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Abstract

This paper deals with the study of existence of weak positive solutions for
a new class of Kirrchoff parabolic systems in bounded domains with multiple
parameters, where the right hand side defined as a multiplication of two separate
functions.

1 Introduction

In this paper, we consider the following system of differential equations

—A (f Vul|® dz) Au+u = Ma(z) f(v)h(u) in Qp,
Q

—-B <f |Vv|2 dm) Av+vp = XNf (2) g (u) T (v) in Qr, (1)
Q

U:’U:OOIlaQT, U(fcao):@(x)v

where Qr = Q x [0,7], @ € RY (N >3) is a bounded smooth domain with C?
boundary 02, and A, B :RT — R are continuous functions, o, 8 € C (), A1 and o
are nonnegative parameters.

Since the first equation in (1) contains an integral over ), it is no longer a pointwise
identity; therefore it is often called nonlocal problem. This problem models several
physical and biological systems, where u describes a process which depends on the
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332 Existence of Positive Solutions for Kirrchoff Systems

average of itself, such as the population density, see [7]. Moreover, problem (1) is
related to the stationary version of the Kirchhoff equation

L
0%y Py E ou
ram |5 a7 | o
ot h 2L ox

0

presented by Kirchhoff in 1883, see [17]. This equation is an extension of the classical
d’Alembert’s wave equation by considering the effect of the changes in the length of
the string during the vibrations. The parameters in (2) have the following meanings:
L is the length of the string, h is the area of the cross-section, F is the Young modulus

of the material, p is the mass density, and Py is the initial tension.
By using Euler time scheme on (1), we obtain the following problems

2
0%u

—7'A (f [V ug)? dm) Aug +u, = 7' [Ma (@) f (vg) b (ug)] + k-1 in Qr,
Q

=5 ([ 190l ) A0+ 0= 7 D (2)9 (1) 7 ()] + s 0 Qi
Q

ur = v = 0 on 0QT,
u(z,0) = ¢ (z)

where N7/ =T,0<T < 1,and for 1 <k < N.

In recent years, problems involving Kirchhoff type operators have been studied in
many papers, we refer to ([2], [4], [7], [8], [14], [18]), in which the authors have used
different methods to get the existence of solutions for Kirchhoff type equations. Our
paper is motivated by the recent results in ([1], [3]). In the paper [3], Azzouz and
Bensedik studied the existence of a positive weak solution for the nonlocal problem of
the form

-M (f |Vu)? dx) Au=uf " u+\f(z) in Q,
¢ (3)
u =0 on 09,

where € is a bounded smooth domain in RY, N > 3 and p > 1, with a sign-changing
function f.

Using the sub-supersolution method combining a comparison principle introduced
in [1], the authors established the existence of a positive solution for (3), where the
parameter A > 0 is small enough. In the present paper, we consider system (1) in the
case when the nonlinearities are “sublinear” at infinity, see the condition (H3). Under
suitable conditions on f, g, h and 7, we shall show that system (1) has a positive
solution for A > A* large enough. To our best knowledge, this is a new research
topic for nonlocal problems, see [12]. In current paper, motivated by previous works
in ([3], [9]) and by using sub-super solutions method, we study of existence of weak
positive solutions for a new class of Kirrchoff parabolic systems in bounded domains
with multiple parameters, with the right hand side defined as a multiplication of two
separate functions. Our results extend and improve our recent results in [4] and [18].
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2 Existence Results

LEMMA 1 ([3]). Assume that M : RT — RT is a continuous and nonincreasing
function satisfying
lim M (t) = My, (4)

t—0t

where mg is a positive constant. Suppose further that function H (t) := tM (t2) is
increasing on R. Assume that u,v are two non-negative functions such that

-M (f |Vul? da:) Au> —M (f |Vv2dx> Av in €,
Q Q

u=v =0 on 0f2.

Then v > v a.e. in .

LEMMA 2 ([1]). If M verifies the conditions of Lemma 1, then for each f € L? (Q),
there exists a unique solution u € H} () to the M-linear problem

-M /|Vu\2da: Au= f(z) in Q and uw =0 in Q.
Q

LEMMA 3 ([15]). Let w solve Aw = g in Q. If g € C (Q2), then w € C1* () for
any « € (0,1). In particular, w is continuous in €.

