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Abstract

The object of the present paper is to study normal magnetic flows in three-
dimensional quasi-Sasakian manifolds. It is shown that the structure function of a
three-dimensional quasi-Sasakian manifold is necessarily constant if the manifold
admits magnetic curve. In addition if the magnetic curve is biharmonic the man-
ifold is locally φ-symmetric. An example of magnetic curve on three-dimensional
quasi-Sasakian manifold is given.

1 Introduction

Geodesics on a curve can be defined as extremal curves for the following action energy
functional

E(γ) =
1

2

∫
g(γ̇(t), γ̇(t))dt,

where g is a Riemannian or pseudo-Riemannian metric. The geodesic equations can be
obtained from Euler-Lagrange equations of motion for this action. Geodesics describe
the motions of particles that are not experiencing any forces. On the other hand, the
magnetic curves are trajectories of charged particles in presence of a time independent
magnetic field ([13]). Biharmonic curves γ : I ⊂ R→ (M, g) on a Riemannian manifold
are the solutions of the differential equation

∇3γ̇ γ̇ +R(∇γ̇ γ̇, γ̇)γ̇ = 0.

For more details about biharmonic maps and curves we refer [7, 8, 11] and references
therein.
A magnetic field on a manifold is expressed by a closed 2-form. Since the funda-

mental 2-form of a three-dimensional quasi-Sasakian manifold is closed, one can talk
about magnetic curves on three-dimensional quasi-Sasakian manifolds.
The notion of quasi-Sasakian manifold was introduced by D. E. Blair [1] to unify

Sasakian and cosymplectic manifolds. Three dimensional quasi-Sasakian manifolds was
studied by Z. Olszak ([9, 10]). The first author of the present paper has also studied
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three-dimensional quasi-Sasakian manifolds [5, 12]. Recently quasi-Sasakian structures
have become a topic of growing interest due to its significant applications in string
theory [6]. On three-dimensional quasi-Sasakian manifold the structure function was
defined by Olszak. With the help of this structure function he obtained necessary and
suffi cient condition for such manifolds to be conformally flat [10]. In [5], U. C. De and
the first author have deduced necessary and suffi cient condition for three-dimensional
quasi-Sasakian manifolds to be locally φ-symmetric. In [6] the first author has studied
some further properties of three-dimensional quasi-Sasakian manifolds.
In this paper we would like to study normal flow lines of the magnetic curves

in three-dimensional quasi-Sasakian manifolds. We also study biharmonic magnetic
curves in three-dimensional quasi-Sasakian manifolds. The present paper is organized
as follows: In Section 2, we give the required preliminaries. In Section 3, we study
normal flow lines of magnetic curves. In Section 4, we analyze the nature of structure
functions of the quasi-Sasakian manifolds admitting magnetic curves. Section 5 is
devoted to study biharmonic magnetic curves on a three-dimensional quasi-Sasakian
manifolds and it is proved that if a three-dimensional quasi-Sasakian manifold admits
a biharmonic magnetic curve, the manifold becomes locally φ-symmetric. The last
section contains an example of magnetic curve on a three-dimensional quasi-Sasakian
manifold.

2 Preliminaries

LetM be a (2n+1) dimensional differentiable manifold endowed with an almost contact
metric structure (φ, ξ, η, g), where φ is a tensor field of type (1, 1), ξ is a vector field, η
is an 1-form and g is the Riemannian metric on M such that [2]

φ2X = −X + η(X)ξ, η(ξ) = 1,

g(φX, φY ) = g(X,Y )− η(X)η(Y ),

then also
φξ = 0, η(φX) = 0, g(X, ξ) = η(X),

for all X,Y ∈ χ(M).
Let Φ be the fundamental 2-form of M defined by Φ(X,Y ) = g(X,φY ), X,Y ∈

χ(M). Then Φ(X, ξ) = 0, X ∈ χ(M). M is said to be quasi-Sasakian if the almost
contact structure (φ, ξ, η, g) is normal and the fundamental 2-form Φ is closed (dΦ = 0),
which was first introduced by Blair [1]. The normality condition gives that the induced
almost contact structure of M × R is integrable or equivalently, the torsion tensor
field N = [φ, φ] + 2ξ ⊗ dη vanishes identically on M . The rank of the quasi-Sasakian
structure is always odd [1], it is equal to 1 if the structure is cosymplectic and it is
equal to 2n+ 1 if the structure is Sasakian.
For a three-dimensional quasi-Sasakian manifold, we have [10]

(∇Xφ)Y = β(g(X,Y )ξ − η(Y )X), X, Y ∈ χ(M). (1)

∇Xξ = −βφX, X ∈ χ(M), (2)
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for a function β defined on the manifold, ∇ being the operator of the covariant differ-
entiation with respect to the Levi-Civita connection of the manifold.
The Ricci tensor of three-dimensional quasi-Sasakian manifolds was given in the

paper [10]. The Riemann curvature of three-dimensional quasi-Sasakian manifold has
been given in the paper [5] as follows:

