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L'-Convergence Of The Sine Series Whose Coefficients Belong To
Some Generalized Classes Of Sequences*
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Abstract

In this paper, we have introduced three generalized classes of sequences. In addition, we have studied
the L'-convergence of sine series whose coefficients belong to them. Finally, we show that our results
covers some results proved previously by others.

1 Introduction
We consider trigonometric sine series
o0
g(x) = Z a, sin kx,
k=1
with its partial sums

So(x) = Z ay sin kx,
k=1

and
lim S;(z) = g(x).

n—00

It is a well-known fact that if a trigonometric series converges in L'-norm, then it is a Fourier series. In
general, the converse of this statement is not always true. So, the question to be considered is how to make
possible that the converse statement to be true? For this purpose a lot of researchers have introduced the
so-called modified trigonometric cosine sums or modified trigonometric sine sums or both as well as some
classes of sequences to which the coefficients of a trigonometric series belong to.

The most famous modified trigonometric sums appearing in literature are

1 n n n
fu(z) = 3 Z Aay, + Z Z Aaj coskz,
k=0 k=1j=k
introduced in [4], and then the modified cosine and sine sums
o(x) = 40 +iiA %) kcoska
o 2 = j=k J

and

gn(x) = anzn:A (ajj) ki sin ka,

k=1 j=Fk
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introduced in [11], where Aa; := a; —a;+1. We do not recall here all modified trigonometric sums introduced
by others, however we suggest the interested reader to consult the references [5]-[9] of the present paper and
references therein to find other modified trigonometric sums. B

Seemingly, it was S. A. Telyakovskii [13] who introduced the class S of sequences and F. Méricz [10] who
introduced the classes BV and C of sequences.

Very recently, the authors of [2] introduced the following modified sine sums

n

. ar n a .
zp(z) = Z 2 _:_11 + Z A? <]) ksin kx,
j=k

k=1 J
where A%a; := A(Aa;) = a; — 2a;41 + a;42, and the following classes of sequences:

Definition 1 A sequence (ay) tending to zero belongs to the class ér, r=20,1,2,..., if for every e > 0,
there exists § > 0 independent on n and such that for all n,

i

where by = %= and D,(:H)(ac) denotes the (r + 1)-th derivative of the Dirichlet’s kernel

S AbD ) ()

k=n

dr <eg,

k 1
sin (k + ) x
D = = 2
k() +Zcosgz P
Jj=1
Definition 2 A sequence (ay) tending to zero belongs to the class §7., r=0,1,2,..., if there exists a non-
increasing sequence (By) of numbers so that, |Aby| < By, Vk € {1,2,...}, and >_;—, k"' By < oo, where
b = 4
.
Definition 3 A sequence (ay) tending to zero belongs to the class ET/T, r=20,1,2,..., if

D R Ab| < oo,
k=1

where by = .
In the same paper there has been proved the following results.
Theorem 1 ([2]) S, C C, N BV, for eachr € {0,1,2,...}.
Theorem 2 ([2]) Let (a,) € C'N BV and lim,_.o0 aylogn = 0. Then
lim |25 — gll = 0.
n—oo
Theorem 3 ([2]) Let (a,) € C'N BV and lim,_.o0 ay logn = 0. Then
lim |5 — gll = 0.
n—oo
Theorem 4 ([2]) Let (a,) € Cr N BV, and lim,_.cc n"aylogn =0, r € {0,1,2,...}. Then

lim [|(2;)") — ™| = 0.

n—oo
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Theorem 5 ([2]) Let (a,) € C, N BT/T and lim,_,oo n"a, logn =0, r € {0,1,2,...}. Then
lim [(S5)") = g™ =o0.
Corollary 1 ([2]) Let (ay) € Sy and limy,_oon"aylogn =0, r € {0,1,2,...}. Then

() limp, o [|(25) ) — g™ = 0.
(ii) lim, oo ”(Srsz)(r) - g(r)” =0.

Now we introduce the following generalized modified sine sums

— - Ak+1 < 2 a; m o
Zim(x)—z W-I—jzzkA () E™sinkx, m € {1,2,...},

k=1 m
where again A?c; := A(Ac¢;) := ¢; — 2¢i+1 + Cita.

