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Abstract

The concept of generalized order statistics was introduced by Kamps [21]. Gen-
eralized order statistics is a unified approach of other ordered random schemes,
like order statistics, record values, sequential order statistics, progressively type
IT censored order statistics and Pfeifers records. Therefore, the study of moments
and recurrence relations between moments of generalized order statistics are of
special interest. In this paper, an attempt has been made to derive some recur-
rence relations for single and product moments of generalized order statistics from
Weibull-geometric distribution, which was proposed by Barreto-Souza et al. [15].
Further, order statistics and record values are studied as special cases. At the
end, some characterization results are also presented.

1 Introduction

The Weibull-geometric distribution was introduced by Barreto-Souza et al. [15] as a
generalization of some of the commonly used distributions for modeling life time data,
such as the extended exponential-geometric distribution, the exponential-geometric
distribution and the Weibull distribution.

A random variable X is said to have the Weibull-geometric distribution if its prob-
ability density function (pdf) is of the form

f(@) =ap*(1—p)a*le” P [ —pe~ P72 2 >0, a>0, >0, pe (0,1) (1)
and the corresponding survival function is

_ 1 — pe—(6)°
F(m):(l—i)j(ﬁw)“’ x>0, >0, >0, pe(0,1), (2)

where, F(z) =1 — F(z).
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200 Moment Properties of Generalized Order Statistics

Now, in view of (1) and (2), we have

_ [1 _pe_(ﬁf)a]
Flz)=—"r—— ) 3
(@) = (@) 3)
Let n > 2 be a given integer and m = (mi,ma,...,m,_1) € R"71 k > 1 be the
parameters, such that
n—1
’yi:k:JrnfiJerj >0, for 1<i<n-—1.
j=i

The random variables X (1,n,m, k), X(2,n,m, k), ..., X(n,n,m, k) are said to be gen-
eralized order statistics (gos) from an absolutely continuous distribution function F()
with the probability density function (pdf) f(), if their joint pdf is of the form

k(n_ﬁlvj) (H (1= F(z)]™ f@)) [1 = Fen)]" ™ f(@a) @)

on the cone F~1(0) <2y <zo <...<uz, < FI(1).

Ifmi=m=0;i=1...n—1, k=1, we obtain the joint pdf of the order statistics
and for m — —1, k € N, we get joint pdf of k' record values.

Recurrence relations for the moments of gos for some specific as well as for general
class of distribution are investigated by several authors in literature. For example see
Kamps and Gather [23], Keseling [25], Cramer and Kamps [16], Ahsanullah [3], Kamps
and Cramer [24], Pawlas and Szynal [32], Ahmad and Fawzy [2], Athar and Islam [8],
Al-Hussaini et al. [5], Anwar et al. [6], Faizan and Athar [17], Ahmad [1], Khan et al.
[26], Athar et al. [11, 12, 13, 14], Khwaja et al. [29], Athar and Nayabuddin [9, 10],
Nayabuddin and Athar [31] and references therein.

The problem of characterization of distributions is another area that has attracted
the interest of numerous researchers. Different approaches of characterization are avail-
able in the literature. Kamps [22] investigated the importance of recurrence relations
between moments of order statistics in characterization. For more detailed survey one
may refer to Khan and Zia [28], Athar and Nayabuddin [10], Khan and Khan [27]
among others. Ahsanullah et al. [4] characterized certain continuous distributions by
truncated moments. More information on characterization through truncated moments
can be found in the works of Galambos and Kotz [18], Kotz and Shanbhag [30], Glanzel
[19] and the references cited there.

2 Single Moments

Here we may consider two cases:

CASE L v, #7,,4,j = 1,2,.,n— 1,0 # j.
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In view of (4), the pdf of 7" gos X(r,n,m, k) is given as (Kamps and Cramer [24])

r

fX(r,n,Th,k)(x) = T—lf(x) Z[F(-T)]Pyi_la

i=1

where
n—1
C_ H"/z,’yl—k+n—z+2mj>0
=1 Jj=1
and
- 1
a;(r) = _— 1<i<r<n.
’ jl;[l(’)’j—%),
i

CASEILl. m;=m,i=1,2,..n — 1.

The pdf of 7" gos X (r,n, m, k) is given as (Kamps [21])

Ftommao@) = T [F@) ™ f(@) 5 (P(@))
where .
Crflzl_[via v =k+ (n—1i)(m+1),
S 1 —z)™ m# -1
_ m+1 ’
P (z) = 1
o (7= m=-1
and

gm(x) = hm(m) - hm(o) = /m(l - t)mdt, S [0, 1).

