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Abstract

In this paper we generalize some important results associated with nonlinear
contractive mappings. Our principle results discuss the existence of fixed points
for the operator A.(B1+ B2) where A, By and By are operators that satisfy some
properties. An application is considered in the last section of this paper.

1 Introduction

Fixed point theory play an important role in many fields of sciences. For example,
in economics [6, 7], physics [8], biology [1, 2], technology and more. In mathematics
the most well known result in the theory of fixed points is the Banach contraction
mapping principle, see [10], and the more general fixed point theorem is due to Boyd
and Wong, see [3]; for more fixed point theorems see [4, 10] and the references therein.
Mathematicians can solve a large number of problems by the fixed point theory and
these problems can be described by some differential or integral or integro-differential
equations.

In the present paper we consider the following nonlinear integral equation in the
Banach algebra C([0, 1], R),

1 1
o) = fta@)( [ B Dmo)is+ [ Rt onee)is). 0

where f : [0,1] xR - R, g1, g2 : R — R and ky, ko : [0,1] x [0,1] — R* are
continuous functions (here R denotes the set of all real numbers and R* denotes the
set of all nonnegative real numbers). We discuss the existence of solutions for (1.1) in
the third section. In the second section we prove some auxiliary fixed point theorems
concerned with the nonlinear contractions as a first step, then we prove the existence
of solutions for the equation Byx + Box = x where B is a nonlinear contraction and
B, is a completely continuous map. This result is a generalization of the Krasnoselskii
nonlinear alternative type for the sum of a contraction and a completely continuous
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map [9]. Finally, as a final step of the second section, we present a result which ensure
the existence of solutions for the abstract equation (A(B; 4+ Bz))x = z in a Banach
algebra space equipped with a cone K. In the following, we introduce some useful
definitions and theorems.

Let X be a Banach space with a norm ||.||x, in short ||.||. A Banach algebra space
is a complex Banach space together with an associative and distributive multiplication
such that:

AMz.y) = (Ax)y =z.(Ny), lzyll <llzllllyl V(z,y) € X*,VAeC.

A nonempty and closed subset K of X is called a coneif K+K C K, AK C K for A >0
and K N {—K} = {0}. Each cone K induces a partial order < on X by z <y <
y—x € K, v < y will stand for ¢ < y and = # y. The pair (X,<) or (X,K) is a
partially ordered Banach space.

A mapping A : X — X is called a-contraction if there exists a positive real number
0 < a < 1 such that || Az — Ay|| < aflx —y|| for all z,y in X, and it is called nonlinear
contraction if there exists a nondecreasing function ¢ : RT™ — RT such that for every
pair of points z,y in X we have ||Az — Ay|| < ¢(||lz — y||) with ¢(t) < t forallt >
0 and ¢(0) = 0. An operator A : X — X is called compact if A(X) is a compact subset
of X. Similarly, A: X — X is called totally bounded if A maps the bounded subsets
of X into relatively compact subsets of X. Finally, A : X — X is called completely
continuous operator if it is continuous and totally bounded.

LEMMA 1 ([4]). Let B(yo,r) be a sphere in the complete metric space (X, d).
Let also T : B(yo,r7) — X be a contraction mapping which satisfies the Lipschitz
condition

d(T' (1), T(22)) < vd (z1,22)

for every pair points x1, z2 in B(yo, ), v being a constant such that 0 <y < 1. Then if
d(yo, T (yo)) < r(1—7), there exists a unique point xg € B (yp,r) such that T'(xg) = zo.

LEMMA 2 ([3]). (Boyd and Wong) Let X be a Banach space and let T : X — X
be a nonlinear contraction. Then T has a unique fixed point in X.

LEMMA 3 ([4]). (Nonlinear alternative) Let K be a convex subset of a normed
linear space E, U an open subset of K, N : U — K a compact map and 0 € U. Then
either

i. N has a fixed point in U or,

ii. there is a point v € QU and X € (0,1) such that u = ANw.

THEOREM 1 ([9]). Let (X, ||.]|) be a Banach space, By, B2 be two operators from
X into X such that Bj is 7-contraction and Bs is completely continuous. Assume also
that
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(H) there exists a sphere B(0,r) in X with center 0 and radius r such that for every
y € B(0,7):
r(1=7) = [B10 + Bayl.

