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Abstract

In this paper, we introduce the concept of graph convergence for n-subdifferential
mapping of a nonconvex, proper, lower semi-continuous and subdifferential func-
tional on Banach space and discuss its existence and Lipschitz continuity. Further,
we prove equivalence between graph convergence and resolvent operator conver-
gence. We propose a new iterative algorithm for solving the system of generalized
implicit variational-like inclusions. Furthermore, we prove the existence of solu-
tion for the system of generalized implicit variational-like inclusions and discuss
the convergence of iterative sequences generated by proposed algorithm.

1 Introduction

Variational inequality theory has become a very effective and powerful tool in pure
and applied sciences and has been used in a large class of problems arising in differen-
tial equations, mechanics, optimization and control, contact problems in elasticity and
general equilibrium problems, see, [1, 3, 5, 8, 9, 10, 14, 15, 16]. Variational inclusion is
an important and useful generalization of the variational inequality. One of the most
important and interesting problem in the theory of variational inequality is the devel-
opment of an efficient and implementable iterative algorithm for solving the variational
inequalities. Variational inclusions include variational, quasi-variational, variational-
like inequalities as special cases. In 1994, Hassouni and Moudafi [17] introduced and
studied a class of variational inclusions. Later, Adly [1], Huang [18], Ding [8, 11], Ding
and Luo [9] and Ding and Feng [12] have obtained some important generalizations of
the results in [17].

Recently, many authors have studied the perturbed algorithms for variational in-
equalities involving monotone mappings in Hilbert spaces. Using the concept of graph
convergence for maximal monotone mappings, Attouch [2] showed the equivalence be-
tween graph convergence and resolvent operator convergence, they constructed some
perturbed algorithm for variational inequality and proved the convergence of sequences
generated by perturbed algorithm under some suitable conditions. Further Li and
Huang [25] generalized the concept of graph convergence for H(:,-)-accretive mapping
in Banach space.
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154 Graph Convergence for n-Subdifferential Mappingg

In recent past, Ding and Xia [13] introduced the concept of P-proximal mapping for
a nonconvex, proper, lower semi-continuous and subdifferentiable functional on Banach
space and prove the existence and Lipschitz continuity. Sun et al. [28], Kazmi and Bhat
[21] and Kazmi et al. [22, 23] generalized the concept of M-proximal mappings.

Motivated and inspired by the research works going on in this direction, in this pa-
per, we introduce a new concept of graph convergence for n-subdifferential mapping of
a nonconvex, proper, lower semi-continuous and subdifferential functional on Banach
space and shown its existence and Lipschitz continuity. Further, we prove equivalence
between graph convergence and resolvent operator convergence. We propose a new
iterative algorithm for solving the system of generalized implicit variational-like inclu-
sions. Furthermore, we prove the existence of the solution for the system of generalized
implicit variational-like inclusions and discuss the convergence of iterative sequences
generated by proposed algorithm.

2 Preliminaries

Let FE be a real Banach space equipped with norm || - ||, E* be the topological dual of F
and (-,-), be the duality pairing between E and E*. Let 2, (respectively, CB(E)) be
the family of all nonempty (respectively, closed and bounded) subsets of E, let D(,-)
be the Hausdorff metric on CB(E) defined by

D(A, B) = max {sup d(z, B), sup d(A,y)} ,
T€EA yebB

where

A,Be€ CB(E), d(z,B)= inf d(z,y) and d(A,y) = inf d(z,y).
yeB €A

The normalized duality mapping J : F — 2F is defined by

J(z)={f € E": (z, f) = |z|*, Iflle- = ||}, VzePb.
It is well known that if E is smooth, then J is single-valued and if £ = H, a Hilbert
space, then J is the identity mapping.

DEFINITION 2.1 ([7]). A Banach space E is called smooth, if for every z € E
with ||z]| = 1, there exists a unique f € E* such that || f|| = f(z) = 1. The modulus of
smoothness of F is the function pg : [0,00) — [0, 00) defined by

T+y|| + ||z —
pt) = sup{' A =00 <1 ana o) < t}.
A Banach space F is called uniformly smooth, if
lim 220 _ g
t—0 t

LEMMA 2.1 ([4]). Let E be a uniformly smooth Banach space and J : E — E* be
the normalized duality mapping. Then for all z,y € E, we have
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(@) = +yll* < l2l” +2{y, J(z + y));

(i) (x =y, J(@) = J(y) < 2205 (HE7L), where d = /(2P + Tyl)/2

LEMMA 2.2 ([26]). Let E be a complete metric space with metric d, and let
T : E — CB(E) be a multi-valued mapping. Then for any € > 0 and for any z,y € E,
u € T(x), there exists v € T'(y) such that d(u,v) < D(Tx,Ty).

