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Abstract
The sampling theory and its applications and extensions have been the subject of intensive research,
both by mathematicians and by communication engineers. In this paper, we give an extension of this
sampling theory to the Hahn difference operator. In other words, we state and prove the sampling
theorem associated with ¢, w-Dirac system. As a special case, we give two examples.

1 Introduction

The sampling theory showed up in communication systems and signal processing. Shannon [22] was the

first who introduced the sampling theorem to information theory, but the basis for the theorem was laid by

several others. Whittaker [27] studied the problem of finding an analytic expression of a function, whose

values are known. In the Russian literature an equivalent statement was given by Kotelnikov [20]. Therefore

the sampling theorem is sometimes referred as the WKS sampling theorem. This WKS sampling theorem

states that if f € PW, (R), which is known as the Paley-Wiener space, then f can be determined from its
values at the integers via the sampling series

> sin7 (t — n)

t) = ——= teC.

=Y Fm T

This series is absolutely and uniformly convergent on compact subsets of C, uniformly convergent on R, (see
10, 11, 18, 28]).

This theorem has been extended in many different ways. Sampling theory associated with boundary value
problems was first observed by Weiss in [26] and outlined in general terms by Kramer in [21]. But a more
systematic approach to this subject was first introduced by Zayed et al. in [29]. Since then, many authors
have studied on sampling theory associated with discontinuous Sturm-Liouville problems [5, 16, 17, 23], and
Dirac systems [1, 24, 25]. In recent years, these results have been extended to several types of difference
operators, like the g-difference operators [2, 3, 4, 9, 14, 19], and the ¢,w-Hahn difference operators [8]. In
this paper, we present another example of extending the ¢, w-Hahn difference operators. That is, we derive
sampling theory associated with ¢,w-Dirac system defined below. Finally, as a special case, we give two
examples showing sampling formula. Consider the ¢, w-Dirac system

n=—oo

1
—*D1 —w ==
Dt +p ) y1 = Ay, (1)
Dqﬁwyl +r (t) Y2 = )‘y27

with the boundary conditions
B (y) == k11y1 (wo) + k1292 (wo) = 0, (2)
Bs (y) := ka1y1 (a) + kaaya (b (a)) =0, (3)
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where wy <t < a < o0, kij (i, =1,2) are real numbers, A € C, p(.) and r (.) are real-valued continuous

functions and h (¢) is a function defined below. Here D, , is the Hahn difference operator which is defined
by

flat+w) = (@)

) t w )

Dyt 0= girw 1 T

f (wo), l = wo,

where g € (0,1), w > 0 are fixed and wg := w/ (1 — q), (see [12, 13]). This is valid if f is differentiable at wp.
The function f needs to be defined on I; an interval of R containing wg. The ¢,w-Dirac system (1)-(3) was
introduced in [15]. The author investigated the existence and uniqueness of solutions and also obtained some
spectral properties such as the eigenvalues {AH}ZO:—OO are real and simple, the eigenfunctions that belong to
different eigenvalues are orthogonal. The function h is defined by

h(t) =qt+w, tel.
The kth order iteration of h (t) is given by
W) =qd"t+wlkl,, tel,

where the sequence ¥ (t) is uniformly convergent to wo on I and

are the g-numbers.
There exists the following relation between D, ., and its adjoint operator

(Dgwf) (W71 () =Dy [ (1)-
a q
The ¢, w-type product formula is given by

Dy (f9) (t) = Dy (f (1) g (t) + f (gt +w) Dy g (£).

The ¢, w-integral is introduced in [6] to be the Jackson-Norlund sum

b

[ @dyt= / F () dyot - / £ (1) dgut.

a wo

where wg < a < b, a,b € I, and

[ 5@t =00 - Y af (s 0 lH,) e,
wo k=0

provided that the series converges. The fundamental theorem of ¢,w- calculus given in [6] states that if
f: I — R is continuous at wg, and

t
F(t):= /f(ax) dgwx, Tel,

then F is continuous at wo. Furthermore, Dy, F (t) exists for every t € I and

Dy F (t) = f(t).
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Conversely,
b
/Dq,wf (t)dgwt = f(b) — f(a), for all a,b € I.
The ¢, w-integration by parts for continuous functions f, g is given by

b b
/f(t) Dyug (t)dgut = f(t) g (1) |2 —/Dq,w (f () g (gt + w)dgut, a,bel.