In this section, we shall state and prove the main result of this paper. Let us make
the following assumptions:

(H1) A,B:R" — R satisfy the same conditions as M in Lemma 1, and there exist
a;,b; > 0,1=1,2, such that

a1 < A(t)<as, by < B(t)<by forallteRT.
(H2) a,8 € C(Q) and
a(x)>ap>0, B(z)=p5y>0
for all z € Q.

(H3) f, g, h and 7 are increasing and continuously differentiable functions on (0, +00)
such that

lim f(t) =400, lim g(t) =+o0, lim h(t)=+occ= lim 7 (t) = +oo.

t——+oo t——+o0 t——+o0 t—+oo
(H4) Jv > 0 such that

i POLEGOD o g i T) 0 for all & > 0.

t——4o00 t t—+oo tYT
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We may show below an example where hypotheses (H3) and (H4) hold where
T()=In(t), h(t)=Vt f({t)=(), g(t)=t =2
THEOREM 1. Assume that the conditions (H1)—(H4) hold. Then for large Ajaq
and Aaf3,, problem (1) has a large positive weak solution.
We give the following two definitions before we give our main result.

DEFINITION 1. (u,v) € (Hg (Q) x Hg (Q)) is said to be a weak solution of (1) if
it satisfies

A <J|Vuk2 dx) !Vungb dz = )\1/ {a () f (v) b (u) — % ] ¢dz in Q,

Q

B (/va? d:c) /wkvw dz = AQQ/ {5 () g (ug) T (vi) — ’“_T,’“} Ydz in Q

Q

for all (¢,%) € (HZ () x HE ().

DEFINITION 2. Pairs of nonnegative functions (w, vy,) , (k, U%) in (Hg () x Hg (Q))
are called a weak subsolution and supersolution pair of (1) if

(ug,vy) = (Uk, Uk) = (0,0) on 99,

A < |V, |* dz) Vu, Vo dr < A\ f [ (@) f (vg) b (uy,) — M] ¢ dx in Q,
B (f Ve de) [ V090 a0 < ha [ [3(0) 9 (w7 (0) — 2252 | da i @
) )
and
A( V|2 d:c> Vi Ve do > Ay [ [ (z) f (B b (@) — i} ¢ dz in Q,
) Q )
(f V| dm) Vo,V do > /\gg [6 (z) g (@) 7 (Ug) — =22 } 1 dx in Q

for all (¢,) € (Hg () x HE (Q)).

PROOF OF THEOREM 1. Let o be the first eigenvalue of —A with Dirichlet
boundary conditions and ¢; the corresponding positive eigenfunction with ||¢;|| = 1.
Let mg,d > 0 be such that |V, |> — 0¢? > mg on Qs = {z € Q: d(z,00) < é}. For
each A1 and A\2f3, large, let us define

)\1050 )\26
. ( 2a1 )“ﬁ% e < 2b10> )
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where aq,b; are given by the condition (H1). We shall verify that (u,v) is a weak
subsolution of problem (1) for A\jap and X203, large enough. Indeed, let ¢ € H} ()
with ¢ > 0 in Q. By (H1)-(H3), a simple calculation shows that

A (/Vuk|2dm) /wk.w)da:

Q Qs

— A (/Vuklzdx) A;‘J‘O /¢1V¢1.V¢dx
Q ! G5
A
- A%y ( / |Vuk|2d:c) [ VoV @roydo— [ 10, 6da

Q Qs Qs

- Aty ( Q/ |Vuk|2dx) [ (o6t = 1901[") oa.

