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Abstract

In this paper, we investigate bounds on difference between two approximate
solutions of fractional impulsive differential equation. Also some qualitative prop-
erties of solutions has been studied using fractional impulsive inequality.

1 Introduction

Complex and dynamic behaviour of every real life phenomena may not be modelled
using integer order derivatives. Such a problem may instead be better modelled by
using fractional order derivatives. Fractional order derivatives are the generalization of
integer order derivatives which gives numerous applications in engineering, biological
sciences, Fluid mechanics, control theory, signal and image processing etc. For more
details see [3], [13]-[15], [18], [21], [22].

In last two decades, impulsive differential equations gained much attention of many
researchers as it is useful for modeling real life phenomena and physical process in
science and engineering. These type of equations are mainly featured by the sudden
change in their states at particular moments over time of negligible duration. For more
details on the impulsive differential equations and their applications, we refer to [16],
[17].

The method of approximations of solutions gives the beneficial information of so-
lutions without knowing the solutions of differential equations explicitly. Also it es-
tablishes the bound on the difference between two ¢;-approximate solutions. For more
references see [4], [5], [8], [9], [11], [12].

Many authors studied existence, uniqueness of impulsive fractional differential equa-
tions, see [1], [6], [7], [10], [19], [24]. For example, the authors, T. Lian et al. [6] studied
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the existence and uniqueness of the fractional differential equation

°Diz(t) = f(t,z(t)), te€(0,b], 0<a<l,
z(0) = xo,
by using Picard’s iterative method.
n [10], A. Yarkar et al. studied the existence of
‘Diz(t) = f(t,z), te€(to,T], 0<a<l,
2(8)(t = to)' " ]=t, = o,
by using the method of upper and lower solutions.
Motivated by the works of [4], [5], [8], [9], [11], [12], in this paper, we study the
following impulsive fractional differential equation:
°Diz(t) = f(t,x(t)), te€(0,T), t#7k, k=12 .,m,
z(0) = o, (2)
Ax(Tk) :Ik"r(Tk‘)7 k= 172a"'am7 (3)

—~
—_
~—

where, D] is the classical Caputo frational derivative of order ¢ € (0,1) with lower
limit zero, z9 € R, f : [0,7] x X — X is continuous, I : X — X. The impulsive
moments 7 are such that 0 = 79 < 71 < 79 < ... < Ty < Typy1 =71, m € N,

z(rf) = lim (T +€) and (7, ) = lim z(7x + €) represent the right and the left
e—0 e—0~

limits of x at 7.

The paper is organised as follows: Section 2 consists of preliminaries and hypothe-
ses. In section 3, we establish the bound on the difference between two approximate
solutions. Section 4 deals with nearness and convergence properties of solutions and
finally, we give continuous dependence of solutions on parameters in section 5.

2 Preliminaries and Hypotheses

Let X be a Banach space with the norm | - ||. Let PC([0,7],X) denote the set
{z:]0,T] — X : x(t) is piecewise continuous at ¢ # 7, left continuous at ¢ = 7, and
the right limit (7 + 0) exists for k = 1,2,...,m}. Clearly, PC([0,T], X) is a Banach
space with the supremum norm

lzll pe(o,r),x) = sup{llz()]| : t € [0, T\ {71, T2, ..., T }}-

DEFINITION 2.1 ([21]). Let f : RT — R be a continuous function on R* and
a > 0. Then the expression

0 F(t) = F(la)/ (t—s)*ds, t>0

is called the Riemman-Liouville integral of order a.
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DEFINITION 2.2 (]21]). Let f : RT — R. The Caputo fractional derivative of
order « of f is defined by

1

a _ ! _g)n—a-l (n)SS
DEF) = oy | (6= o st > 0

where a € (n — 1,n),n € N.