R(X,Y )Z = g(Y,Z)[(
r

2
− β2)X + (3β2 − r

2
)η(X)ξ

+η(X)(φgradβ)− dβ(φX)ξ]

−g(X,Z)[(
r

2
− β2)Y + (3β2 − r

2
)η(Y )ξ

+η(Y )(φgradβ)− dβ(φY )ξ]

+[(
r

2
− β2)g(Y,Z) + (3β2 − r

2
)η(Y )η(Z)

−η(Y )dβ(φZ)− η(Z)dβ(φY )]X

−[(
r

2
− β2)g(X,Z) + (3β2 − r

2
)η(X)η(Z)

−η(X)dβ(φZ)− η(Z)dβ(φX)]Y

−r
2

[g(Y, Z)X − g(X,Z)Y ]. (3)

The notion of contact magnetic fields and normal flow lines were introduced by Cabrerizo
and collaborators [3]. In a contact manifold the fundamental 2-form is closed. A mag-
netic field on a manifoldM is a closed 2-form. So we can take the fundamental 2-form of
a contact manifold as a magnetic field. The fundamental 2-form of a three-dimensional
quasi-Sasakian manifold is also closed. So, we can consider the fundamental 2-form of
the three-dimensional quasi-Sasakian manifold as a magnetic field which satisfies

Φ(X,Y ) = g(X,φY ).

Here we take the Lorentz equation as

∇γ̇ γ̇ = φγ̇, (4)

where γ is a curve from I ⊆ R to M , known as magnetic curve. A magnetic curve is
called normal if g(γ̇, γ̇) = 1.
A curve γ on a three-dimensional manifold is called a Frenet curve if it satisfies

∇γ̇ γ̇ = κN,

∇γ̇N = −κγ̇ + τB,

∇γ̇B = −τN,
where κ and τ are the curvature and the torsion of γ(t), respectively and {γ̇, N,B} is
Frenet frame. From Proposition 5.1 and Corollary 5.2 of [3], we have the following for
a magnetic curve γ:

∇γ̇ γ̇ = ξ ∧ γ̇.
From (4) and the first Frenet formula, we have

κN = φγ̇. (5)
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3 Normal Flow Lines of Magnetic Field on Three-
Dimensional Quasi-Sasakian Manifolds

The normal flow lines of magnetic fields in Sasakian manifolds were studied by J. L.
Cabrerizo et al. [3]. In this section we study normal flow lines of magnetic fields
corresponding to three-dimensional quasi-Sasakian manifolds. We prove the following:

THEOREM 3.1. Let (M,φ, ξ, g) be a three-dimensional quasi-Sasakian manifold.
Then the curve γ(t) is the normal flow line of the contact magnetic field if and only if
the curve has constant curvature κ = sin θ > 0 and torsion τ = β + cos θ, where θ is
the constant angle between γ̇(t) and ξ along γ(t).

PROOF. Suppose γ(t) is a normal magnetic curve. Then

g(∇γ̇ γ̇,∇γ̇ γ̇) = g(φγ̇, φγ̇).

The above equation gives
κ2 = sin2 θ,

where η(γ̇) = cos θ, 0 < θ < π, along γ(t). Thus κ(t) = sin θ is a constant. Now,

B = γ̇ ∧N =
1

κ
(ξ − cos θγ̇).

Now from third Frenet formula ∇γ̇B = −τN and using (5) we have

∇γ̇ξ − cos θ∇γ̇ γ̇ = −τφγ̇.

Using (2) in the above equation, we get

τ = β + cos θ. (6)

Conversely, let the constant curvature of the magnetic curve is given by κ = sin θ > 0
and torsion τ = β + cos θ, 0 < θ < π, where θ is the constant angle between γ̇(t) and
ξ. Now taking the covariant derivative of cos θ = g(γ̇, ξ) along γ̇(t), we get

N = µξ ∧ γ̇,

where µ(t) is a non vanishing function. Hence, we have g(N,N) = g(µξ ∧ γ̇, µξ ∧ γ̇).
Thus we get 1 = |µ(t)| sin θ. So, we see that µ(t) is a non zero constant, say, µ0. Then
we have

B = γ̇ ∧N = µ0(ξ − cos θγ̇). (7)

Using third Frenet formula in (7), we have

µ0(∇γ̇ξ − cos θ∇γ̇ γ̇) = −τµ0φ(γ̇).

Now by (2) and (7), we get

∇γ̇ γ̇ =
(τ − β)φ(γ̇)

cos θ
.

Now by (6), we have
∇γ̇ γ̇ = φγ̇.