Then either,
(a) the operator equations « = (By + By)z has a solution with ||z|| < r, or

(b) there exists a point zo € dB(0,r) and A € (0,1) such that o = AB1 (%) +
)\BQ(.’E()).

THEOREM 2 ([5]). Let (X, <) be a partially ordered Banach space. Assume that
X satisfies the following condition: if (z,,) is a nondecreasing sequence in X such that
Ty — « then x, <z for allm € N. Let F': X — X be a nondecreasing mapping such
that
IF2— Fyl < llo - yll - b(lle — y]) for = > y,

where 1) : Rt — R7 is a continuous and nondecreasing function such that v is positive

in (0,+00), ¥(0) = 0 and glir+n Y(€) = +oo. If there exists zg € X with zg < Fxy,
then F' has a fixed point.

If we consider the following condition
(x) for any  and y in X there exists £ € X which is comparable to = and y.

Then we have the following result.

THEOREM 3 ([5]). Adding condition (x) to the hypotheses of Theorem 2, we
obtain the uniqueness of the fixed point.

2 Main Results

Let X be an ordered Banach Algebra equipped with the natural cone K = {u € X, u > 0}.
Assume that X satisfies condition (%) and the following: if (z,,) is a nondecreasing se-
quence in X such that z,, — z, then x,, < x for all n € N. Also consider three operators
A,B1,Bs : X — X, such that A(K) C K, B;(X) C K fori = 1,2, and assume that
A0 =0, B10 = 0. The next main result is more general than Lemma 1.

PROPOSITION 1. Let B(yo,r) be a sphere in the complete metric space (X, d).
Let also T : B(yo,7) — X be a nonlinear contraction mapping which satisfies the
condition:

d(T (1), T (22)) < dd(1,22))

for every pair of points x1,x9 in B(yg,r), where ¢ is an increasing function which
satisfies the following conditions
o(t) _ o).

t) <t,¥t>0, and —2 <
o(t) <t,¥t >0, an S

vt >t > 0.
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Then if d(yo, T(yo)) < (1 — ‘25(7,7'))7 there exists a unique point z¢ € B(yo,r) such that
T(x0) = xp.

PROOF. Choose m < r such that d(yo,T(y0)) < m(1l — M) <r(l- @) Let

m

M ={y e X,d(y,yo) < m} where T : M — X and we show that T'(M) C M:

d(T(y),y0) < dT(y),T(yo)) + AT (y0),y0)

o(d(y. o)) +m(1 ~ 2)

IN

Since M is complete, by Boyd and Wong fixed point theorem; there exits a unique xg
such that zg = T (z9).

The next result is more general than Theorem 1.

THEOREM 4. Let X be a Banach space, A, B be operators from X to X such
that A is a nonlinear contraction with an increasing function ¢ which satisfies: VA €

(0,1), Vt € RY : Ap(£) < ¢(t) and @ be a nonincreasing function on R* and B be

completely continuous. Assume also that
(H) there exists a sphere B(0,r) in X such that for every y € B(0,r) :

w2 > a0+ By,

Then either,
i) * = Az + Bz has a solution z, with ||z|| < r, or

ii) there is a point u € X, with |u|| = and X € (0,1) such that u = AA(%) + ABu.

Before the proof of this theorem we need the next auxiliary result.

LEMMA 4. Let A be a nonlinear contraction from a Banach space X into itself
with an increasing function ¢ : RT™ — R such that ¢(t) < ¢ for all £ > 0 and ¢(0) = 0,
then (I — A)~! exists and is continuous.

PROOF. For every y in X, define the function g on X by g(z) = Az +y. Since A

is a nonlinear contraction, then ¢ is a nonlinear contraction with the same function ¢,
lg(z) — g(a)|| = [ Az +y — Az’ —y|| < ¢(||lz —2'|),

then by Boyd and Wong fixed point theorem there exists a unique solution of the
equation g(z) = x or equivalently,

there exists a unique z € X : Ax +y ==
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and so
for all y € X, thereexists a unique = € X such that (I — A)x =y,

ie., (I — A) is bijective.
Now we show that (I — A)_1 is continuous. Let y, ¥’ € X, then there exist z, 2’ €
X such that
y=I—-Azandy = (I - A,

and we have
ly =o' = I(I = Az — (I = A)a'|| > ||z = 2[| = &(||lz = '[])
where
lz—2'| = |(I-A)7I—-Az—T-A)"I-A)|
= |U-A)y- -7
Since ¢ is increasing, ||z — 2’| > ¢(||lz—2'||) and ¢(0) = 0, then we have yh_{%/ lz—2'| =

0, this yields that (I — A)~! is continuous on X.
In the following, we prove Theorem 4.