0

(5)

THEOREM 2.1. Let Case I be satisfied. For the Weibull-geometric distribution as

givenin (1) andn e N,meR, k>0,1<r<n,j=12,...,

E[X (r,n,m, k)]
= E[X’(r—1,n,m,k)]

J j—a ~ u a(l—u)
+ = | E[X?7%(r,n,m, k)] —p E[X7~
Yroof | ( Z o

PROOF. We have by Athar and Islam [8],

E[{X (r,n, 1, k)}] — E[€{X(r — 1,n,7m,k)}] = C,_ 2/ ¢ (x Zaz

n, 1, k)] | (7)

’Yl dx.
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Let £(x) = 27. Then

E[X?(r,n, 1, k)] = E[X? (r = 1,n,1m, k)] = jcr_z/ z’” lza )ida.

Now in view of (3) , we have
E[X (r,n,m, k)] — E[X?(r — 1,n,m, k)]

JCrn [ [L—pe 5] .
B B Jo g1 $j 12% ' f(@)de

which after simplification yields (7).
Similarly, result for case II can be proved on the lines of Theorem 2.1 or by replacing
m by m.

REMARK 2.1. Let m; =m =0,i=1,2,...,n—1 and k = 1. Then the recurrence
relation for single moments of order statistics is given as

XJ “) pz g

j (6%

BE(X}.,)=E(X]_,, J*‘m

X, n)j—a(l—u)] )

REMARK 2.2. For m; = —1, i = 1,2,...,n — 1, the recurrence relation for single
moments of k" record values will be
j (k) —a(l—u
B(XgiP~ —pZ (X~ )]'

B v px®
E(Xy ) = BXy oY+

3 Product Moments

CASE L. v, #7;, ,j=1,2,...,n—1Li #].
The joint pdf of X (r,n,m, k) and X (s,n,m, k), 1 <r < s <mn,is given as (Kamps and
Cramer [24])

where

1
a; 7 (s) = H PRt r+1<i<s<n.

j=r+1
J#i

CASEIl. m;=m,i=1,2,...,n— 1.
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The joint pdf of X (r,n,m,k) and X (s,n,m, k), 1 <r < s < n, is given as (Pawlas and
Syznal [32])

fX(r,n,m,k),X(s,n,m,k) (:I,’, y)
Csfl -
(r—1!(s—7r—1)!
X[ (F(y)) = hon (F(2)]* 7 F@)] 7 f(2) fly), —o0 <a <y <o0.(9)

THEOREM 3.1. Let Case I be satisfied. For the Weibull-geometric distribution as
givenin (1) andne N,meR k>0,1<r<s<mn,i,j=12,...

E[X"(r,n, m, k). X7 (s,n, 10, k)]
= E[X'(r,n,m,k).X (s — 1,n,m,k)]

_|_

]ﬁa {E[X’?(r,n,m,k).Xj—a(s,n,m,k)]

—pz [Xi(r,n m,k).xj*a“*v)(s,n,m,k)]]. (10)

PROOF. We have by Athar and Islam [8],
E[¢{X (r,n,m, k) X(s,n,m, k)}] = EIE{X (r,n,m, k). X (s — 1,n,m, k)}]

— Co / / e S al(s) F@)]%, ai(r)[F(w)]“l{,((i))dydm-

(11)

Now consider £(z,y) = & (x)€5(y) = x'y? in (11), then in view of (3), we get
E[X(r,n,m, k).X? (s,n,m, k‘)} E[X(r,n,m, k) X7 (s — 1,n,m, k)]

[ [ $ ol

1=r+1

Mdy i,

which leads to (10).

The expression for case II may be obtained on the lines of Theorem 3.1 or by
replacing m with m.

REMARK 3.1. Let m; =m =0,i=1,2,...,n—1 and k = 1. Then the recurrence
relation for product moments of order statistics is given as
BE(Xpn X0)
= E(X:“ an 1: n)
j 'UO[
* (n—s+1)as”

< | B(X., X159 pz Xy X3,0070)
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REMARK 3.2. For m; = —1,i=1,2,...,n—1, the recurrence relation for product
moments of k" record values is

E[(X3) ) (X))

k k i
= B[XF) ) (X))

J
+ka6a

k k — —Uu
E[(XS)) (X)) pZ E(XS)) (it

4 Characterizations

This section contains characterization results for the distribution under consideration
through recurrence relations and conditional moment.