LEMMA 2.3 ([27]). Let E be a real Banach space and J : E — 2F" be the
normalized duality mapping. Then for any z,y € F,

o+ yl* < llzl® + 2(y, j(z +y)), Vi(z+y) € J(x+y).

DEFINITION 2.3 ([31]). A functional f : E x E — R U {400} is said to be 0-
diagonally quasi- concave (in short, 0-DQCV) in z, if for any finite set {z1, 22, -+ ,2,} C

E and for any y = Z Aix; with A; > 0 and Z Ai = 1,miny<;<, f(x;,y) <0 holds.
=1 i=1

DEFINITION 2.4 ([8]). Let  : E x E — E be a single-valued mapping. A proper
functional ¢ : E — R U {+0o0} is said to be n-subdifferentiable at point x € E if there
exists a point f* € E* such that

(y) — o(x) > (f*,n(y,x)), Yy € E,

where f* is called n-subdgradient of ¢ at x. The set of all p-subgradients of ¢ at x is
denoted by d¢(x). The mapping d¢ : E — 2F is defined by

9o(x) = {f" € E" : ¢(y) — o(x) = (f*,n(y,x)), Vy € E}
is said to be n-subdifferential of ¢ at .

DEFINITION 2.5. Let n: ExFE — F and A, B : E — F be single-valued mappings
and let M : E x F — E* be a nonlinear mapping. Then

(i) M(A,-) is said to be a-strongly n-monotone with respect to A if there exists a
constant o > 0 such that

(M (Az,u) — M(Ay,u),n(z,y)) > al|z —y||?, VYz,y,u € F;

(i4) M(-, B) is said to be S-relaxed n-monotone with respect to B if there exists a
constant 8 > 0 such that

<M(U,,B$) - M(UaBy),U(ﬂ%y)) Z (—B)HZ‘ - y”Qa V%‘,yvu S Ea

(13i) M(A, B) is said to be af-symmetric n-monotone with respect to A and B if
M(A,-) is a-strongly n-monotone with respect to A and M(-, B) is S-relaxed
n-monotone with respect to B;
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(iv) M(-,-) is said to be (£;,&5)-mixed Lipschitz continuous if there exist constants
&1,&5 > 0 satisfying

M (z,u) = M(y,v)[| < & llz =yl + & llu—oll, Vo,y,u,0 € E.

DEFINITION 2.6. Letn: EXE — FE and A, B : F — FE be single-valued mappings.
Let ¢ : E — RU{+00} be a proper, lower semicontinuous and n-subdifferentiable (may
not be convex) functional and M : E x E — E* be a nonlinear mapping. If for any
given point x* € E* and p > 0, there exists a unique point x € F satisfying

(M(Az, Bx) — 2%, n(y, x)) + pp(y) — pd(x) > 0, Vy € E,

then the mapping z* — x, denoted by Rg%(m*) is called resolvent operator of ¢. Then,
we have
x* — M(Az, Bzx) € pdé(x) and it follows that Rgfﬁ,(x*) = [M(A, B) + pdg]~t(z*).

LEMMA 2.4 (]23]). Let E be a reflexive Banach space. Let : E X E — E be a
continuous mapping such that n(y,y")+n(y’,y) = 0forally,y’ € E; M : EXE — E* be
af-symmetric n-monotone continuous with respect to A and B; let for any z* € E*, the
function h(y, z) = (x*—M(Az, Bz),n(y,z)) be 0-DQCV iny and ¢ : E — RU{+00} be
a proper, lower semicontinuous and n-subdifferentiable (may not be convex) functional.
Then for any given constant p > 0 and «* € E*, there exists a unique z € F such that

<M(AI’B‘T) - x*an(yax)> > P‘ZS(I) - p¢(y)7 Vy € E7 (1)

that is, x = Rg?,’](x*).