PROOEF. The operator /\A(% ) : B(0,r) — X is a nonlinear contraction with
the same function ¢. Also, for every y € B(0,7) the mapping  — AA(%) + ABy
is a nonlinear contraction with the same function ¢. Now by assumption (H) and

Proposition 1, we have that there exists a unique solution x of the equation AA({) +
ABy = z in B(0,r). This yields that

X X

— = A(- B

3 (A)+ Yy
or z

I—-—A)-=B

( ))\ Yy
and

x=\I—-A)"'By.

From Lemma 4, the existence and the continuity of (I — A)~! are obtained. Moreover,
since B is completely continuous, B is compact on B(0,r). Thus so is (I — A)~!B.
Therefore by the Nonlinear Alternative with (K = X and U = B(0,7)) either z =
A(I — A)~1Bz has a solution in B(0,7) for A = 1, or there exists u € dB(0,7) and
A € (0,1) such that u = AA(%) + ABu, and this complete the proof.

Now we present the principal theorem of this paper.

THEOREM 5. Let X be an ordered Banach Algebra equipped with the natural
cone K, and let the operators A, By, By : X — X defined as above. Assume that
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(i) For all > 2’ we have Az > Az’ and

/i a2 _ 2!
4w - 2’|l < < (lle = o/l = (llz — ']}

where 1) : RT — R™ be a continuous and an increasing function such that 1 is
positive in (0, 00), ¥(0) = 0, glim Y(€) = +o0, 1~ " verify conditions of Theorem

4 and there exists 8 > 0 with af < 1 such that
§—0<vy(§) <and ¢ (§) > abs; VE> 0,
(ii) Bj is a-contraction,
(iii) Bsg is a completely continuous operator,

(vi) there exists r > 0 such that:

Vy € B(0,7): Boy € B(O, %(r - ¢_1(9ar))),

(v) Vz € 0B(0,r), VA € (0,1) : @ # ANA(%)B1 (%) + AaBsz.
Then the operator equation AzBz + AzBsx = x has a solution in B(0,7). Here,

M = [ B(B(0, 7))l + [ B2(B(0, 7))l

PROOF. Let y € X and define a mapping A, 1 : X — X by A, 1(z) = AzByy, © €
X. Notice that, for all z < ' then Az < Az’, we have; AzB1y < Az’ Byy, and notice
that for any = and 2’ in X; A, ; satisfies the following property

|Ay12 — Aya2'|| = [[AzByy — Az'Byy||
< Az - A2'|L| By
< 2llla— ) — vz — )M
< o=/l (e — '),

and so we have an element zy = 0 such that 0 < A,1(0) = A0B1y € X ie., zp <
Ay 170, Yy € X. Now an application of the fixed point Theorem 3, yields that there is
a unique fixed point

at = Ay (z7),
or equivalently x* = Ax*Byy, * € X. Define a mapping Ny : X — X by

le =z,
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where z € X is the unique solution of the equation z = AzByy, y € X. Now, we show
that Nj is a nonlinear contraction; we have by definition:

[Ny — Ny’ = |z =2l = [[A2B1y — A2By1y/|

|AN1yB1y — ANvy' B1y/||

|AN1yB1y — ANy Bry + ANy Biy — ANy By ||
|AN1yBry — ANy Biy| + [[AN1y' Biy — ANy Biy/||
ANy — AN1'[[|| Bayll + | ANy ||| By — Bry/'||

[N1y — Nvy/[| = ([ N1y — Nay'[])

+ AN | Bry — By,

INIAIA

and this implies that
Y([Ny — Niy'l]) < [[AN1/||[| Bry — Bay/||.
Since £ — 6 < ¢(§), we have
Y([[Ny = Ny/'|]) < 0||Biy — Byl

and so
[ N1y — Nuy/[| < o~ (0ally — o).

Then, for every t > 0 we put ¢(t) = ¥~ ' (fat), and note that the function ¢ is increasing
on RT. By this, we conclude that N; is a nonlinear contraction map with a function
¢. Now, let y € X and define another mapping A, 2 : X — X by

Ayo(z) = AzBoy, = € X.

