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Abstract

In this paper, we prove a theorem dealing with |A, p,|r summability method
of infinite series by using the concept of quasi 8-power increasing sequence instead
of almost increasing sequence.

1 Introduction

A positive sequence (b,,) is said to be almost increasing if there exists a positive in-
creasing sequence (c,,) and two positive constants A and B such that Ac, < b, < Bc,
(see [1]). Obviously, every increasing sequence is almost increasing. However, the con-
verse need not be true as can be seen by taking an example, say, b, = ne(=)". A
positive sequence (7,,) is said to be a quasi S-power increasing sequence if there exists
a constant K = K(j,7) > 1 such that Kn®y, > mPfy, holds for all n > m > 1
(see [8]). It should be noted that every almost increasing sequence is quasi [-power
increasing for any nonnegative 3, but the converse need not be true as can be seen by
taking the example, say v,, = n~? for 8 > 0. A sequence (),) is said to be of bounded
variation, denoted by (A\,) € BV, if > o7 | |AN,| = Y07 1 A — Ang1| < 0o. Let Y ay,
be a given infinite series with the partial sums (s,). By (u,) and (¢,) we denote the
n-th (C,1) mean of the sequences (sy) and (na, ), respectively. The series > a,, is said
to be summable |C, 1|, k > 1, if (see [5, 7])

o0 o0 1
an*1|un —up_q|F = Z tal® < 0.
n=1 n=1 "

Let (py) be a sequence of positive numbers such that

n
P,Lzz:pvaoo as (n—o0), (P_ij=p_;=0, i>1).
v=0

The sequence-to-sequence transformation

1 n
Wn = &5~ vasv
Pn v=0
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defines the sequence (w,,) of the Riesz mean or simply the (]\7 , p”) mean of the sequence
(sn), generated by the sequence of coefficients (p,) (see [6]). The series ) a, is said
to be summable |N, p,|, ,k > 1, if (see [2])

oo k—1
P,

Z <> |Awn_1|" < o0,
Pn

n=1

.

where

n
 pn
Awn,1 = _mgpfuflav, n Z 1.

In the special case, when p,, = 1 for all values of n, |N,p,| » Summability reduces to
|C, 1| summability.

Let A = (any) be a normal matrix, i.e., a lower triangular matrix of nonzero di-
agonal entries. Then A defines the sequence-to-sequence transformation, mapping the
sequence s = (s,) to As = (A,(s)), where

An(s) = Zamsv, n=20,1,...
v=0

The series ) | a,, is said to be summable |A, p,|,, k > 1, if (see [12])

S (P) AAL(3)]* < oo,

n=1 pTL

where
AA,(s) = An(s) — Ap_1(s).

If we take a,, = B, then |A, p, [ summability reduces to |N,pp|x summability. If
we take a,, = %7’1 and p, = 1 for all values of n, then |A, p,|; summability reduces to
|C, 1|, summability. Also, if we take p,, = 1 for all values of n, then | 4, p,, | summability
reduces to |A[; summability (see [13]). If we take a,, = 5=, then |A|; summability
reduces to | R, p, | summability (see [3]).

Before stating the main theorem we must first introduce some further notations.
Given a normal matrix A = (ay,,), we associate two lower semimatrices A = (@, ) and

A = () as follows:

n
Ony = Zam-, n,v=0,1,.. (1)
i=v

and
CALOO = Qpo = aoo, CAan = Qpy — an—l,va n = la 2; (2)

It may be noted that A and A are the well-known matrices of series-to-sequence and
series-to-series transformations, respectively. Then, we have

An (S) = ianvsv = ianvav (3)
v=0 v=0
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and

AAy (s) = anya. (4)
v=0

2 Known Result

In [4], Bor has proved the following theorem for ’N , Pn|,. summability factors of infinite

series.

I

THEOREM 1. Let (X,,) be an almost increasing sequence and let there be sequences
(8,,) and (\,) such that

|AX| < B, ()
B,—0 as n— oo,
Zn |AB,,| X < 0, (6)
n=1
|>\TL|X7L = O(l) (7)
If .
Z |Arb| = O(l) as m — 0Q,
n
n=1
Z —[t,|" =O0(X,,) as m — oo, (8)
n=1

and (p,) is a sequence such that

S P =0(Xn) as m— o, (9)

n=1""

then the series > a, A, is summable |N,pn k>1.

"

3 Main Result

Many works dealing with absolute matrix summability factors of infinite series have
been done (see [9]-[11]). The purpose of this paper is to generalize Theorem 1 to | A, p, |
summability by using quasi S-power increasing sequences instead of almost increasing
sequences.

Now, we shall prove the following theorem.

THEOREM 2. Let A = (an,) be a positive normal matrix such that
Gno =1, n=0,1, .., (10)

An—1,v 2 Gny, for n Z v+ 13 (11)
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nn = O (gz) , (12)

and (X,,) be a quasi B-power increasing sequence for some 0 < g < 1. If (\,) € BY
and all the conditions of Theorem 1 are satisfied, then the series > a, A, is summable
|A7pn|k?7 k 2 1.