Remark 1 Note that z;, ;(z) = z;,(x) which have been introduced for the fist time in [3].

n

Further we generalize the classes C,, S,, and E\//T., (re{0,1,2,...}) as follows:

Definition 4 A sequence (ay) tending to zero belongs to the class 5T,m, (r=0,1,2,...;m=1,2,...), if
for every € > 0, there exists § > 0 independent on n and such that for all n,
) oo

0 |k=n

where by, = 1, D,ir+"")(x) denotes the (r +m)-th derivative of the Dirichlet kernel
k sin (k + é) x
Dy (z) = +Zcosg:z;: P
Jj=1

Remark 2 It is clear that ér—&-l,m C é?",m; (r=0,1,2,...;m=1,2,...), however, the converse inclusion

need not be true in general as shown in the next example.

Example 1 Define by m =Y 1o, W, (r=0,1,2,...;m=1,2,...), then Aby ,, = Wlmﬁ and

oo oo oo
b L i L0, wh
n = NOn,m =T Z kr+m+2 — Z fr+m+2 - Z fr+m+2 - Y when  m — 0.
k=n k=n k=n

So, using Bernstein’s inequality, the integral

5| oo x| oo
/ S Abew DY (@) de < / S Abw DY (2)| do
0 |k=n 0 |k=n
< Z |Abk7m|/ ’D[E;TI+1+"L) (x)’ dx
k=n 0
<

o fretem > log k
ZW/@ |Dk($)|d$=0<z 3 >7

k=n k=1
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is divergent, which means (a,) ¢ C~',,.+1,m. On the other side, the integral

§ x| oo
/ / S Abew DY ()
0 0 k=n
S |Abk ] / D™ (@) da
k=n 0
= krtmo T = logk

> Abe DY ()
k=n

dx

IN

dx

IN

k=n k=1
is convergent, which means (ay) € Cy .

Definition 5 A sequence (ax) tending to zero belongs to the class 5',,.,,”, (r=0,1,2,...;m=12...), if
there exists a non—increasing sequence (By) so that, |Abg | < By, Vk € {1,2,...}, and Y 7o | k™™™ By, < oo,

where by, = k,” .

Remark 3 It is clear that §T+1,m C gr,m, (r=0,1,2,...; m=1,2,...), however, the converse inclusion
need not to be true as shown in the next example.

Example 2 Define by m = > e, W, (r=0,1,2,...; m=1,2,...), then Aby ., = W%H and

1
an = ’I'Lbn,m =n Z k7'+'m+2 S Z k7'+m+2 = Z k'r+'m+1 - 0’ when  n — oco.
k=n k=n k=n

Choosing By, = W, (r=0,1,2,...; m=1,2,...), then B, | 0 and |Ab, | < B,,. Now, the series

r+m _ r+m _
E k Bk = E k kT-‘rm-‘rQ == ﬁ < 0
= k=1 k=1

is convergent, which means (a,) € Sym. However, the series

oo

i kr+1+mB Z kr+1+m k, — Z %
k=1 k=1 k

is divergent, which means (a,) & §T+1,m.

Definition 6 A zero sequence (ay) belongs to the class B/T/nm, (r=0,1,2,...;m=12,...), if

> T Abg | < 00,

k=1
where by m = 1a -
Remark 4 It is clear that ET/T_HM - ﬁ/r,m, (r =0,1,2,...; m = 1,2,...), however, the converse

inclusion may not be true.

Remark 5 We note that C~'r,m = 5T, §T’m = Nr, and BVTm = BV form =1, and C =C, Ssm =05,
and BV, = BV form =1 andr =0.

The objective of this paper is to prove some theorems more general than Theorems 1-5 and Corollary
1 involving new classes Cy p,, Syr.m, and BV, ,,. To achieve this objective we need to recall some lemmas
which have already proved elsewhere. Throughout this paper, for two positive quantities u and v, we write
u = O(v), if there exists a positive constant C' so that u < Cwv.
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2 Helpful Lemmas

Lemma 1 ([15]) Let m be a non-negative integer. Then for all 0 < |x| < m and all n > 1 the estimate
|D§Lm) (z)| < 4?7(“ holds true, where Dglm)(x) denotes m-th derivative of the conjugate Dirichlet kernel

fcos(kJr%):c

)
Qsln2

k z
~ cos £
Dy(z) = E sin jox = 2

j=1

Lemma 2 ([12]) Let m be a non-negative integer. Then for all0 < e <z <7 and all n > 1 the estimate
|D$Lm) (x)] < CTM holds true, where C denotes a positive absolute constant.