This shows that γ(t) is a normal flow line of the contact magnetic field.
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4 Nature of the Structure Functions of Three-Dimensional
Quasi-SasakianManifolds AdmittingMagnetic Curves

In this section we study three-dimensional quasi-Sasakian manifolds admitting mag-
netic curves and prove the following:

THEOREM 4.1. The structure function of a three-dimensional quasi-Sasakian man-
ifold admitting magnetic curve is constant.

PROOF. Since g is parallel, it follows that for a magnetic curve η(γ̇) is constant.
By (5) it follows that

κ2 = 1− η(γ̇)2. (8)

Again from (5)

N =
1

κ
φγ̇.

Now taking covariant derivative of the above equation with respect to γ̇, we get

∇γ̇N = − 1

κ2
κ′φγ̇ +

1

κ
∇γ̇(φγ̇). (9)

We know (∇γ̇φ)γ̇ = ∇γ̇(φγ̇)− φ(∇γ̇ γ̇). Using (1) in the above equation, we get

∇γ̇(φγ̇) = ((β − η(γ̇))ξ + (1− βη(γ̇))γ̇). (10)

Putting (10) in (9) and using second Frenet formula, we get

−κγ̇ + τB = − 1

κ2
κ′φγ̇ +

1

κ

(
(β − η(γ̇))ξ + (1− βη(γ̇))γ̇

)
. (11)

Taking inner product in both sides of (11) with respect to ξ we obtain

−κη(γ̇) + τη(B) =
β

κ
(1− η(γ̇)2).

Using (8) in the above equation we get

−κη(γ̇) + τη(B) = βκ.

The above equation is true for arbitrary choice of the moving frame {γ̇, N,B}. Let us
consider γ̇, N and ξ are coplaner at a point and angle between γ̇ and ξ is θ and that
between γ̇ and N is π

2 . Let us take B perpendicular to the plane determined by γ̇, N
and ξ. Then B is perpendicular to ξ. So, we have β = −η(γ̇). But η(γ̇) is constant. So
β is also constant.
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5 BiharmonicMagnetic Curve on Three-Dimensional
Quasi-Sasakian Manifolds

In this section we study biharmonic magnetic curves on three-dimensional quasi-Sasakian
manifolds. Let us recall the following:

DEFINITION 5.1. A magnetic curve γ(t) on a three-dimensional quasi-Sasakian
manifold is called biharmonic if it satisfies [4]

∇3γ̇ γ̇ +R(∇γ̇ γ̇, γ̇)γ̇ = 0.

Here we shall prove the following:

THEOREM 5.1. The scalar curvature of a three-dimensional quasi-Sasakian mani-
fold admitting biharmonic magnetic curve is constant.

PROOF. By (1), (2) and (4), we have

∇3γ̇ γ̇ = dβ(γ̇)g(γ̇, γ̇)ξ − β2φγ̇
+(∇γ̇η(γ̇))(ξ − βγ̇)

+η(γ̇)(−βφγ̇ − dβ(γ̇)γ̇ − βφγ̇)− φγ̇. (12)

Putting X = φX in (3) and then setting X = Y = Z = γ̇, we get

R(φγ̇, γ̇)γ̇ = g(γ̇, γ̇)[(
r

2
− β2)φγ̇ − dβ(φ2γ̇)]

+[(
r

2
− β2)g(γ̇, γ̇) + (3β2 − r

2
)η(γ̇)η(γ̇)− 2η(γ̇)dβ(φγ̇)]φγ̇

+η(γ̇)dβ(φ2γ̇)− r

2
g(γ̇, γ̇)φγ̇. (13)

Taking β as constant, from (12) and (13) we get

∇3γ̇ γ̇ = −β2φγ̇ + (∇γ̇η(γ̇))(ξ − βγ̇)− 2βη(γ̇)φγ̇ − φγ̇, (14)

R(φγ̇, γ̇)γ̇ = 2(
r

2
− β2)φγ̇ + (3β2 − r

2
)(η(γ̇))2φγ̇ − r

2
φγ̇. (15)

Now from (14) and (15) we get

∇3γ̇ γ̇ +R(φγ̇, γ̇)γ̇ =
{

2r − 3β2 − 2βη(γ̇)− 1 + (3β2 − r

2
)(η(γ̇))2 − r

2

}
φγ̇. (16)

In Section 4, we have seen β = η(γ̇) is conatant. Hence

∇3γ̇ γ̇ +R(φγ̇, γ̇)γ̇ =
{

2r − 5β2 − 1 + (3β2 − r

2
)β2 − r

2

}
φγ̇.

If the curve is biharmonic we have

2r − 5β2 − 1 + (3β2 − r

2
)β2 − r

2
= 0.
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The above equation gives

r =
2(1 + 5β2 − 3β4)

3− β2
.

Since β is constant, r is constant.