REMARK 1. If we take a,, = P and (X,,) as an almost increasing sequence, then
we get Theorem 1. In this case the condition (An) € BV is not needed.

We need the following lemma for the proof of Theorem 2.

LEMMA 1 ([8]). Under the conditions on (X,), (5,) and (A,) as taken in the
statement of Theorem 2, the following conditions hold;

nB,X, =0(1) as n— oo, (13)
> B, X < 0. (14)
n=1

4 Proof of Theorem 2

Let (I,) denote A-transform of the series Y a,A,. Then, by (3) and (4), we have

AL, = i Aoy Ay
v=1
n ~

Qoo
= g 0y
v

v=1

Using Abel’s transformation, we have that

AL, = ZA (a"v v)Zrar—&—am anaT
n—1

v+1 1
= A’U Anv )\vtv - An v )\1) t’U
Z " (o) + Z S Onot1Avs

v=1 v=1

v—|— 1, n+1
= In,l + In,? + In,3 + In,4-

To complete the proof of Theorem 2, it is sufficient to show that

0 P k—1

n=1 n
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First, when k& > 1, applying Holder’s inequality with indices k& and k', where % % =1,

we have that
mAl o k-l k
Z() Ll — (ZA DAt )
) (ZA DAl |’“)

e

M+

3
||
N

I
; Mi
/—'\
"“U

X

By (1) and (2), we have that

Av(anv) = Opyv — Ap v+l = Qpy — 6_Lnfl,v - C_ln,erl + anfl,vqtl = Qpyv — An—1,v-

Thus using (1), (10) and (11)

n—1 n—1
Z |Av(drw)| = Z(an—l,v - anv) < apn-
v=1 v=1

Hence, we get

%(R’)“m,n’“ - 0<1>§(P”)“ (Zm DIl |’f>

n=2 pn pn
m m—+1
= O Y Il it D0 (A ()]
v=1 n=v+1

= Z At *

v=1

m—1
DPr Pov
= 0(1) ) A\ szlt *+0(1) \Amlzflt K
v=1
m—1
= 0(1))  |ANIX, + O A X
v=1
m—1
= 0(1) Y B, Xy + O(1)Am|Xm =O0(1) as m — oo,

v=1
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by virtue of the hypotheses of Theorem 2 and Lemma 1. Also, we have that

1

3
+

m+1 k—1 k—1
P, P, ty
()t = () (Shawnnti))
n=2 n n=2 n
m—+1 k—1 -1
P, Ly A
< > (5 (Damlnmn' ) (anw“')
n=2 n
k—1
m+1 k—1 k n—1
P, ty A
< () (Zammmm' | ) (Z' ’;j”)
n=2 Pn v=1
m |>\ ‘ m—+1
+1 N
= Z =ty |k Z |anvt1]-
v=1 n=v+1

By (1), (2), (10) and (11), we obtain

v

|dn,’u+1| == Z(an—l,i - anv)

i=0
Thus, using (1) and (10), we have
m+1 m+1 v
Z |an,o1| = Z Z(an—l,i —ani) <1,
n=v+l n=v+1i=0

then we get

m—+1 k—1 m
Pn : /\u
Z() nol® = Z' il g

n=2 n
m—1
= 0()Z|M+1|Z [t + O Am +1|Z to]*
v=1

m—1

= 0(1) Z Bor1Xvs1 + O(1)[Amg1|Xinp1 = O(1) as m — oo,
v=1

by virtue of the hypotheses of Theorem 2 and Lemma 1.
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Also, we have that

mAl g\ kel . m+1 k=1 /n—1 g
) i — () (Bt
v=1

n n

n=2 n=2
m+1 P k-1 /n—1 n—1 k-1
- omy () (Z an,mnmvntv’f) x (Z |an,v+1||mv|>
n=2 Pn v=1 v=1
m—+1 P k—1 n—1
- 0wy () e (Zmn,wwvuvv“)
— \DPn —
n=2 v=1
m m—+1
= O(l)zﬁv|tv|k Z |&n,v+1|
v=1 n=v+1

m—1 v m
= 00 T I8 0)IL Il +0Wms, 3 Inl
v=1

m—1

= ZU\M X, +0(1) Y B,X, +O0(1)mB,, Xnm
v=1

= 0O(1) as m — oo,

by (5), (6), (8), (12), (13) and (14).

Finally, as in I, 1, we have that

k—1 m P k—1
£ () ot = oS (2)

=1 n=1

by (5), (7), (9), (12) and (14). Hence, the proof of Theorem 2 is completed.

If we take an, = P— and p, = 1 for all values of n, then we get a result concerning
|C, 1| summability factors of infinite series.
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