Lemma 3 ([12]) HD,(lm) (@)l = O (n™logn), m € {0,1,2,...}, holds true, where Dy (x) denotes m-th
derivative of the Dirichlet kernel.

Lemma 4 ([7]) If Dy(z), Dyn(x), and F,(z) are the Dirichlet, the conjugate Dirichlet and the Fejér kernel
respectively, then D] (z) = (n+1)Dy(x) — (n+ 1)F, ().

Lemma 5 ([14]) Let the real numbers oy, it = 1,2,...,k, satisfy conditions |a;| < 1. Then the following
estimations hold true

k ..
Sin (z + %) x
E o
2sin £
i=0 2

de < C(k+1),

where C' is a positive constant.

3 Main Results

At first, pertaining to the E‘J/nm class, r € {0,1,2,...} and m € {1,2,...}, we can raise the following
natural question: What about inclusion of classes BV, ,, with respect to m? The answer is given in next
simple proposition.

Proposition 1 If

> (k+ 1) Aak| < oo,

k=1

then

-/B\‘//r,m C BT/r,m+17

forallr €{0,1,2,...} and m € {1,2,...}.
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Proof. We have

kr+m+1 Ab " < kr+m+1 Ok _ kA1
kgl | k, +1| — ];1 kn},-‘,—l k;(]{: + 1)77L
kr+m+1 Q41 _ Ak41

+kZ:1 KE+ D" (kt Dymil
Nt r+m | @k CLk+1 r—1

< >k o +Z/€ |t
k=1

< Z k.'r-+m |Abk:,m| + Z k»,-_l Z |Aaj|
k=1 k=1 j=k+1

%) J+1

o SULCIIVIED ST S
k=1 =1 k=1

< Zk”mlﬁbk,mHZ j+1)"|Aayl,
k=1 Jj=1

which implies that ET/T’m C ﬁ/r,mﬂ, for all r € {0,1,2,...} and m € {1,2,...}. The proof is completed.
[

Theorem 6 The following relation holds true §T7m - énm N BV, for each v € {0,1,2,...} and m €

1,2,...}.

Proof. Let (ay) € §r,m, (r=0,1,2,...;m=1,2,...). Then there exists a non-increasing sequence (By,) of
numbers so that, |Aby,,| < By, Vk € {1,2,...}, and Y ;o ; k"7 By, < co. Whence, we clearly have

Z kr+m|Abk’m| < Z kr-‘rmBk < 00, (1)
k=1 k=1
which means that Srm C BVTm for each r € {0,1,2,...} and m € {1,2,...}. So, it remains to prove the

inclusion Snm C Cr,m for each 7 € {0,1,2,...} and m € {1,2,...}. Let (ax) € §T7m. Then applying Abel’s
transformation we get

s—1

k
T Ab?n r4+m
dz < lim [E ABk/ E:T“D§+ )(2)| da

J=0

Z Ab 7+m)( )

Abm r+m
+Bs/ =Em prt) ()| da
0 |50 B;

/ Z B =0 plr) () d:z:].

=0
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Applying, in last inequality, the well-known Bernstein’s inequality and Lemma 5, we obtain

T > rTm Ab m
S Abw DY () ST kTMAB, / J D;(z)| da
0 k=n k=n

§—00

dr < lim l

Ab "
r+rrLB / J ]((,C) dz

T |n—1 Ab
+(n—1)’”+mBn/0 > BJ;’"Dj(x) dx]

Jj=0

IN

s—1
C lim [Z(k +1)"tmHIAB,
§—00 P

+ST+m+lBS + nr+m+an

Since (By) is a non-increasing sequence and >, k"7 B), < 0o, we see that k"™ !B, — 0 as k — oo,
and thus

T | o0 o]
/ ST Abp DY (@) de < O (k4 1) TFIAB + 0"t B,
0 k=n k=n
< C{ Z B [(k‘ + 1)7>+m+1 _ kr+7rn+1] + nr-i—m—i—an}
k=n
< r+m r+m-+1 E
< C(r { > KB tn B, } 5
k=n
for n large enough, say s > n > ng.
Finally, using the fact that
(r4m) K (r+m)m
D r+m ‘ _ S(r+m) o3 - < r+m+1
‘ B (2) Z] sin jl‘—|—72 <k ,
j=1
for any 1 < n < s, we can write as follows
5
/ Z Aby, (T+m)(a:) dx < / D,(;er)(m) dx
k=n 0