Trigonometric functions of ¢, w-cosine and sine are defined by

O (1) := i L “éq(-tq(i_ 2=)" iec,

n=0

Sq,w (t, u) = i (*1)" qﬂ(n+1) (PJ (t (1 _ q) . w))2n+1

, teC.
n—0 (¢ @)2n11
Here (¢;q),, is the g-shifted factorial
1, k=0,
S k ‘
(G9k =9 11 (1-¢), k=1,2,..
j=1
Furthermore, these functions have real and simple zeros {£z,} —, and {£y,} ., , respectively,

T, =wo+q "2 (1—q) (1 +0(M),

Yo =wo+q " (L—q)  (1+0(q"),

where n > 1, see [7].
Let C7, (wo,a) be the subspace of L2, (wo,a), which consists of all functions y (.) for which y(.) and
D, .y (.) are continuous at wy. Let Hy,, be the Hilbert space

Hy = {y(-) = ( z; 8 > Ly €CF (wma)}-

The inner product of Hy,, is defined by

where T denotes the matrix transpose. Let

s0=( 5 ) 20=(50) ) e

Then the g, w-Wronskian of these functions is defined by

W (y,z)(t) :=y1 (L) 22 (h_l (t)) — 21 () y2 (h_l (t)) ) (4)

o 1 (t7)‘ ) = ! (t’)\ )
ne= () wemen- ()

Let

—~
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be two solutions of (1): hence

1
—aD%,—?wyu +{p(t) =M}y =0,
Dy oy +{r () —M}y12=0,

and )
—5D%;Twy22 +{p () — A2} y21 =0,
Dy wyar + {7 (t) — A2} y22 = 0.

Multiplying (5) by y21 and y22 and (6) by —y11 and —ya9, respectively, and adding together, we have

Dy {y11 (8, A1) yo2 (R (), X2) — w12 (A1 (£), A1) w1 (, A2) }
= (M — A2) {y11 (&, A1) ya1 (&, A2) + y12 (8, A1) yaz (8, A2) ). (7)

Let us consider the g, w-Dirac equation (1) together with the following initial conditions

Y1 (wo, A) = k12, 2 (wo, A) = —Fk11. (8)

By virtue of Theorem 2.3 in [15], this problem has a unique solution ¢ (¢, A) = < il Ei’ ig ) It is obvious
2\

that ¢ (¢, \) satisfies the boundary condition (2) and this function is uniformly bounded on the subsets of
the form [wq,a] x @ where Q C C is compact set. To find the eigenvalues of the ¢,w-Dirac system (1)—(3)
we have to insert this function into the boundary condition (3) and find the roots of the obtained equation.
So, putting the function ¢ (¢, A) into the boundary condition (3) we get the following equation whose zeros
are the eigenvalues which are all real and simple (see [15])

A(X) = —ka1¢ (a, A) — kaagpy (™" (a), A) . 9)

It is also known that if {¢,, (.)} - denotes a set of vector-valued eigenfunctions corresponding {\,, }--

n=-—oo n=-—oo ?

then {¢, (.)},— . is a complete orthogonal set of H,,. Since the eigenvalues are real, we can take the
eigenfunctions to be real vector-valued.

2 The Sampling Theory

In this section, we state and prove ¢,w-analogue of sampling theorem associated with ¢,w-Dirac system
(1)-(3).
Theorem 1 Let g(t) = ( gl Eg > € Hy ., and F (\) be the g, w-type transform
2
a

F(\)= /gT () é (t,\) dgwt, X€C, (10)

wo

where ¢ (t, \) is the solution defined above. Then F (X\) can be reconstructed using its values at the points
{Mn}or . by means of the sampling form

FN= 3 FOW) 5o Ao (1)

n—=—oo

where A (X) is defined in (9). The sampling series (11) converges absolutely on C and uniformly on compact
subsets of C.
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Proof. Since ¢ (¢, ) is in H,, for any A, we have

st =Y 3, 2nl)

27
n=—oo  [nll

where

¢n = /¢T (t7 A) ¢n (t) d‘Lwt

/ {61 (80) by (8) + 0y (62 G (1) gt (12)

o) (t) = (¢n1 (), ¢pno (1)) is the vector-valued eigenfunction corresponding to the eigenvalue X, and

a

6l = / o7 (1) by (1) dyt = / (62,1 () + 625 (1)) dyt.

wo

Since g is in Hy,,, it has the Fourier expansion

& e
9= 2 B

n=—oo

where
a

G = / g ()b, (t)dget = / {91 (1) @1 () + 92 (1) P2 (1) } dg ot

wo

By Parseval’s equality, (10) turns out to be

FA) = Y F(\w) On

5.
— 16l

Let A € C, A # A\, and n € Nbe fixed. From relation (7), with y11 (¢, A1) = ¢ (¢, A), y12 (6, A1) = @5 (¢, A) and
Y21 (ta >‘2) = ¢n,1 (t) y Y22 (t, )‘2) = ¢n,2 (1’) , We obtain

(13)

