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Abstract

This paper deals with (p, p; r)-convexity of sequences. First, we give the nec-
essary and sufficient conditions for a non-negative infinite matrix to preserve
(1,1;2)-convexity of sequences. Using this result, it is shown that the Borel ma-
trix and the CeSaro matrix do not preserve (1, 1;2)-convexity of sequences, thus
proving that the theorem pertaining to Cesaro matrix given in [10] is incorrect.
Furthermore, we prove that for any p # 1, the Cesaro matrix does not preserve
(p, p; 1)-convexity of sequences.

1 Introduction

If p > 0, ¢ > 0, then the sequence {z,}52, of real numbers is said to be (p, ¢)-convex
if

Lp,q($7b) = Tn — (p + Q)xn—l +pqxn_2 >0

for n > 2. This operator L, , generates the second order difference A? when p = ¢ = 1.
Several authors [1, 2, 4, 5, 6, 8 have proved various results on the (p,q)- convex
sequences. In [3, 7, 9], the authors discuss the matrix transformations of (p, ¢)-convex
sequences in the case of lower triangular matrices. In [11], the authors give the necessary
and sufficient condtions for a non-negative infinite matrix to transform a (p, g)-convex
sequence into a (p, g)-convex sequence.
In [10], the author introduces the difference operator on a sequence {x,, } as L., (z,) =

Ty — P Xpir for a natural number r. We define alternate form of the operator as
Ly, (zp) =2p — p @n_y and Ly g (2n) = Lp.r(2n) — ¢"Lp;r (Tr—r). Thus

Lp,q;r(mn) =Tn — (pr + qr)xn—r + prqrxn—Zr for n > 2r.

Also, in [10], the author defines a sequence {x,} to be a (p,q;r)-convex sequence if
Ly g:r(xn) > 0 for n > 2r. When r = 1, this operator generates (p, ¢)-convex sequences.
Clearly L, 4 is a linear operator. The main aim of the paper is to discuss the (1, 1;2)-
convex sequences. A sequence {x,} is (1, 1;2)-convex if

Liio(xn) =2, —20p_o+2p_a > 0forn>4.
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In this paper we give the necessary and sufficient conditions for a non-negative infinite
matrix to preserve (1, 1;2)-convexity of sequences. In Section 4 we give an example of
such an infinite matrix. Also, we show that the Borel matrix and the Cesaro matrix
do not transform every (1,1;2)-convex sequence into a (1,1;2)-convex sequence. In
addition, we show that the Cesaro matrix fails to satisfy one of the conditions given in
[11] to preserve (p, p; 1)-convexity of sequences for p # 1.

2 Preliminaries
For any given sequence {z,}, we can find a corresponding sequence {c;}7°, such that
Co = Zo, C1 =1,

and for k > 2, ¢;’s are given by

j—1
Toj — Z(j—i-i—l)CQi, ifk}ZQj,
Ck = ’L:(j)'—l (1)
Tojr1 — p (J—i+1)copr, ifk=2j+1,
i=0

which implies that {x,} can be represented by

k

Z(k‘—i-}-l)CQi, if n = 2k,

T, = Z?O (2)
Z(k*iﬁ*l)CQH_l, 1fn:2k+1,
=0

for n > 0. As a consequence we get the following lemma.

LEMMA 2.1. If the sequence {x,, } is given by the representation (2), then Lq 1.2(xy) =
¢n- Thus, the sequence {z,} is (1, 1;2)-convex if and only if ¢, > 0 for n > 4.

PROOF. Since L1 1,2(zp) = Ty, — 2Tp—2 + Tp_4, it suffices to show that
Ty — 2Lp—9 + Tp—a = ¢, for n > 4.
Using (2), we can write for n = 4,5,6,-- -,

Tn — 2xn—2 + Tn—ya

k k—1 k—2
Z(k*l+1)021722(k72)021+ Z(k*l*l)CQl, 1fn:2k,
— zio l:(]i—l =0 oo
Z(k‘ —1+ l)CQH_l -2 Z (k‘ — i)CQH_l + Z (k‘ — 71— 1)62i+1, if n=2k+1,
=0 =0 =0
k—2
Cgk—l—Z(kj—i-‘rl—Q(k}—i)-f—k’—i—1)Cgi, if n = 2k,
— 1=0
- k—2
Comir+ S (k—i41—2k—i)+k—i—Degpr, ifn=2k+1,

=0
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Cok+1, lfTL:2k+1,

= Cp.

_ {czk., if n = 2k,

Thus, for any sequence {z,},
Lyq.o(zy) =cp, formn>4.

IESE]

Hence the lemma holds.
Now, we give below some definitions.