DEFINITION 2.3 ([24]). A function = € PC([0,T], X) satisfying the equations:

z(t) = xo—|— Z Tk —8)1 1 f(s,2(s))ds

0<‘r <tVTk

L 7 — 8)T (s, 2(s))ds
+F(q)/m<k 171 (s, ()

+ Z Ikﬂf(T;), te (Tvak-i-l]a k= 1727 -, M
0<T<t
z(0) = xo
is said to be the solution of the fractional impulsive initial value problem (FIIVP)
(1)~(3)-

DEFINITION 2.4. For i = 1,2, z; € PC([0,T], X) is the function such that z;(t)
exists for ¢ € (0,T] and satisfies the inequality

[°Dix(t) — f(t,2(t)]| < e
for given constant £; > 0, where it is considered that the initial and impulsive conditions

z;(0) = xf), (4)
Axi(1r) = Iyxi(T1), (5)
are satisfied. Then x;(¢) is said to be an ¢;-approximate solution to the FIIVP (1)—(3).

LEMMA 2.5 ([20]). Suppose that p € C[Ry,R4] and for k =1,2,...,t > tg,

t b
m(t) < c+ [ p(s)m(s)ds + ag (tr — )% mn(s)ds + mite)

where o > 0, v, > —1, 5, > 0, k =1,2,... and c are constants. Then, for ¢t > ¢,, the
following assertions hold:

(I) 0< By, < 5 for k=1,2,... We see that

tr

m(t)<e ] {(1+7k)e(tkf1p(£)d€)+ ak)(euktk (5;6)){

to<tp<t L(By

([ op©de=s) \dy ([ )
X ( / e Rt ds) }e “
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Whereukzﬁk—klandvk:l—i—é.

(II) By > 1 for k=1,2,.... We see that

1
2

{ (o0 ( o2t

m(t) <c J[ @ +7)e TG0 STl (26, — 1))
to<trp<t k
t 2( I p(&)dﬁfs) 3 (f’p(g)dg)
X < / e ‘-1 ds) }e f .

Now we introduce the following hypotheses.

(Hyp) Let f:]0,T] x X — X be a continuous function such that there exists a positive
constant p* > 0 satisfying

1 (E,9) = £t o)l <p*(l[¢ = 2lD),
for every t € [0,T],4¢,¢ € X.
(Hs) Let I, : X — X be functions such that there exist positive constants Ly satisfying

|1 (x) = In()|| < Lillz —yll, z,yeX, k=12,..m.
(H3) There exist nonnegative constants es, §; such that
1t ¢) = ft o)l <5, [Hk(9) = Tu(d)]| < di.
(Hy) There exist nonnegative constants €, d,, g, such that

”f(ta ¢) - fn(t’ ¢)|| < €n, ||£U() - yn(]” < 67“ ||Ik¢(7_k) - Ikn¢(Tk)|| < Okn.-

with €, — 0,6, — 0,0, — 0 as n — oco.

3 Bound on Difference Between Approximate Solu-
tions

THEOREM 3.1. If x;(¢) and z2(t) are €; approximate solutions of equation (1)
with (4) and (5) and the hypotheses (H;) and (Hj) are satisfied, then the following
inequality holds:

(e1+¢€2)

Tq+ ZL’l —.’L'Q C**7

|1 — 22|l pe < [

where C** is some constant.
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PROOF. Let z;(i = 1,2) be ¢; approximate solutions of equation (1) with (4) and
(5). Then we have,
1°Df(t) — f(t, z@®)] < &
Operating I? on both the sides, we get

I%; > 1%)|°Dfx(t) — ( z(@))]

> ||zi(t) — Z Tk —8)17 1 f(s,14(5))ds
0<-r <tVTk
- / (= 8T f s,
F(q) Tk o
— Z Ikxz(T;;)H
0<7<t
Using the inequalities |Ju; — vq|| < ||u1H + |lve|l and |||u1]] — fJooll] < |Jur — v1|, we get
(51 +<€2) / q 1
9 > || (t - = (T — 8)47 " f(s,21(s))ds
F(Q+1) H O<Tz<t Th—1

1 ¢ 1 B
_@/ (t—98)1""f(s,21(s))ds — Z Ikaxl(rk)H

Tk 0<7<t

+ HQ?Q(t) — Z / (r — 8)T 1 f(s,22(5))ds
0<'r <tV Tk—1

(t—8)T 1 f(s,20(s))ds — Z Ikxg(T;)H

_T) Tk 0<Tr<t
zn )= ax(0] ~ o} - ]
Mg 2 ] e ) = S (o)
0<‘r <t”Tk
fﬁ / (t— )7 £ (s5,21()) — f(5,2(5)||ds
= S (i) - L ()l
O<tp<t

By using hypotheses (H;) and (Hs), we get

(e1+¢€2)

H 2 Iea(® - aa(0)] - 1z — 23]

rl Z/T (7 = 5)71p*[[w1(s) — w2(s)||ds

O<'r <tV Th—1
1

_F(q)/m@_s)q p*l1(s)) — 2a(s) |ds

Y Lillaa(ry) = a2(m)ll.