Notice that, for all z < ' then Az < Az’, since Bo(X) C K we have AxBoy < Ax’ Bay,
and for any = and «’ in X, A, o satisfies the following property

|Ay 2w — Ay oz’ = ||AxBoy — Az’ Byyl|
1
< M(HSU—CC/H—1/)(||3?—33'H))-M
<z =2 = (llz = 2'),

and so we have an element zg = 0 such that 0 < A,2(0) = A0Byy € X ie. zg <
Ay 270, Yy € X. Similarly as above, an application of the fixed point Theorem 3 yields
that there is a unique fixed point

x* = Aya(x"),

or equivalently x* = Ax* Boy, we have that z* € X.
Next, define a mapping Ny : X — X by Noy = z, where z € X is the unique
solution of the equation z = AzBsy, y € X. Then, we show that N, is continuous and
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compact. Let {y,}, be a convergent sequence in X to a point y € X, then we have

[ Noyn — Noyl| = |z — 2| = |Azn B2y — AzBay||
|AN2y, Bayn — AN2yBoy||

< ||AN2ynB2yn - ANQyB2ynH + ||AN2yB2yn - ANZyB2yH
< [[AN2y, — ANoy||.|| Baynl| + [|AN2yl|.|| Bayn — Bayl|

1
< M(HNzyn — Noy|| — ([ Nayn — ANa2||)) M

+|AN2y||.[| Bayn — Bayll.

Then
V(I Nayn — Nayll) < |AN2yl|.|| Bayn — Bayl|,

and hence

lirxlnsup (| Nayn — Noy|))|| < lirllHSUP |AN2y||.|| Bayn — Bayll-

Since 1 (0) = 0, ¢ positive and continuous we conclude that

This implies that
lim | Ny, — Nay| = 0.

Consequently, Ny is a continuous map on X. In the following, we prove that Nz is a
compact operator on B(0,r). Then for any z € B(0,r) we can write

[Az[| < [|Aal| + [[Az — Aql
< HAGHJF%(IIZ—GH = ¢(llz = all))
< HAaH—l—% = c for some fixed a € X.

Let € > 0 be given; since By is completely continuous, Bs(B(0, Q is totally bounded.

)
Then, there is a set Y = {y1,¥2, ..., yn} in B(0,7) such that By(B(0,r)) € Ui, Bs(w;)

such that w; = Bs(y;), and § = %’(/)(6) > 0. Therefore, for any y € B(0,7) we have an
Yr €Y such that ||Boy — Bayi| < 14(€). Also we have

| Noyr — Nayl| | Azg Boyr — AzBoayl|

< |[AzpBoyr — Azp Bay|| + || Az Boy — AzBoy||
< Az, — Az|.[| B2yl + | Azkl].[| B2y — Byl
1
< M—(llz = 2zl — ([l = 2&l)) + | A2k ||| B2yx — Bayll-

M

Then
Y(llz = zkll) < [[Azil[|| Bayr — Bayll,
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ie.,
P(llz = zl)) < ¢l Bayx — Bayll-

Then since v is bijective, we write
4, 1
2 = 2l = [Nage = Noy|| <9~ (e—w(e)) =«

This is true for every y € B(0,7) and hence: Ny(B(0,7)) C U, Be(z;) such that
(0,7)) is totally bounded. Since N3 is continuous, it is

S
= Ny(y;). As a result Ny(B
a compact operator on B(0,r). Since hypothesis (vi) holds, we have
Mr — ¢(r)
T

‘|N10+N2yH S 7(1 )7 Vy € B(O,T)

By
z # AA(;)&(;) + MaByz for all z € B(0,r), X € (0,1),

we can apply Theorem 4 to yield that the operator equation Ax(B; + Bz)r = z has a
solution in B(0, )

3 Application

Consider the nonlinear integral equation (1.1) in the Banach algebra C([0, 1], R) equipped
with the supremum norm and the natural cone K = {u € X : u > 0}, where f, ¢;, k;
are continuous functions. Assume the following assertions:

(1) There exists a positive function h : [0,1] — R such that

Uu—v

0.< f(tu) = f(t,0) < MOy

) foru > wv,

where H* = sup;co 1) h(t) and f(t,0) =0,V ¢ € [0,1].
The mapping f has the following property