LEMMA 2.5 ([23]). Let n : E x E — E be 7-Lipschitz continuous such that
n(y,y')+n(y,y) =0forall y,y € E; M : E x E — E* be a3-symmetric n-monotone
continuous with respect to A and B; let for any z* € E*, the function h(y,z) =
(x* — M (Ax, Bx),n(y,x)) be 0-DQCV in y and ¢ : E — RU {+00} be a proper, lower
semicontinuous and n-subdifferentiable functional and let p > 0 be any given constant.
Then the resolvent operator R?ﬁw(-,-) of ¢ is ﬁ-LipSChitZ continuous, that is, for any
7, x5 € B,

1R (@) = Ry (@ 2l = - Bllxl |-

3 Graph Convergence for n-Subdifferential Mapping

Let n: E X E — FE be a single-valued mapping. Let ¢ : E — R U {+oo} be a proper,
lower semicontinuous and n-subdifferentiable (may not be convex) functional and let
d¢ : E — 27" be a n-subdifferential mapping of ¢. The graph of the n-subdifferential
mapping ¢ is defined by

graph(0¢) = {(z,y") € Ex E* : y* € 0¢(z)}.
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In this section, we introduce the notion of graph convergence for n-subdifferential
mapping.

DEFINITION 3.1. Let n: Ex E — E;A, B : E — E be single-valued mappings.
Let ¢ : E — R U {400} be a proper, lower semicontinuous and n-subdifferentiable
(may not be convex) functional; let M : E x E — E* be a nonlinear mapping. Let
0¢,,06 : E — 2F be the n-subdifferential mappings of ¢ for n = 0,1,2,.... The
sequence {0¢,,} is said to be graph convergence to 9¢, denoted by 9¢,, GO¢, if for
every (z,y*) € graph(0¢) there exists a sequence (z,,ys) € graph(9d¢,,) such that

Ty — T, Yp —Y" asn — oo.

THEOREM 3.1. Let n: E X E — F be 7-Lipschitz continuous such that n(y,y’) +
n(y',y) = 0 for all y,y' € E; let M : E x E — E* be af-symmetric 7-monotone
continuous with respect to A and B such that M is v;-Lipschitz continuous with
respect to A and ~y,-Lipschitz continuous with respect to B. Let for any xz* € E*, the
function h(y, z) = (x*—M (Az, Bx),n(y,z)) be 0-DQCV in y and let ¢ : E — RU{+o0}

be a proper, lower semicontinuous and 7-subdifferentiable functional and let p > 0 be
any given constant. Then d¢,, G ¢ if and only if

RO \(a*) — R%

P, M (-, p,IM(-,~)(x*)7 Vz* € E*.

PROOF. Suppose that d¢,, GI¢. For any z* € E*, let
o, * 1o] *
#n = Rp%w)(‘” ) 2= R @).
It follows that z = [M(A, B) + pd¢]~t(z*),

then, %[m* — M(Az, Bz] € 0¢(z2),

that is, (z, %[x* — M(Az, Bz)]) € graph(9¢). It follows from the definition of the graph

convergence that there exists a sequence (z,,y* ) € graph(d¢,,) such that
Zl — zand yf — ;[m* — M(Az,Bz)] as n — oo. (2)
Since y* € 8¢,,(z,), we have
M(Az,, Bz,) + pyi, € [M(A, B) + p0,)(2,)

. ’ O ’ ’ "
that is, z, = RP%(-,-)[M(AZTL’ Bz,) + py;, ]. Now,

N

’ ’
< llzn = 2l + M1z, — =l

) % o n ’ ’ %

120 = 2|

!
+llz, = =]-
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By using the Lipschitz continuity of the resolvent operator Ri%\?ft ) We have
T */ ’
lzn =2l < —5le — [M(Az,, Bz,) + py; |l + |2, — 2|
T * */
< — ﬁllx — [M(Az, Bz) + py, |||
T

oM (A B2) = M(Az, Ba o+ |, 2

Since M is y,-Lipschitz continuous with respect to A and 7,-Lipchitz continuous with
respect to B, we have

T(y1 +7 / '
lzn -2l < 24z, B2) + oy )| + T e
a— a—0
T * ! T(71 +7 ¢
- Ll —[M(Azsz>+pyn1||+[1+(Ojﬁ?)]zn—zn.