k=n
+ / ST Abew DY (@) da
0

k=no+1

no
5 Z k,’r-i—'m—i—l |Abk:,m‘

<
k=n
/ Z Abgm, (T+m)(z) dx
k=no+1
& 9
< —_ - =
< 2+2 €,

for 4 small enough. This means that g’nm - ér,m for each r € {0,1,2,...} and m € {1,2,...}. The proof
is completed. =
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Remark 6 For m =1 Theorem 6 reduces to Theorem 1.
Theorem 7 Let (a,) € Cp, N BV, for each m € {1,2,...}, and lim,, . a, logn = 0. Then
hm ”Zn m g” =0.
Proof. We have
zo o(x) = i kil i A2 (Y | g sin ka
n,m k + 1 jr,n
k=1 j=k
- = . An42 Gn41 m
= kzlaksmkm—i— [(n+2)m — I } Zk sin kx
= S)(z) — A (bp+1,m) Z k™ sin kx (2)
k=1
After some transformation we have found that
— > b m(coskx) ™ if m = 4p — 3;
R B A )
+ 30 brm (coskx) ™ if mo=4p — 1;
+ 3 b (sin k)™ if m = 4p,
and
D{™(z), ifm=4dp—3;
" D{™ if m = dp — 2;
Z k™ sinkx = ?m)(sc), l M= (4)
1 +Dy " (z), ifm=4p—1,
+D{m (z), if m = 4p,
where in all cases p € N. Combining (2) along with (3) and (4) we obtain
— S b (cos k)™ 4 A (byi1.m) DY (2), if m = 4p —3;
@ — > h—y b,m(sin kx)(m) + A (bpt1,m) Dim )(a:)7 ifm=14p—2; )
zy m(T) = 5
+ 30 b (cos k)™ — A (byy1m) DY (), if m=4p—1;
+ 3 bem (sin k)™ — A (b1 m, D{™(z), if m = 4p,
for all p € N. The use of Abel’s transformation in (5), implies
~ Yry Abg D™ ()
—b, mD“” () + A (by1m) DY (), if m = 4p — 3;
— Y k) Abg D™ ()
s —b, mD(m)(a:) A (byt1,m) Dim) (), ifm=4p—2;
Zk:l Abk,ka (z )
b D™ () = A (bps1.m) D™ (), if m=4p—1;
2221 Abk,mﬁj(cm) ($)
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for all p € N. Applying Abel’s transformation in (3), we also get

= 2g=1 Abgm D (33) b, DI (@), if m = dp = 3;
s > 1Abkm (x) banSLm)(x)7 if m=4p — 2;
Sp(x) = (m) (m) . o . (7)
+> e 1AbkmD (:c)+bn Dy (x), ifm=4p—1,;
+ > pey Abg,m Dy, (x) + b, mD(m)(a:)7 if m = 4p,
for all p € N. Using Lemmas 1 and 2, in (6) and (7), we have that
2 m(2) < O (a71) (Z K™ | Abk,m| + |an] + [ania] + |an+2|> ; (8)
k=1
and
n
[Sh(@)] <O (27) (Z K™ [ Dby | + Ian|> ; 9)
k=1
for all m € N.

Whence, letting n — oo in (8) and (9), and taking into account that (ax) € B\X//T’m, m=1,2,...), we
conclude that series > p- AbkmD,(cm) (z) and >"p7, Abk,mf),im)(x) converge absolutely, and

hm Zp.m(®) = lim S} (z) = g(x)
exists for all z € [, 7], where € > 0 as small as. Now, we have

— 3 i1 A DY (2)

+bn mD (m) ({13) - A (b7z+1,7n) ng) (.73)7 if m= 4p — 3;
= i Aby mD(m)(:c) )

b DI (@) = A (bnyrm) DI (@), i m = dp — 2;
30 Abk mD“")(z)
+ Zk:n+1 A%,mD;(Cm) ({E) _

b DY (@) + A (byg1,m) DY (), if m = dp,

for all p € N. Thus, based on (10), we have

fO7T Z;in-i-l Abkval(cM) (QT) dSC

Hbnm [y (z )\dm
lo— =t i< 4 100 15 o "

fo Zk:nﬂ AbhmD/(gm)(x) dx
Howml Jy7 | D8 (@) da
HIA (bs1,m) |f0 DM (@) dw, i m = dp—2vm = 4p,

for all p € N. Let us estimate the terms in right hand side of (11). Namely, since (a,) € Cy, N BV, for each
m € {1,2,...}, then for £ > 0 there exists 6 > 0, such that

i

S AbewD™ (x)

k=n-+1
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for all n > 0. Consequently, for m = 4p — 3V m = 4p — 1 and Bernstein’s inequality we get