Qs

On Q;, we have [V, |* — 0¢7 > mo. Then 0¢7 — |V, |* < 0. So

A (/ Vuk|2dx) /V@quﬁdas <0.
Q

Qs

Under (H3) for Ajap and A2, large enough, we get f (v;) h (u;) > 0. Then

A (/|Vuk|2dx> /wkvqsdx

Q

Qs
< [a@)f ) ods
o
< o ot fwontw) - B0 va, ©)
Qs

Next, on Q\Qs, we have ¢; > r for some r > 0, and therefore by the conditions



336 Existence of Positive Solutions for Kirrchoff Systems

(H1)—(H3) and the definition of u and v, it follows that

Uk — Uk—1
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Q\ﬁg
A
> 2004 [[wular| [ (o0t~ 196:) 6ds
ai
Q2 Q\Qs
= A(/Wu,f?dx) /V@quﬁdx (7)
Q O\ Qs

for A1y > 0 large enough.
Relations (6) and (7) imply that

A </|Vuk|2dz) /V@ngbdz
Q Q

Uk — Uk—1

< [ a@ren - 220 s ®
Q

for Ay > 0 large enough and any ¢ € H} () with ¢ > 0 in Q. Similarly,

B ( / |Vv2dx> / VoVids < Ao / [ﬁ (@) g ()7 () W] vz in @ (9)
Q Q

Q

for A28y > 0 large enough and any v € H{ (Q) with ¢ > 0 in Q. From (8) and (9),
(ug,v,) is a subsolution of problem (1). Moreover, we have u;, > 0 and v, > 0 in £,
uy, — +00 and v, — +00 as Ajag — +00 and Ay — 400 .
Next, we shall construct a weak supersolution of problem (1). Let e be the solution
of the following problem
{ —Ae=11in §,

e =0 on 0N. (10)

Let
A
w = Ce, m = (2= ) e lelore,
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where v is given by (H4) and C' > 0 is a large positive real number to be chosen later.
We shall verify that (uy,?y) is a supersolution of problem (1). Let ¢ € H} () with

¢ >0 in Q. Then we obtain from (10) and the condition (H1) that

A (/|Vuk2da:> Q/vuk.wdx A (/|Vuk|2dm) C’Q/Vqubdm

Q Q
- A (/|Vuk|2da:) c/(zm
Q Q
> alC/ngdm
Q

By (H4), we can choose C' large enough so that

A
w02 Mol (222 el g @ lello) 0 C el

Therefore,

A (/Vuk|2da:) /Wk.v(;bdx
Q Q

A
Ml f (P20 el o C el )
<h(Clell) [ oo~ [ M b

Q

Q
M a(@) f@)h )¢ de— [ L gy,
/ [*=

Q

Y

v

Also, we have

B IVvklzd‘T) VRrVipde > X2 1Bl [ [9(Cllel )] dda.
(/=) /

Q

Again by (H4) for C large enough, we have

A2 1Bl o
by

9(Clell ) = 9(C llell) ( el 1y (o e|oo>r) .

From (12) and (13), we have

Q Q

B ( / |m|2dx) [ vnTs = . Q/ 3@ ) 7 (o) - 2 e

(13)

(14)
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From (11) and (14), we have(uy, Uy) is a weak supersolution of problem (1) with uy < U
and vy < Uy for C' large.

In order to obtain a weak solution of problem (1) we define the sequence

{(un,vn)} € E = (Hp () x Hy (2)) N (C(Q) x C ()

as follows: (ug,vo) := (Uk, V) € E and (un,vy) is the unique solution of the system

—A (f |vun2dx> Aun = )\la (1.) f(vnfl) h (unfl) — Tkt in Qv
Q

T/

T

- (f anlgdﬂ«) Non = 20B(@)g (1) 7 (0 1) - 222 mg, (19
Q

Uy, = v, = 0 on 0.

Problem (15) is (A, B)-linear in the sense that, if (u,—1,v,—1) € E is a given, the right
hand sides of (15) is independent of w,,, vy,.

Set A(t) = tA (t?), B(t) = tB (t*) . Then since AR) =R, B(R) =R, f(uv),
h(ug), g (uo) and 7 (vg) € C () C L?(Q) (in x) , we deduce from Lemma 2 that system
(15) with n = 1 has a unique solution (u1,v1) € (Hg () x H} ().

And by observing that
—-A (f |Vu1|2dx) Auy = Aof (vo) b (ug) — ==L € C(Q),
Q

-B <f |V |? dx) Avy = Ay (uo) T (vo) — =22 € C(Q),
Q

u; = v1 = 0 on 9.