By (2), we have
, 1, y
llz,, — 2|l — 0, =||lz* — [M(Az, Bz) + py. ]|l — 0, as n — oo,
p

hence ||z, — z|| — 0 as n — oo, that is,

de,, N o
vaM(')')(x ) - RP7

MG (E7), Vo' e BT

* O
Conversely, suppose that R MG )( ) — Rp’ M,

(z,y*) € graph(9¢), we have, y e 8¢>(3:), that is,

)( x*), Ya* € E*,p > 0. For any

M(Az, Bz) + py* € [M(A, B) + pdd](z),

and so x = qu?\/[( o [M(Az, Bz) + py]. Let z, = R? M( y[M(Az, Bx) + py”], then

1
;[M(Am, Bzx) — M(Ax,, Bx,) + py*] € 0¢,,(xy).
Suppose that y;, = & [M(Az, Bx) — M(Az,, Bx,) + py*]. Now,

HI[M(ALC, Bx) — M(Ax,, Bx,) + py*] —
p

1
—||M(Ax, Bx) — M (Axy,, Bxy,)||
p

Ny —y*||

it72)y
B zn — . (3)

IN

Since R ¢"( )( x*) — R?q;w(w)(:c*) for any z* € E*, we have ||z, — z|| — 0 as n — oo.
It follows from (3) that [ly;, — y*[| — 0 as n — co. Hence 0¢,, G 9¢.
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4 System of Generalized Implicit Variational-like In-
clusions

Let for each i € {1,2}, E; be a real Banach space with norm | - ||; and E} be its
dual space with norm || - |[4;. Let (:,-), denotes the duality pairing between E; and
Efletn, : B; x E; — E;, N; : Ef x B — Ef and S, : E; — E} be single-valued
mappings; let g1 : s — CB(FE3) and g : F1 — CB(E;) be multi-valued mappings.
Let ¢; : E; — RU {+o0} be a proper, lower semicontinuous and 7;-subdifferentiable
functional. We consider the following system of generalized implicit variational-like
inclusions (in short, SGIVLI).
Find (x,y, u,v) such that x € F1,y € Ea,u € g1(y),v € g2(x) and

{ (N1(S1(2), ), 11 (a, @) = py[¢1(2) — d1(a)], Va € En,
(Na(v,52(9)); m2(6,9)) = pala(y) — ¢2(b)], Vb € By,

where p;, p, > 0 are some constants.

REMARK 4.1. For suitable choices of mappings A;, B;, N;, g, Si, M;,n,;, ¢, and
underlying spaces E;, SGIVLI (4) reduces to various known classes of systems of vari-
ational inclusions and variational inequalities, see for examples, [6, 19, 20, 24, 29, 30].

LEMMA 4.1. For each i € {1,2}, let E; be a reflexive Banach space; let , : E; X
E; — E; be a continuous mapping such that n, (v, v;)+,(y;, y:) = 0, for all y;, y; € E;.
Let A;, B; : E; — E; be single-valued mappings; let the mappings M, : E; x E; — E
be «a;f;-symmetric n,-monotone continuous with respect to A; and B;; let for any
z; € Ef, the function h;(y;, i) = (7 — M;i(Asxi, Biw;),n;(yi, i) be 0-DQCV in y;
and let ¢, : E; — RU{+4o00} be a proper, lower semicontinuous and 7,-subdifferentiable
functional. Then for (z,y,u,v), where x € E1,y € E2, u € g1(y), v € ga(x) is a solution
of SGIVLI (4), if and only if (x,y, u,v) satisfies the relation

o
r= Rpﬁlj\/ll(-,-)[Ml(Almv Biz) — Ni(S1z,u)],

y=R0", o [Ma(Asy, Boy) — Na(v, Say)),

where p,p, are some constants, RijﬁlMl(» )(m*) = [My(Ay, By) + p,0¢,]" (z*) and
RO% 3 (0%) = [Ma(As, Ba) + p206,) ().

PROOF. The conclusion follows directly from the definition of resolvent operators

¢ Oy
Ry 804 By vy
We note that (Ey x Es, || - ||«) is a Banach space with norm || - ||« defined as

(@ 9)ll« = llzlls + llyll2, V(z,y) € Ex x Es.