T o 0 o
/ S b DM (@) de = / ST Abew DY (2)| da (12)
0 k=n-+1 0 k=n-+1
+/ Z Abk,mD,(cm)(x) dx
s k=n+1
e\ " pm
< 5—1— Z |Abk,m\/§ ‘Dk (x)‘da:
k=n-+1
€ -~ m—1 T /
< otk |Abk7m\/6 | Dy ()| d
k=n-+1
< S40 i km|Abkm\/ﬂd—w
- 2 ’ 5 1’2
k=n-+1
e C &
< = ~ mA
> 2+ 5 Z k | bk,m‘
k=n+1
€ €
I 1
< 3 + 5 =& (13)
and in a similar way, for m = 4p — 2V m = 4p,
/ Z Abhmf),(cm)(x) dr < e. (14)
0 k=n-+1

The other terms also tend to zero, since they can be estimated as a, logn (using Lemma 3). Using these
facts, (11), (12) and (14), we have proved that

lim |27, —gll = 0.
n— oo

The proof is completed. m

Remark 7 For m =1 Theorem 7 reduces to Theorem 2.

Theorem 8 Let (a,) € C,.NBV,, for each m € {1,2,...}, and lim, . a, logn = 0. Then

Jim {15 — gl = 0.

Proof. Using Theorem 7, equalities (6), and equalities (7), we get

157 = 4

155 = Znm + Znm — 9
125,m = Sall + lz5.m — 9l

A (bnr1m) | [T | DY (@)|dz + 0(1), ifm=4p—3Am=4p—1;
{|A (bpt1,m) | fy |5,(Lm)(a:)|d:c +o(l), ifm=4p—2Am=4p;

IN
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for all p € N. Now applying Lemma 3, Bernstein’s inequality, Lemma 4, and conditions of our theorem, we
obtain

155 =9l
C(n+ 1)™|A (byt1,m) |log(n + 1) + o(1), ifm=4p—-3Am=4p—1;
< (4 DIA (bnt1m) |
x (fo” D™ (@) |d + [T |F,§’"*”(x)\dx> +o(1), ifm=4p—2Am=4p;
Cn+1)™A (bps1,m) | [y | Dn(x)|dz + o(1), ifm=4p—-3Am=4p—1;
< Q@+ D)™A (bngrm)
x| (fy |Dn(x)‘d:c + J ‘Fn(mﬂdx) +o(1), if m=4p —2Am = 4p;

= O(apt1log(n +1) + apialog(n+2)+o0(1)) =o(1) as n — oo.
The proof is completed. m

Remark 8 For m =1 Theorem 8 reduces to Theorem 3.
The following statements also hold true.

Theorem 9 Let (a,) € 5’r,m N ﬁ/r,m; ref0,1,...}, me{l,2,...}, and lim_,, n"a, logn = 0. Then
lim |[z),,)" = g = 0.
n—oo

Proof. The proof is similar to the proof of Theorem 7. Therefore, we omit it. m

Remark 9 For r =0, Theroem 8 reduces to Theorem J

Theorem 10 Let (a,) € C~'r,m N E‘//r,m, ref0,1,...}, me{l,2,...}, and lim,, .o n"a, logn = 0. Then
Jim I[85 = ¢ = 0.

Proof. The proof is similar to the proof of Theorem 8. Therefore, we omit it. m

Remark 10 For r =0, Theorem 10 reduces to Theorem 5.
Using Theorems 9 and 10, we obtain next consequence.
Corollary 2 Let (a,) € §7.7,,L, re{0,1,...}, me{1,2,...}, and lim, o n"a, logn = 0. Then
(1) limp—oo [I[25 ] — 9@l = 0.
(if) limy, oo [|[S5]0) = g7 = 0.
For m =1 we have:
Corollary 3 (/2]) Let (a,) € 5,., r€{0,1,...}, and lim,, o n"a,logn = 0. Then
(@) lim oo [I[25]7) — g = 0.
(if) limy, o [|[S7]0) = g7 = 0.

Acknowledgment. The author would like to express his sincere thanks to anonymous referee for her/his
useful comments and suggestions.
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