new solution generalizes the already existing well-known fundamental solution of the constant diffusion
coefficient heat equation (the Gaussian heat kernel).

1 Introduction

The study of diffusion equation with diffusion coefficients is as old as Mathematics itself, see [2, 10, 16]
and their references. Fa and Lenzi in [5, 6] and Fa [7] studied diffusion equation with space-time-dependent
diffusion coefficients. Specifically, in [5], they considered a power law diffusion coefficient and anomalous
diffusion equation in one-dimensional space of the type

uia,t) _pp 9 {uaa“(x’ﬂ ,

ot Oz

o (1)

where  is a scaled time and a function of ¢ (that is placed inside the derivative). The solution to the above
equation (1) is given by

with C a normalization constant.
This research was motivated by a paper [11] which studied a fractional order diffusion equation with a
generalized diffusion constant with its numerical and modeling applications:

0°P(x,t) 0P P(x,t)
o D g
where P(z,t) is a diffusion propagator, % represents the Caputo time-fractional derivative for 0 < a <

1, %ﬁlﬁ represents the order of the Riesz space-fractional derivative for 1 < 5 < 2 and D, g is the generalized

diffusion constant (distant” /time®).
In what follows, therefore, we consider a diffusion equation with both temporally and spatially-dependent
(non-constant) diffusion coefficient

ur(z,t) — Kk(z, t)Au(z,t) =0, x € R", ¢t >0, (2)

where k(z,t) is a space-time diffusion coefficient. Diffusion equations with temporally (time-dependent)
and spatially (space-dependent) variables diffusion coefficients have many modeling applications. For the

*Mathematics Subject Classifications: 35K05, 35K08, 33C15, 33C36.
fDepartment of Mathematics, College of Science, University of Hafr Al Batin, P. O Box 1803 Hafr Al Batin 31991, KSA
fDepartment of Mathematics and Computer Science, Alabama State University, Montgomery, AL 36101, USA

133



134 Kernel of Diffusion Equation

application of time-dependent diffusion coefficients see [3, 13, 15, 18, 19] and see [1, 17, 20] for the application
of spatially variable diffusion coefficients. See also [8, 9, 14] for more applications. A special case of equation
(2) is when k(x,t) = k a constant coefficient, with the fundamental solution known as the usual heat kernel
given by
1 =2 n
U(m,t)—p(t,l’)—we art xGR 5 t>0, (3)

where |z| represents the Euclidean norm of z on R™.

There is no known kernel (analytic solution) in literature, to the best of our knowledge, for the diffusion
coefficient of non-constant term. We therefore seek to give a fundamental solution for the equation for a
given space-time dependent diffusion coefficient

k(z,t) = |z, 2 € R t>0,a#2, b# —1.

2 Remarks 1

We assume that x should not be 0 when a is negative. We thus obtain the following result.

Theorem 1 For k(z,t) = |z|*’, 2 € R",t > 0,a # 2,b # —1, then the general solution to (2) is a
confluent hypergeometric (Kummer) function given by

Cy n n-—a 1+0b |z|>@
t F —
uzt) FEEEDR 1[2&’2&’ 2—a) {1+

n72) (14b)(n—2)
2—a

(2=2) (3=2) ,aepo-n
a (%) 2—a t
+ C2<2—a) @ <1—|—b> | |2
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X

(4)

where Cy and Cs are some normalization constants (which can be determined uniquely by assuming some
ingtial conditions on u(x,t)).

3 Remarks I1

1. The above solution (4) is not always positive or non-negative for all the parameters a, b, n and there-
fore for now represents a mathematical result (since the negative solutions do not represent any known
applicable diffusion processes like density, temperature, probability density functions, etc). Thus the
solution has known physical applications for the positive values of u(x,t) and possible future applica-
tions when u(x,t) assumes negative values.

2. Our solution (4) agrees with solution (3) when a = b = 0 by the property of the confluent hypergeo-
metric function in (5), that is,

Cy nn 1z
272 4t

:| = p(ta CE)
is the Gaussian kernel with C; a normalization constant and thus equation (4) generalizes solution (3).

We briefly consider the confluent hypergeometric function and their properties.
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4 Preliminary
For second-order differential equations of the standard form

2w dw
P+ a(zw(z) =0

with p(z) and ¢(z) some given complex-valued functions, they have some special functions as its solutions.
In particular is the confluent hypergeometric equation

2 d
z% + (b—z)—w —aw(z) =0

whose solution is given by

1Fi(a;b;2) == Z:O n(lc(ll));n

2" (b#0,-1,-2,..)

known as the confluent hypergeometric function (Kummer function) with the following integral representa-
tions

1F1(a;b;2) = F(a)l;((l;)_ ) /0 eyt (1 — )b~ Ldu,

where R(b) > R(a) > 0, argu = arg(l — u) = 0; and

oy LI [ T(ats)l(=s) .
1Fi(a;b;2) = 27iT(a) [ioo Th+s) (—2)%ds,

where a # 0, -1, -2,..., |arg(—z)| < §. The confluent hypergeometric function has the following properties
relating to some special and elementary functions, thus,

1F1(a; a5 2) = €, (5)
1 Z\7Y ,
v+ 5;21/—&— 1,2z ) = (§> e’I,(z),

Vi (Lin+ 132) = nz "¢ y(n, 2),

1F1 (;7 ;;—22> = gerf(z)

with 7, (2) the modified Bessel function, v(n, z) the incomplete gamma function and er f(z) the error function,
respectively defined by

00 1 iz 2k+v
() =iV I (i) —ivS ([~ ’
(2) =77, (32) = kz_;)k!l“(u—i—k—kl)(Q)
’y(n,z):/ t"letat,
0

erf(z) = % /OZ e " dt.