THEOREM 4.1. For any non-negative random variable (r.v.) X having absolutely
continuous distribution function F'(z) with F(0) =0 and 0 < F(z) < 1 for all z. Fix
a positive integer j. A necessary and sufficient condition for a random variable X to
be distributed with pdf given by (1) is that

BIX (r,n,m, k)]
= E[XI(r—1,n,mk)]+ 5 i — | E[X7™%(r,n,m, k)]
Y (0 e <nn,m,k>]]. 12
u=0 '

PROOF. The necessary part follows from (7) with m = m. On the other hand, if
the relation (12) is satisfied, that is

E[Xj(Ta n,m, k)] - E[Xj(r - 1’ n,m, k)}
J
vrap®

E[Xj_a(r, n,m, k)] -D Z(_ E[Xj_a(l_u)(ra n,m, k‘)}‘| .
=0

Now in view of Athar and Islam [8] for £(z) = 27, we have

%j (TC =Y / ooxj_l[F (@) gh ' (F(2))do
- (7«_1 i [ TP @) a (P @)

{ 1— af Z loHrozuf(z)}dm
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or

’Yr 1 F
e Fla) 5 (F(z)
X {aﬂaF(:c) - xl_af(a:) + gt pe_(ﬁx)af(x)} dx = 0. (13)
Applying the extension of Miintz-S%asz theorem (Hwang and Lin [20]) to (13), we get

afBxe"l

J@) = 1 —pe—(Bw)“]F(x)'
This proves the theorem.

THEOREM 4.2. For the condition as stated in Theorem 4.1. Fix positive integers
i and j. A necessary and sufficient condition for a random variable X to be distributed
with pdf given by (1) is that

E[X(r,n,m, k) X?(s,n,m, k)]
= E[X'(r,n,m, k)X’ (s —1,n,m, k)]

HSCJW [E[Xi(r, n, 1, k) X770 (s, m, i, k)]
J’Z B,y i, B) X000 (5, ol 19

PROOF. The necessary part follows from (10) with m = m. On the other hand, if
the relation (14) is satisfied, that is

E[X(r,n,m, k) X7 (s,n,m, k)] — E[X"(r,n,m, k)X (s — 1,n,1m, k)]

_ _J i N
- 'Ysaﬁa |:E[X (r,n,m,k)X (S,Tl,m,k‘)}

pr(,
v=0
Now by using Athar and Islam [8], for £(x,y) = 2%.y/

Lt [ [ e e e @)

X[l (F () = hon (F ()" E ()] dyda

’Yaﬁ (T—l's—r—l / / xyjl D" f (@) ( (=)
X [P (F(y)) = b (F (2))]°7"2[F(y)]7= !

(X (r,n, i, k) XTI~ (s n, i, k)] |
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< {yl‘f"f(y) —pZ<—1>”Wyl—af<y>} dyd,
v=0 !

which implies

et L[ @@ @)

<A (F) ~ hon (P [F )
X {aﬁaﬁ‘(y) — ylfaf(y) + ylfapef(ﬁy)af(y)} dydx —0. (15)

Applying the extension of Miintz — SZasz theorem (Hwang and Lin [20]) to (15), we
get
afy Tt -
fly) = F(y).

[1 — pe—(ﬂy)“]
Hence the Theorem.
THEOREM 4.3. Suppose that an absolutely continuous (with respect to Lebesgue

measure) random variable X has the df F(z) and pdf f(z) for 0 < 2 < oo , such that
f'(z) and E(X|X < z) exist for all 2,0 < z < oo, then

E(X|X <z) = g(z)n(z), (16)
where
_ f(=)
and
el (1 - pem(80)°)? x @ 1
g(l‘) = paﬁa { - (1 —pe*(ﬁm)“) +/O —(1 —pef(ﬁ“)u) d’U,}

if and only if
f(z) = ap*(1—p)z®te B [1—pe= #2172 2 >0, a >0, >0, pe (0,1), (17)
which is the pdf of the Weibull-geometric distribution.

PROOF. First we shall prove the necessary part. For the pdf given in (17), we have
EX|X <z)= af"(1—p) / w.u®Lem P 1 — pe= (P72 4y, (18)
F(z) 0
Integrating (18) by parts, taking u®~te=(FW[1 — pe=(¥)"]~2 as the part to be inte-
grated and the rest of the integrand for differentiation, we get

B(X|X <)

1 f (Q-p) T (1—p) [* 1 .
B F(x){ p d-pe ] p /o[l—pe‘“‘“)“]d}' (19)




Athar et al. 207

Multiplying and dividing (19) by f(z), we obtain the result given in (16).
To prove the sufficiency part, we have from Ahsanullah et al. [4],

f'@) _z—g'()

f(x) g(z)
or

f'(z) 2pafale )" (o —1) a,a-

flo) = fopewo oo 20
where

2pafzele= (B0 (a —1)
/ _ —
o) = ale) (P

Integrating both sides of (20) with respect to x, we have

f(z) = ca®tem (B[] — pe=(F2)") =2,
Now using the condition ffooo f(z)dx = 1, we obtain
f(z) = ap®(1 —p)z®te B0 [1 — pe=(B2)"] 2,
which completes the proof.
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