Next, we prove existence and uniqueness for SGIVLI (4).
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THEOREM 4.1. For each i € {1,2}, let E; be a uniformly smooth Banach space
with pp () < C;t? for some C; > 0; let n, : E; x E; — FE; be a continuous map-
ping such that n;(ys,y;) + n;(y;, %) = 0, for all y;,y; € Ey;; let 4;,B; : E; — E;
be nonlinear mappings; let M; : E; x E; — Ef be a;3;-symmetric n,-monotone con-
tinuous with respect to A;, B;; let for any given z € Ef, the function h;(y;, ;) =
(xf —M;(Asx;, Bizi),m;(yi, x;)) be 0-DQCV in y;. Let ¢, : E; — RU{+0o0} be a proper,
lower semicontinuous and n;-subdifferentiable functional. Let N; : Ef x E5 — E¥ be
(04,7;)-mixed Lipschitz continuous; let ¢1 : E; — CB(E3) and g2 : By — CB(EY)
be Ap, and Ap, -Lipschitz continuous with respect to second and first argument, re-
spectively; let N1(S1(-),u1) be e1-strongly accretive with respect to My(Ay, B1) and
Na(v1, S2(+)) is ea-strongly accretive with respect to Ma(Asg, Ba); let M;(A;, B;) is Ap,-
Lipschitz continuous with respect to A; and B;. Suppose that there exist constants
P1; P2 > 0 such that

Gi=u; + L262D92 <1, (5)
Go =us + Ll’r‘l)\pgl <1,

where

i = Liyf Xy, — 261 +64C10%, up = Loy /A3, — 260 + 64Cur,
T1
L = — L —
1 o _61, 2

Then SGIVLI (4) has a unique solution.

72

042—52.

PROOF. It follows that for (z,y) € Eq X Es, the resolvent operators Rif‘Ml(_ 3 and

Rij’j\b (. are L1 and Lo-Lipschitz continuous, respectively.

Now, we define a mapping @ : Fy X Fy — E; X E5 by

Q(z,y) = (T(z,y), P(z,y)), V(z,y) € E1 X Es; (6)
where T': 1 X Es — Fy and P : Fy X Fy — E5 are defined by
T(z,y) = B)™, ) [Mi(Arz, Biz) — Ni(Siz,w)], (7)
)
P(z,y) = R)%,  [Ma(Asy, Bay) — Na(v, Sop)]. (8)
For any (z1,y1), (z2,y2) € E1 X Es, using (7), (8) and Lipschitz continuity of R:‘?fl]\/h(‘ N
and RMQM _y, we have
payMa(-,°)

1T (21,91) = T(22,92) 1 = ||R§i11\41(.7.)[M1(A19€1,31331)—N1(51$17U1)]

_Riill\/h(,) [Ml (A1$2, Bliﬁg) — Nl(Sll‘g, UQ)] ||1

< Li||[Mi(Ayz1, Bizy) — My (Arzg, Bizo)
—(N1(S1w1,u1) — N1(S122,u2)) |41
< Lq||[Mi(A1z1, Biz1) — M1(A1x2, Bix2)

—(N1(51x17u1> - Nl(Sleaul))”*l
+L1||N1(S122,u1)) — N1(S122,u2))] 41, (9)
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| Mi(Arz1, Bizy) — My (Ay2a, Bias) — (N1(Si21,u1) — Ni(S1z2,w1))|12,
[My(Avzr, Buaey) — My (Avaz, Bias) |2,

—2(N1(S121,u1) — N1 (S122,u1), Jy (M1(A121, B1z1) — M1(A129, B122)))1
+2(N1(S121,u1) — N1(S129,01), J{ (M1 (A121, Bix1) — M1(A129, B122))
—J{ (M1 (Arx1, Biz) — M1(Arze, B1za)) — (N1(S121,u1) — N1(S122,1u1)))1-

IN

Since M is Apz,-Lipschitz continuous with respect to A; and By, N1(S1(-),uq1) is €1-
strongly accretive with respect to My (A1, By), Ny is (81, 71 )-mixed Lipschitz continuous
and g1 is Ap, -Lipschitz continuous in the second argument, we have

| My (A1, Bizy) — Mi(Aixe, Biza) — (N1 (S121,u1) — N1(S15U2,u1))||§1
< Al — 3ol = 2e||oy — o] + 64C167 |21 — 323, (10)

where J{ : Ef — E; is normalized duality mapping and

[IN1(S1z2,u1) — N1(Sizo, uz)lls1 < 71l|ur — vzl
< mD(g1(y1), 91(y2))
< rmidp, [y — vz (11)
From (9)—(11), we have
1T (21, 91) = T(22, 2) |1
< LA, =20+ 64018 a1 — wally + Liridoy, Iyt — wllz (12)