Let A = [ax] be a non-negative infinite matrix defining a sequence to sequence
transformation by

00
(Ax)n = Z Qp kT -
k=0

Then, we define the matrices [, ] and [, ;] as
oo .
. ijl Qn,2j = Gp 2l + Gp 2142 + An2i+a + -, if m = 2,
Qpom = 0o .
D1 On,2j41 = Gn2i41 + An 243 + Apoips + o0, Em=20+1,
oo . .
5 .= Yook On2l = Qp 2k + Qnoky2 + Qpopga + -0 s if i = 2k,
n,g o) op .
Yook On 241 = Qp 2k+1 + Qp 243 + Qpopts + -+, if i =2k + 1.
Thus,

>k Z;ilan,2j)ifi = 2k,
S (S5ian e )if i = 2k + 1.
Interchanging the order of summation, we get

B . = 35k Sk, i i = 2F,
" Dok Yl—kOn,2j 41,1 = 2k + 1.

Bn,i -

)

Therefore, we can write

(j—k—‘rl)an,gj, if 1 =2k
Bri=1 "= (3)
Z(j—k+1)an72j+1, le:2k+1
j=k

Furthermore, for n > 4 and for each ¢ = 0,1,2,... we obtain, by the linearity of the
operator Lq 1,2,

(] —k+ 1)L1,1;2(an,2j)7 ifi = Qka

>
_ )=k
L12(Bni) = (' (4)
E (] — k’ + 1)L1,1;2(an,2j+1), lf’L = 2k‘ + 1
j=k
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Also, we need the matrix [a, ] to satisfy the condition

> kan i < 0. (5)
k=1
so that from (3) for k=0,1,2,---
Yo (G —k)ang; + > anj, if i = 2k,
B, . =7k =k
7 Y(G—Fk)anzjt1+ D angjr1, ifi=2k+1,
j=k i=k
< o0.

Thus, 3, ; is well-defined.

3 Main Results

In this section we prove the necessary and sufficient conditions for a non-negative infi-
nite matrix A to transform a (1,1;2)-convex sequence into a (1, 1;2)-convex sequence
showing that each column of the corresponding matrix [8,, ;] is a (1, 1;2)-convex se-
quence.

n,i]
THEOREM 3.1. A non-negative infinite matrix A = [a,, x| satisfying

oo
Z kap < oo,
k=1

preserves (1, 1;2)-convexity of sequences if and only if for n =4,5,6...,

(i) L1,1;2 (ﬁn,o) = L1,1;2 (5711) = L1,1;2 (an) = L1,1;2 (/Bn3) =0.

(ii) Li1,2 (571@)) > 0 for ¢ > 4, where the matrix [3,,,] is defined by

n,i}

Z (] —k+ 1)0%72]‘, if 4 = 2k,
ﬁn,i = jO:Ok

Z (j —k+ 1)an72j+1, ifi=2k+1.

j=k

First, we prove the following lemma.

LEMMA 3.1. If {z,} is any sequence, then the transformed sequence {(Az),}
satisfies that for n > 4,

oo

(Ax)n = Z ciﬁn,i

=0
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where ¢;’s are given by (1).

PROOF. From (2), we have

k k

Top = Z(k -1+ 1)0% and Tok+1 = Z(k — 14 1)C2i+1-
=0 i=0

Then the nth term of the transformed sequence is

k=0
o0
= Z Ay 51Ty, + Z Qyokt1 Lokt
k=0
k
= Zan Qk(z —i+1) C21> Zan 2k+1(z —i+1) 627.+1)
=0 = =0
Interchanging the order of summation,
(o ] o0 o0 o0
(Az), = Zczi(Z(k*ZJr 1) an2k> +Zczi+1(z —i+1) an2k+1>
i=0 k=i i=0 k=i
Using (3), we can write
oo o0 o0
Az)y = Z 2iBn,2i + Z C2i41P0 2141 = Z CiBni-
i=0 i=0 i=0

Hence the lemma holds.

449

PROOF OF THEOREM 3.1. To prove the sufficiency of the conditions given in the
theorem, assume that conditions (i) and (ii) are true. For any (1, 1;2)-convex sequence
{z,}, by Lemma 2.1, ¢; > 0 for ¢ > 4. Using Lemma 3.1 and the linearity of the

operator Lj 1,2, we can write for n > 4,

L1 12(Az), = ZCiLLl;z(ﬂn,i) = 0.
i=0

(6)

Thus, the sequence {(Az),} is also (1, 1; 2)-convex. Conversely, assume that the matrix
A preserves (1, 1;2)-convexity of sequences. Suppose that condition (i) fails to hold.

Then for some ¢ =0,1,2,3,
Ly12(8,,) #0 for some n>4.

In particular, if
Ll’l;Q(ﬂn’()) # 0, for some n > 4,
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then there exists an N > 4 such that

Li12(Bno) =L #0.