See [12] and its respective references for more on confluent hypergeometric function.
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5 Proof of Theorem 1

We assume a solution of the structure type (see [4])

o 1 T 1 x n
u(z,t) = A u()\Bx,)\t):t—au(t—ﬁJ) :t—av(t—ﬁ), xreR" t>0,

with A = % and v(y) = u(y, 1), where the constants «, 8 and the function v : R™ — R are to be found. Then

from (2), we have

ug(2,t) — |2t Au(w, t) = ug(2,t) — <txﬁ|> B Au(z,t) =0

Z

and thus for y = % (and |y| = %)7
—at™(TDy(y) — gt~y Do(y) — ¢~ 2D H0a)y e Ay (y) = 0,
which implies that

at= T y(y) + Bt~y Du(y) + ¢~ (@D FBE=D|y1e Ay(y) = 0.

To simplify the equation, we let (a —b) + 3(2 —a) = a + 1 = B = 2. Thus with 3 = %ib we have

2—a —a

1+5b

av(y) + <“>y-Dv(y) + [y|*Av(y) = 0.

We further let v be a radially symmetrical solution, that is, v(y) = w(|y|) for some w : R — R. Therefore
for r =y,

rl-a rl-a 2—a

1+0 -1 -1 1+
aw + <2+) rw + i’ + L = aw + {n < +

) r} w' + r*w” = 0.

Multiply through by r"~! and let & = n (%) to obtain

(; i_Z) (an)/ T (Ta—i-n—lw/)/ _ ara+n—2w/ — 0

We first consider the case of time-dependent diffusion coefficient, a = 0 to obtain

(1;1’)(7«%)’ + () =0

and

and the fundamental solution given by

1 =z C _(17%)\:\2 C SRS LTy 1 RS TSP
u(z,t) = t—av(t—ﬁ) = 28 = prGEYL prees i () (072

with a = w, B = 17'*'1’ and C a normalization constant. This solution corresponds to (3) with x = 1
when b = 0. Next for the general case a, b # 0, we solve for w in the second order differential equation

a“ n—1 1+ , 140
réw” + — + | —|rjw +n| —|w=0
ri=a 2—a 2—a
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to have
n n-—a 140 o
= CpF - @
w(r) H 1[2a’2a’ (Qfa)zr ]
(3=3) (5
a n2\ (2—aq
C (ﬂ) —(n-2)
- 2(2—(1) ¢ (1+b> "
2 n—2 1+b6 o
x1 F 1- — “
! 1[2—@’ 2—a’ (2-a)? }
and with u(z,t) = t%w(lf—l), a= ”gl_zb), = b to get
4 n n-—a 1+0b |z|*@
uo) = e 1F1{2—a’2—a’_(2—a)2 1+

2) (14b)(n—2)
t 2=a

(2=2) _ o\ (3=2) adhmeoa
a (2%2) 2—a
e (2 - ) ’ <1+b> a2

2 n—2 1+b |z*
F 1-— -
1 1{2(1’ 2—a’ (2—a)? 1+ |’

where C7 and Cy are normalization constants.

6 Example
When a = b =1 and n = 2, we have the solution given by

C T T C T
u(z,t) = T411F1 [2, 1, QLJ] +Cy 1 Fy [2, 1, QL” - [7:41 + 02] Fy {2, 1,2|t2].

Next we plot graphs (see Pages 6 & 7) of the solution for C; = Cy =1,2,3,4,5,6 when ¢t = 1 and ¢t = 2 for
different = values in the following interval [—1,1], [-2,2], [-3, 3], [-4,4], [-5, 5], [-10, 10] and [—100, 100].

7 Remarks III1

The above example is non-negative for all |z| < %, that is;

2

G 2] <1 &z < %

u(z,t) = L“ +02} By {2,1,-2% >0, v 2l

2

This implies that for a fixed € R™ and large ¢ (that is, ¢ growing very large, tending to infinity), then the
solution becomes non-negative.
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—3=x=<3 —4=<x=4

Figure 1: Graphs of the solution u(z,t) = [% + CQ] 1F1 [2, 1, —2%} where
Ci=Cy=1,2,...,6 and t = 1.
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Figure 2: Graphs of the solution u(z,t) = [%1- + Co] 1 Fy [2, 1, —2%} where
Cl = CQ = 1,2,...,6 and t = 1.
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—3<x<3 —A4<x=<4

Figure 3: Graphs of the solution u(z,t) = [%1- + Co] 1 Fy [2, 1, —2‘7@'} where
Cl = CQ = 1,2,...,6 and t = 2.
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Figure 4: Graphs of the solution u(z,t) = [% + Co] 1 Fy {2, 1, —2‘;”—;] where
Ci=Cy=1,2,...,6 and t = 2.
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8 Conclusion

This solution arose from the curiosity of what happens to the heat equation when the diffusion coefficient
becomes both time and space dependent. The result gave a confluent hypergeometric function which appli-
cation of its property agrees with established result and thus the classical heat kernel in (3) is a particular
case of this new kernel.
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