1P(21,31) = P, ya)la < ROy, ) [Ma(Asys, Boyn) — Na(vr, Soyn)]
0
—R,% Mo (Asys, Boyo) — No(va, Sa10)]l2

< Lo||[Ma(A2yr, Bayr) — Ma(Azya, Bays)
—(Na(v1, S2y1) — Na(v2, S2y2))|l+2
< Lo||[M2(Az2y1, Bay1) — Ma(Azya, Baya)

—(Na(v1, Say1) — Na(v1, S2y2)) |42 (13)
+La|[N2(v1, Say2)) — Na(va, S2y2))l+2,

[ M2 (Asys, Boyr) — Ma(Azyz, Baya) — (Na(v1, Sayr) — Na(v1, Saya))||2,

| Ma(Azy1, Bayr) — Ma(Azyz, Baya) |13

—2(Na(v1, Say1) — Na(v1, Saya), J5 (M2(A2y1, Bay1) — Ma(Asyz, Bayz)))2
+2(Na2(v1, Say1) — Na(v1, S2y2), J3 (Ma(A2y1, Bay1) — Ma(Azysz, Bays))
—J5 (Ma(Asyy, Boy1) — Ma(Azya, Baya)) — (Na(v1, S2y1) — Na(v1, S2y2)))2-

IN

Since M is Apz,-Lipschitz continuous with respect to As and B, Na(v1,Sa(+)) is €a-
strongly accretive with respect to Ma(Asg, Bs), Na is (d2, 72)-mixed Lipschitz continuous
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and g2 is Ap,, -Lipschitz continuous in the first argument, we have

| Ma2(Asy1, Bayr) — Ma(Asya, Baya) — (Na(v1, Say1) — Na(vi, Say2))| 7,
< Aipllyn — v2ll3 — 2e2llyr — y2ll3 + 64C2r3 [ly1 — w213, (14)

where J3 : E5 — Fs is normalized duality mapping and

[ Na2(v1, S2w2) — Na(ve, Saza)|| < d2(|v1 — w2l
< 62D(g2(x1), g2(22))
< &2Ap,, [|T1 — @21 (15)
From (13)—(15), we have
||P(~”C17y1) - P($2,ZJ2)H2
= L2\/)\?\42 — 2¢2 + 64Cor3[ly1 — yall2 + L2d2Ap,, o1 — 221 (16)

From (12) and (16), we have

1T (z1,91) — T(w2,y2)|lr + [[S(21,y1) — S22, y2) |2

< Gillzr — 22l + Gallyr — vzl
< max{G1, G2}(llz1 — 22/ + ly1 — v2ll2), (17)
where
Gy = U1+L252>\D92a (18)
G2 =uz + LiriAp,,
and
wr = Liyf Ny, — 261 +64C10%, up = Loy /A3, — 260 + 64Cur.
Now, we define the norm || - ||« on E7 x E5 by
[ »)ls = llzll + llyll2, V(z,y) € Ex x Es. (19)

Since (Ey X Ea, || - ||«) is a Banach space and hence from (6), (17) and (19), we have

1Q(x1,y1) — Qz2, y2)|l« = [T(21,91) — T(22,92)[l1 + |1 P(z1,91) — P(22,92)ll2
< max{G1, G2 }[[(z1,y1) — (z2,92) |- (20)

By condition (5), max{G1, G2} < 1, hence @ is a contraction mapping. It follows from
Banach contraction principle, there exists a point (z,y) € E1 X E such that

Qz,y) = (z,9),

which implies that

0 1
v =R M (A, Biz) — Ny (S, w),

y= Riii\/[2(.}.)[M2(A2yv Bay) — Na(v, S2y)].
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Then by Lemma 4.1, (z,y, u,v) is a unique solution of SGIVLI (4).

ALGORITHM 4.1. For any (zg,y0) € E1 x Es, compute the sequence (Z,,¥yn) €
E1 X Ea,ug € g1(yo),vo € g2(xo) by the following iterative scheme:

17}

Tn41 = RpiIJan('v') [Ml (Alxny len) - Nl (S]_.Tn, U’n)]a (21)
o]

Yn+1 = Rpj21\42n('7') [M2 (A2yn7 B2yn) - NQ(U’M SZyn)]v (22)

Up € g1(Yn) * [uns1 — unll < D(91(Yn+1), 91(yn)),
Vn € g2(n) ¢ [[vng1 — vnll < D(g2(Tnt1), g2(2n)),

where n =0,1,2,...;p; > 0,p, > 0 are some constants.