(A=) / {61 (6 ) Gy (1) + 63 (1 X) G (1)} dyt

= W(0,) )lyey — W (0 8,) (B)],—y, -

Since ¢ (., A) and ¢, (.) satisfy the same initial conditions (8) and from (4), we have

a

(A=) / [61 (EA) by (8) + by (6X) b (1) dy ot

= ¢1(a,)) &2 (71 (a)) = Py (@) $5 (K77 (a),A) - (14)

Assume that kgs # 0. Since ¢,, (.) is an eigenfunction, then it satisfies (3). Hence

bz (B (a)) = —Z—¢ (). (15)



120 Sampling Theorem Associted with Dirac System of the Hahn Difference Operator
Substituting from (15) in (14), we obtain

(A=) / {60 (8 X) by () + 6 (1 X) 60 ()} dy ot

k _ A(N) ¢y 1 (a)
= 0,1 (0) 3 761 (@A) + 6y (1 (a), \) p = ———— (16)
k22 k22
provided that ko # 0. Similarly, we can show that
f ANz (h! (a)
0= 2a) [ {6002) 00 )+ 64 ()6, (1)) dyt = 2 P2 UT00) (1)
provided that ko1 # 0. Differentiating with respect to A and taking the limit as A — \,,, we obtain
7 A (M) 61 (0)
607 = [ 67 )60 (O dyut = =218, (18)
22
wo
and
f A (A) bz (7" (a)
6017 = [ 67 )60 () dyut = na (0210) (19)

From (12), (16) and (18), we have for koo # 0,

o~

bu _ A
H¢n||2 ()\_)\”) A ()"ﬂ)7

(20)

and if ko1 # 0, we use (12), (17) and (19) to obtain the same result. Therefore from (13) and (20) we get (11)
when )\ is not an eigenvalue. Now we investigate the convergence of (11). Using Cauchy-Schwarz inequality
for A € C.

S
= gn
n:z_oo I, 11°
~ oo 1\2 - a; 2\ 1\2
< 9n n
- (n_Zm 9] ) (H_ZOO [9u] ) -

since g (.), ¢ (.,\) € Hy,,. Thus (11) converge absolutely on C. As for uniform convergence on Q where  is
a compact subsets of C. Using Cauchy-Schwarz’ inequality, we obtain that for A € Q,

N
Iv(\) = |[FO)- Y F(A”)(A—AATL)(AA)’(/\TL)
2\ 1\2

On

Yo &
Gn
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In view of Bessel’s inequality

N

> <l (NI

2 =
ne_n 19nl

Since the function ¢ (., A) is uniformly bounded on the subsets of C, we can find a positive constant Cq
which is independent of A such that ||¢ (., A)|| < Cq, A € . Thus

~
n

‘ 2

N

I'n (A) < Cq ( > 6

2
ne_n [9nl

2
|

1\2
) — 0 as N — oo.

Hence (11) converges uniformly on compact subsets of C, thus the proof is complete. m

3 Examples

Example 1 Consider q,w-Dirac system (1)—(3) in which p(t) =0=r(¢):

1
——Di —wyp = Ay,
q q

(21)

Dq,wyl = )‘yZa
1 (wo) =0, (22)
Yo (ifl (7r)) =0. (23)

It is easy to see that a solution of (21) and (22) is given by

o) (ta )‘) = (_Sq,w (tv )‘) T Cq,w (t7 \/‘jA)) :

By substituting this solution into (23), we obtain A(X) = Cy . (h_1 (m), \/6)\) , hence, the eigenvalues are
—n+1
q

M= A (r =)

(L+0(q™)). Applying Theorem 1, the q,w-transforms

F) = / {91 (£) Syus (8 0) + g2 (1) Cs (£, /AN } dot,

for some g1,¢92 € Cg (wo, ), then it has the sampling formula

N Cowo (W1 (1), \/2N)
FO= 2, PO S (0 () van)

where Cy , (h_1 (m), \/51)\”) = (%C‘Lw (h_1 (m), \/6/\)) ’/\:)\n .
Example 2 Consider q,w-Dirac equation (21) together with the following boundary conditions
Y2 (WO) = 07

Y2 (h_l (W)) = 0
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In this case @7 (t,A) = (Cqw (t,A), — \/@Sqw (t,\/@))) . Since A(N) = /qSqw (P71 (%), /N, then the

—n+1/2
eigenvalues are given by A, = ————— (1 + O (¢™)). Applying Theorem 1 above to the q,w-transform
(1=q)( )
—q)\T —Wo
F(A) = / {g1 (1) Co (8, A) = 92 (1) VaSq.0 (8, /GA) } dg ot (55)

for some g1, g> € CF (wo, ™), then we obtain

(56)

where
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