From [5], we know that a three-dimensional quasi-Sasakian manifold with constant
structure function is locally φ-symmetric if and only if the scalar curvature is constant.
Now, obviously we can state the following:

THEOREM 5.2. A three-dimensional quasi-Sasakian manifold admitting bihar-
monic magnetic curve is locally φ-symmetric.

6 Example of a Quasi-Saskian Manifold and Mag-
netic Curve

In this section we shall give an example of a three-dimensional quasi-Sasakian manifold
[5] and we shall also give an example of a magnetic curve. Let us consider the three-
dimensional manifold M = {(x, y, z) ∈ R3, (x, y, z) 6= (0, 0, 0)}, where (x, y, z) are the
standard co-ordinates in R3. The vector fields

e1 =
∂

∂x
− y ∂

∂z
, e2 =

∂

∂y
, , e3 =

∂

∂z

are linearly independent at each point of M . Let g be the Riemannian metric defined
by

g(e1, e3) = g(e2, e3) = g(e1, e2) = 0, g(e1, e1) = g(e2, e2) = g(e3, e3) = 1.

Let η be the 1-form defined by η(Z) = g(Z, e3) for any Z ∈ χ(M). Let φ be the
(1,1) tensor field defined by φ(e1) = −e2, φ(e2) = e1, φ(e3) = 0. Then using the
linearity of φ and g we have

η(e3) = 1, φ2Z = −Z + η(Z)e3, g(φZ, φW ) = g(Z,W )− η(Z)η(W ),

for any Z,W ∈ χ(M). Thus for e3 = ξ, M(φ, ξ, η, g) defines an almost contact metric
manifold.
Let ∇ be the Levi-Civita connection with respect to the Riemannian metric g and

R be the curvature tensor of the manifold. Then we have

[e1, e2] = e3, [e1, e3] = −e2, [e2, e3] = 0.

The Riemannian connection ∇ of the metric g is given by

2g(∇XY, Z) = Xg(Y,Z) + Y g(Z,X)− Zg(X,Y ) + g([X,Y ], Z)

−g([Y, Z], X) + g([Z,X], Y ),
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which is known as Koszul’s formula. Taking e3 = ξ and using the above formula for
Riemannian metric g, it can be easily calculated that

∇e1e3 = − 12e2, ∇e1e2 = 1
2e3, ∇e1e1 = 0,

∇e2e3 = 1
2e1, ∇e2e2 = 0, ∇e2e1 = − 12e3,

∇e3e3 = 0, ∇e3e2 = 1
2e1, ∇e3e1 = − 12e2.

We see that the structure (φ, ξ, η, g) satisfies the formula ∇Xξ = −βφ(X). Hence
M(φ, ξ, η, g) is a three-dimensional quasi-Sasakian manifold with the structure function
with β = − 12 .
Using the above relations we obtain the components of the curvature tensor as

follows.

R(e1, e2)e3 = 0, R(e2, e3)e3 = − 14e2, R(e1, e3)e3 = − 14e1,

R(e1, e2)e2 = 3
4e1, R(e3, e2)e2 = − 14e3, R(e1, e3)e2 = 0,

R(e1, e2)e1 = 3
4e2, R(e2, e3)e1 = 0, R(e3, e1)e1 = 3

4e3.

Now we see that

S(e1, e1) = g(R(e1, e2)e2, e1) + g(R(e1, e3)e3, e1) =
1

2
,

S(e2, e2) = g(R(e2, e1)e1, e2) + g(R(e2, e3)e3, e2) =
1

2
,

S(e3, e3) = g(R(e3, e1)e1, e3) + g(R(e3, e2)e2, e3) =
1

2

and
S(ei, ej) = 0, (i 6= j).

Therefore the scalar curvature r = 3
2 . We also see that

(∇e1R)(e1, e2)e1 = (∇e2R)(e1, e2)e2 =
1

2
e3, (∇e2R)(e1, e2)e1 = (∇e1R)(e1, e2)e2 = 0.

Hence, M is locally φ-symmetric. Let us choose a curve γ : I →M by

γ(s) = (1,−s, s).

We see that
γ̇(s) = (0,−1, 1) = −e2 + e3.

Now
∇γ̇ γ̇ = ∇(−e2+e3)(−e2 + e3) = −e1.

Again
φγ̇ = φ(−e2 + e3) = −φe2 = −e1.
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So
∇γ̇ γ̇ = φγ̇.

Hence, the curve γ is a magnetic curve. It is also biharmonic.
From the above example we obtain the following:
• The structure function of the manifold is β = − 12 . Hence it is a constant. So it

verifies Theorem 4.1.
• The scalar curvature of the manifold is r = 3

2 , a constant, which shows validity
of Theorem 5.1.
• The manifold is locally φ-symmetric that validates Theorem 5.2.

Acknowledgment. The authors are thankful to the referee for his valuable sug-
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