THEOREM 4.2. For each ¢ € {1,2}, let A4;, B;, Si, gi;, Niy M;, ¢, and 0, be
same as in Theorem 4.1. Suppose that 9¢,, G9¢, and the condition (5) holds. Then

approximate solution (x,,y,) generated by Algorithm 4.1 converges strongly to unique
solution (z,y) of SGIVLI (4).

PROOF. It follows from Theorem 4.1 that there exists a unique solution (x,y, u, v)
of SGIVLI (4). By Algorithm 4.1 and Lipschitz continuity of the resolvent operators,
we have

0
lonsr =zl =[R2, ) M (A, Bizn) = Ni(Sizn, un)

‘ 1

1%}
_Rpill\/h(~,-) [M1(Aiz, Bixz) — N1(S1z,u)]

< HRiill\/[hL(-,-)[Ml(Alxn;len) — N1(S170,up))
7R§i1Mln(.7.)[M1(A1$a Bz) — Nl(Slx,u)]Hl
+ HRiilMln(.,.)[Ml(Al% Bix) — Ni(S1z,u)]
_R,anilzwl(.,.)[Ml(Alx,Bﬂ) - N1(51x7u)}H1 (23)

and
lpnsr =l =[R20, ) Mo (Aopn, Bayn) = Nolen, 29,

*RijQMﬂ.,.)[Mz(Azy, Bay) — Na(v, Sgy)]H2

< HRZ)?Mzn(-?-)[M2(A2yn’ Bayn) — Na(vn, Sayn)]
“RO%, o [Ma(Azy, Bay) = No(v, Say)]|
+ HRiszzn(.,.) [M2(A2y, Boy) — Na(v, Sa2y)]

by
—Rijz(.,.)[MﬂAzy, Bay) — Na(v, 529)]“2 : (24)
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Now, using the same arguments as from (9)-(12), we have

HRiilMln(,,,)[Ml(AﬂmBll”n) — N1(S1Zn, up)]
—Riiﬁwl(.,‘)[MﬂAw’ Biz) — Nl(Slxau)]H
< wilzn —zlli + LimiAp, [yn — yll2, (25)

and following the same arguments as from (13)—(16), we have

17}
HRPiZJ\/IQn(‘,') [M2(A2y’l’b7 BQyn) - NQ(UTH S2yn)]
0
_RijMQ(.,.) [M2(A2y» B2y) — Ng(v, Sgy)} HQ
< wllyn —yll2 + L2b2Ap,, |20 — 2|1 (26)

By Theorem 3.1, we have

o o
R, oM (Arz, Bix) — Ni(Siz,w)] — Ry My (A, Biz) — Ni (S, w),
and
o o
Rpj%%(.,)[Mz(Az%Bzy) = Na(v, S2y)] — Rp,iQZMQ(.’.)[MQ(AQy7BQy) = Na(v, S2y)].-
Let
a, = R?ilj\/jln(,)[Ml(Alx7le) - Nl(Sl.’E,’LL)]
—RY% (o [Mi(Arz, Biz) — Ni(Sia,u)] (27)
and
b = R [Ma(Asy, Bay) = No(v, Sy)]
7Rij,2}\42(4,-) [M2(Azy, Bay) — Na(v, Say)]. (28)
Then
ap, by, — 0 n — o0. (29)

From (23)—(26), (27) and (28), we have

lZnt1 — zl1 + llynt1 —yllz < Gillzn — 2|1 + G2llyn — yll2 + an + by,
< max{G1, G2} (|zn — zlli + [[yn — yll2) + an + by.

It follows from (19) that (Fy x Ea,|| - ||«) is a Banach space, we have

[(@nt1,Yns1) = (@9« = llznrs —zlli + [[Ynt1 — yll2
max{G1, G2 }([|(Zn, yn) — (z — y)||lx) + an + by (30)

From condition (5) and (29), (30), we have

l(Zns1sYns1) — (z,9)][+ — 0 asn — oo.
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Thus {(,,yn)} converges strongly to the unique solution (z,y) of SGIVLI (4). This
completes the proof.
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