F(tu) < F(t ) Ve € [0,1], Vu,v € R, u <,

(2) there exists 8, € [0, 1] such that
|91 (w) = g1(0)] < Bifu —vf; Vu,v € R, Vt € [0,1],
with ¢1(0) = 0, where min (8,k}, H*3,k}) < 1 and H* > 1+ B,k}(H*)?,
(3) there exists 79 > 0 such that
sup ‘/ktsgZ ds—/ktsgZ s))ds| = 2k} g},
t€[0,1], u,v€B(0,r)
Ksgs H*

irar e ST — o (H" By ko),
(klgl +k292) 0 ( ikiro)



442 Some Fixed Point Theorems in Ordered Banach Spaces

and
H* k3™ (H*Bykiro) + (1 — H*Byk{ + H'k3)ro > (H)* By (k7)* — HY,
where k} = SUPtem] |f0 i(t,s)ds| < oo and g = sup, <., [9i(y)| < oo for
t
i=1,2, and ¢! is the inverse of the increasing function ¢ — 1 (t)y=t— T 1

(4) 2H" (kg7 + k393) < 1.
Then we obtain the following result.

THEOREM 6. Assume that the assertions (1)—(4) hold true, then the integral
equation (1.1) has a solution in X = C([0,1],R).

PROOF. Define the operators A, By and By as follows:
t
Au(t) = f(t,u(t)), Biu(t) = / ki(t,8)gi(z(s))ds,i =1,2; Vu € X
0
We are going to verify that the operators A, B; and By satisfy all conditions of Theorem

5, and we confirm this in the next claims.
Claim 1: A satisfies condition (i). For any u,v € X and 0 <t < 1 we have

u<v= Au(t) = f(t,u(t)) < f(t,v(t)) = Av(¢)

and
|[Au(t) — Av(t)] = f(t,u(t) — f(t,0(t))

< h(o).( Hufi(_ )U(tz,(t))
= ( fnﬂvn)
— 8 (Ju= ol = = ol + )
< (Ju=vl = (Ju—ol - =)
< H (Jlu ol = (lu—vl)
- (klgll)(n w— ol = (llu—v]))
= 2 (=l = ()

where

= [ B1(B(0,70)) |l + [ B2(B(0, 70)) || = 2(k7 g7 + k393),
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1 is a positive increasing function, Elim P(&) = 400, ¥(0) = 0, and for all £ > 0; we
— 00

have

§—H" <9(§) <&and §(£) > k1B, H'E.

Claim 2: The operator B; is a contraction. Let u,v € X,t € [0,1]. Then

mewam\sLAmeme@rmmwmw
sgmhwéwwwm
< KByllu—ol,

i.e By is a ki f;-contraction.

Claim 3: The operator Bs is completely continuous. Since ko is continuous on
[0, 1]2and go is continuous on X, then B is completely continuous.

Claim 4: Condition (iv) holds. Let y € [—7r¢,ro], from hypothesis (3) we get

|&mn=|ékm@mmmm

< g3k3
2 k* *+I€* * B . .
< w(m*ﬁj 1(H 51k1ro)),
ie.,
2(k* *+k* * B . ) M B . .
1Bayil < 2EILEIE) (o)) = AL (g — w7 (B Bykiro)).

for all y € [—ro,7¢).

Claim 5: Condition (v) holds. By contradiction, assume that there exists u € X
such that ||ul]| =79, A € (0,1) and

u(t) = A (%) (1)B, (%) (t) + Au(t) Baul(t).

Then, we have

AH*||ul| Bk vl

AH* + |Jul| A

AH |ul| k*2(ki‘gi‘ + k395)
H* + ||u||? H*

lu@®)] <

+ (ro — ™ (H*Bykiro))
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since |ju|| < AH* + ||u]l, VA € (0,1); we have

H ul|
H + ul]

2(k1g7 + k395)

t H*B k3
u(t)] < H* Bk [lull + e

(ro — v~ (H*B1kiro)).

ks

Hence

H*k3ro 2(kigt + k395)

—_ < H* k*
ro = [Jul] < Bikiro + H* + 10 >

(ro — ¥~ (H" By kir0))

and by a simple computation we have a contradiction with assumption (3). This yields
that all the assertions of Theorem 5 are verified. We then conclude that the equation
(1.1) has a solution z € C([0,1],R), with ||z|| < 7.
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