Consider the sequence {u,} given by

u = { Ug U U2 U UL ...y U2k U2k 41 - - - }
el 1 1
—-L, 0, -2L, 0, 3L, —(k+1)L, o0,

Then, {u,} is a (1,1;2)-convex sequence because using equation (1) and Lemma 2.1
we see that co = ug = —L,c1 =u1 =0, cg = us —2¢cg = 0, c3 = ug — 2¢; = 0 and for
k>2,
Cok = U2k — 2U2k—2 + U2k—4
=—(k+1)L—-2(-kL)+ (—(k—1)L) =0,
Cok41 = Ugk41 — 2U2k—1 + Uzp—3 = 0.

Then for the transformed sequence {(Au)y}, we have from (6)

Liae(Au)n = coLi1a(Bro) + Y cailin2(Bra) + Y caiv1Liaa(Buait)
i=1 =0

= coL1,12(Bno)
=-L*<0,

which contradicts that the transformed sequence {(Au),} must be (1,1;2)-convex.
Similarly, if L1 1,2(8n1) or L1,1.2(Bn2) or L112(By3) = L # 0 for some N > 4, then
consider the sequences

v = {vo V1 V2 V3 V4 e..y U2kl U2k .- - }
Ll 1
0,-L,0, —2L, 0, —(k+1)L, 0,
w = {’w(] W1 W2 W3 W4 ...y W2k W2k41 =+ -+ }
Ll l !
0, 0, —L, 0, —2L, —kL, o0,
and
t:{t0t1t2 3 ta ts ...tzkt2k+1...}
el l Lol
0,0,0,-L,0, —2L, 0, —kL,

respectively. It is obvious that {v,}, {w,} and {¢,} are (1, 1;2)-convex sequences with
the corresponding

¢1 = —L and ¢; =0 for i # 1 for the sequence{v,},

co = —L and ¢; = 0 for 7 # 2 for the sequence {w,,},
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and

c3 = —L and ¢; = 0 for 7 # 3 for the sequence{t, }.

By the similar argument as in the case of the sequence {u,, }, we see that the transformed
sequences {(Av),}, {(Aw),}, and {(At),}, are not (1, 1;2)-convex sequences, which is
a contradiction.

Next, suppose that condition (ii) is not true. First, assume that L; 1.2(83,, 5;) for
1 > 2, fails to satisfy the condition. Then there exists an integer j = 2k > 4 such that
the j-th column-sequence {3, 5 }nq of the matrix [3,, ;] is not (1,1;2)-convex. i.e.,
for some N >4, L1 1 2(By2,) = L < 0. Consider the sequence

3

T = {910 o9 T2k —1 T2k T2k 41 T2k+2 T2k+3 T2k+4 L2k+5 « }
1 X 1 1 1
0, 0, 1, o, 2, 0, 3, 0,

Then {z,} is a (1, 1;2)-convex sequence because using equation (1) and Lemma 2.1 we
see that

=0, 0<i<2k,
Czk:L

c; =0 fori>2k+ 1.

Thus, the sequence {z,} is (1,1;2)-convex. But from (6),

L1,1;2(A90)N = Z C2iL1,1;2(5N,2i) + Z C2i+1L1,1;2(5N,2i+1)
i=0 i=0

= carL112(By2r) = L <0,

which contradicts that the sequence {(Ax),} is a (1,1;2)-convex sequence.
Next, assume that L171:2(6n72i+1) for ¢ > 2, fails to satisfy condition (ii).

Then there exists and integer [ = 2k + 1 > 5 such that the [-th column-sequence
{Br2k+1}ne0 of the matrix [, ;] is not (1,1;2)-convex. That is, for some N > 4,
Ly 1:2(Bn,2k4+1) = L < 0. This case can be settled by a similar argument by considering
the sequence

Yy = {yo © ey Y2k Y2k+1 Y242 Y2643 Y2k+4 Y2k+5 - - - },
1 1 1 !
0, 0, 1, 0, 2, 0, 3,

which implies that cor4+1 = 1 and all other ¢;’s are zero. This yields that

Lii2(Ay)n = caps1Ln12(B2rg1) = L <0,

a contradiction. This completes the proof.
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4 Examples

We give below an example of (1,1;2)-convexity preserving matrix. Let the matrix
A = [a, 1] be defined by

o= n+1
Tk 1)3
Then for each n,
Zk T ] [ P
k-i-l — (k+1)2 (k+1)3 ’

Thus, by (5), B.,.; is well-defined for each n = 0,1,2,--- and i =0, 1,2,--- . The matrix
A satisfies all three conditions of Theorem 3.1, because for n > 4, using (4),

> —k+1Dan2 — 2an-2.2j + an-a2j], if i = 2k,

_ ) i=k
Li12(Bni) = ' e
> (G —k+Dlangjt1 — 20022541 + an—s2j1], f1=2k+1,

Zk 4+ 1) —2(n— 1)+ (n—3)], ifi =2k
j:

> U (n+1) —2(n— 1)+ (n=3)], ifi=2k+1,
j=k

Now, we show that the classical matrices Borel matrix and Cesaro matrix do not
preserve (1,1;2)-convexity of sequences. The Borel matrix B = [b, ] is given by

nk

enk!’

bn,k: =
We will show that the matrix B does not preserve (1, 1;2)-convexity of sequences by

proving that L171;2(6n71) # 0, which violates one of the conditions given in Theorem
3.1. For n > 4, using (4) with k = 0,

Lia2(Bu1) = Y (G + 1)L 1:2(bn2j41)

7=0
LSS D i a2 (o dpey
- y n B n—2 n—4
= 25+ 1L e e e
1 — 1) , .
= .7 + { 2j+1 262(n B 2)2]+1 + 64(n _ 4)2]+1:|. (7)
T en = (27+1

Since
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(7) reduces to

1
Li12(B,1) = 5 [ne" +e" —1—2e? ((n —2)e" 2 pen? - 1) + 64((71 —4)en Tt gt - 1)}
’ 6’”
2 _ 1 2
S Gl P}
en

Thus, the Borel matrix does not preserve (1, 1;2)-convexity.

Next, we will consider the Cesaro matrix which is given by

1 .
P L
’ 0, ifk>n,

and prove below that it does not preserve (1, 1;2)-convexity of sequences by showing
that the condition (i) of Theorem 3.1 does not hold.

Consider the corresponding matrix [3,, ;] which is also lower triangular. When n is an
even integer, assuming n = 2m where m > 2, we get from (3)

m ) 1 m )
Bomo = D+ Dazmaj = 55 > (7 +1),
7=0 7=0
m—1 1 m—1
_ i Dagy 99 = i+ 1),
Bam—2.0 Z(] + 1)agm—2,2 om 1 < (j+1)
j=0 7=0
and
m—2 1 m—2
= 1 ]_ m— ;= ] 1 .
Bom—1,0 . (7 + Dazm—a,2; om 3 (G+1)
7=0 7=0
Therefore,

L1,1:2(Bom,0) = Bam,o — 2Bam—2,0 T Boam—1,0

_ (m+1)(m+2) m(m+1) N m(m — 1)
2(2m +1) 2m — 1 2(2m — 3)
3

::Qm+JX%n—DQm—3)>&

Thus, condition (i) of Theorem 3.1 fails showing that the Cesaro matrix does not
preserve (1,1;2)-convexity of sequences, which asserts that the theorem given in [10,
p.40] is incorrect.

In fact, we give below a simple example of a (1, 1;2)-convex sequence which is not
transformed into a (1, 1;2)-convex sequence by the Cesaro matrix.

xz{zomleI;;..., Tok m2k+1...}.
[ 1 il
-1, 0, —2, 0, —(k+1), o0,
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Obviously {z,} is (1, 1;2)-convex sequence. But for the transformed sequence

n

1
(Az), = Z mfﬂk’

k=0
we see that for k > 2,

L11.2(Ax)or = (Az)ok — 2(Ax)ok—2 + (AT)2k—4a

(1+2+~~+(k+1)>+2<1+2+~~k><1+2+~~+(k1)),

2k+1 2k -1 2k -3

which simplifies to —m <.

We conclude this paper by showing that the Cesaro matrix does not preserve
(p, p; 1)-convexity when p # 1. In [11], the authors proved the following theorem giving
the necessary and sufficient conditions for any matrix to preserve (p, p, 1)-convexity of
sequences.

THEOREM. A non-negative matrix A satisfying Y kpfa,r < oo for p # 1 pre-
k=1
serves (p, p; 1)-convexity of sequences if and only if, for n =2,3,--- |
(i) Apm(ﬂn,o) = Apm(ﬂn,l) =0
(11) APJ?(ﬁn,i) > 0 fori= 2a 3. )

where ﬁn,i = E (.7 — i+ l)pj_iamk and Apm(ﬂn,i) = Bn,i - 2pﬁn—1,i + p26n—2,i'

j=i

We will now show that the Cesaro matrix [a,, x| does not satisfy one of the conditions
given in the above theorem.

App(Bro) =Bno—2pBr_1,0+ P B 2,0
n 2 n—2

:nil U +1pﬂf—§:y+1pf+

Combining the terms Containing similar powers of p, we get

n+1 X ) )
Ap,p(ﬁn,o)Zijfl( J _2(3_1)+]—2)+ 1
2

n+1 n n—1 n+1

-1
— —(pn71 +2pn72+3pn73 + o4 (n_ ]_)p_ n(nT)>
- nn+1)(n—1)
# 0, when p # 1.

Hence, the Cesaro matrix fails to preserve (p,p;1)-convexity of sequences, when

p# L

(" =) 4202 = 43" = Dt (= (-

1)]
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