We deduce from Lemma 3 that (uq,v1) € C(Q) x C (). Consequently (ui,v1) € E.
By the same way we construct the following elements (u,,v,) € E of our sequence.

From (15) and the fact that (ug,vo) is a weak supersolution of (1), we have
—A (f |Vu0|2dx) Dug > Ma(x) f(vg) h(ug) = —A <f |Vu12d:p> Auy,
Q Q

-B ({{ |Vol? dx) Avg > N (2) g (ug) T (vo) = —B ({{ |V d:c) Avy

and by using Lemma 1, ug > u; and vg > v;1. Also, since ug > uy, vo > v;, and the
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monotonicity of f, h, g, and 7, one has

W U1

T/

A (/mﬂm) Aur = Ma(z)f (vo)h (ug) —
Q

Uk — Uk—1
!

Y

M (@) () b () - A=

—A (/|Vuk|2dx) Auy,
Q

v

-B (/ |Vvl|2dx) Avy = X () g (uo) T (vo) — ij
Q

=
Vi — Uk —
> Xaf(2) g () 7 () - P
Z -B (/|Vvk|2d$) AQk,
Q

from which, according to Lemma 1, uy > uy, v1 > v;, for ug, ve, we write

Uk = U1

7-/

—A (/ Vu1|2dx) Aup = Ma(z) f (vo) b (ug) —
Q

Uk = Uk
/

v

Aa(x) f(vi) h(uy) —

T

= —-A (/|Vug|2 dm) Aug,
Q

-B </|Vv1|dm) Avi = X () g (uo) T (vo) — w
0

Uk — Vg1

e

= -B (/Vv2|2dx> Avg,

Q

v

A2 () g (ur) 7 (v1) —
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and then u; > ug, v1 > v9. Similarly, us > u;, and vy > v,,. Because

Ul — Uk —
—-A /|VuQ\2dx Auy = )\la(x)f(vl)h(ul)—%
Q
> Mo (@) f () h(e) - EE
> —A /|V@k|2dx Auy,
Q
2 Vg — Vk—1
B / Vool da | By = XoB(2) g (ur) 7 (0r) = =
Q
Ve — VUk—
> Xaf(2) g (w) 7 () —
>

-B /|Vyk|2dx Avy,.
Q

Repeating this argument we get a bounded monotone sequence {(uy,v,)} C E satis-
fying

U =Up > Up > Uy > e 2 Uy > oo 2y, >0 (16)

and

Tp =00 > VU1 > V2 > . 20y > oo >0y, > 0. (17)

By using the continuity of the functions f, h, g and 7 and the definition of the sequences
{un},{vn}, there exist constants C; > 0, i = 1, ..., 4 independent of n such that

|f(un—1)| S C1, R (un—1)] < Co, |g(un—1)] < Cs (18)

and

|T (un—1)| S 04 for all n.

From (18), multiplying the first equation of (15) by u,, integrating, using the Holder
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inequality and Sobolev embedding, we can show that

a1/|Vun|2dm < A /|Vun|2dm /\Vun|2dx
Q Q Q
= )\1/a(x)f(vn,l)h(un,l)undx—/L}Mundx
T
Q Q
U — Up—1
< Aol [ 17 @uedl )] ol di = [ o
Q Q
U — Uf—
< GiCllaloh [ o= [ M ) do
Q Q
<

Cs ||“n||H5(Q) :

Then
[unll g3 ) < Cs, Vn, (19)

where C5 > 0 is a constant independent of n. Similarly, there exists Cg > 0 independent
of n such that
ol sy < Cor V. (20)

From (19) and (20), we infer that {(u,, v,)} has a subsequence which weakly converges
in Hj (Q,R?) to a limit (u,v) with the properties u > u;, > 0 and v > v, > 0. Being
monotone and also using a standard regularity argument, {(u, v,)} converges itself to
(u,v) . Now, letting n — 400 in (15), we deduce that (u,v) is a positive weak solution
of system (1). The proof of theorem is now completed.
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