0<TE<t
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Let z(t) = ||z1(¢) — 22(¢)||. Then we have

(e1 +e2) 1 9 L
mt‘] > 2(t) = [lag — 2l — O<¥<t . TK — 8)I " p*z(s)ds
1 /t(ts)q Lp*2(s)ds — Z Liz(17).
L@ Jr, 0<Tr<t
Therefore we get
A0 < G e -l + s Y / = )15 (5)ds
- T+ " ’ O<T <tV Tk

+L/(t—s)q Yp*2(s)ds + Z Lyz(t},).

L(a) Jr 0<T<t

Applying the impulsive fractional inequality given in Lemma 2.5, we get
Case I:For0<q§%

z(t)
[(51 + 62)tq
I'(g+1)

IN

( Tfk (t_ri)qq)ilp*df) * Hi Tk ﬁ
Hia -l T {a+ e (S )

q2
0< <t My
Tk fo—9)9-l 1 Loi—eya—1
o ) S prde—s) ) (J S a)
X e Tkt ds e (6)
Tk—1

where p, =g+ 1, vy =1+ % and t; = max{7ry : t > 75,k =1,2,..}. Let

(1 GO0 e de)

Il =e Tk1 y
w( e f()qq p d£> —vks
IQ =€ TRt 5
Tk
13 = / IQdS
Tk—1

Sincet — 7, <T,t—7Tk_1 <T and t < T, we obtain I; < Cy and I3 < C5 where C
and Cy are some arbitrary constants. Now substituting the above values in inequality
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(6), we get the following inequality

(51 %’52)

lz1.(8) =22 ()] < [ 4 g — 2] T {0 +Lw)}
( +1) 0< T <t
eHkTh i (f(t s)q ', dg)
{Cl + (q ( F q ) Cg}e
(e1+22) Y
< [t +llas — o)) TT @+ Lu)}Coe 0
I'(qg+1) o
TE<t
(e1 +e2)
[ T+ ||(ap — || H { 1+ Ly) }C3eF<q+1)
Flg+1) 0<
Tr<t
(61 +€2)
< [T+l —ad)l] [T {a+Loye
Fla+1) 0<r<t

p* T4

. - i
where Cs = {C1 + #5 (eukzk F(q2)> Co}, and C* = CseT™# D are some constants.
m

q
k

This gives
(€1 +€2)

T e — el 7)

lz1 — 22|l pc < [
where C** =[] {(1+ Li)}C*.

0<T <t
Case II: For q > %, we similarly obtain the same inequality (7).

REMAR. If we put €1 = 3 = 0 and =}, = 23,¢ € (0,T] in inequality (7) then the

uniqueness of solutions of (1)—(3) is established.

4 Nearness and Convergence of Solutions

Consider the FIIVP (1)—(3), along with the following FIIVP

“Diy(t) = f(ty(t)), te(0.T], t#7e k=12 .m (8)
y(0) = yo, (9)
Ay(ti) = Ly(rr), k=1,2,...,m, (10)

where, f:[0,7] x X — X and I}, : X — X.

THEOREM 4.1. Let z(t) and y(t) be respective solutions of initial value problem
(1)—(3) and (8)—(10) on [0,T]. Suppose that the functions f, f, I and Ij in (1)—(3)
and (8)—(10) satisfy hypotheses (Hy)—(H3). Then the following inequality holds:

263 }
T+ 6 ,C**.
ql'(q) ’

nx—mwcs{am—mn+
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PROOF. Using the facts that x(t) and y(t) be respectively solutions of initial value
problem (1)—(2) and (8)—(10) and hypotheses (H;)—(Hs), we get

[l(t) — ()H
< M-l [ =9 S a) - Fs o) lds
0<T <tYTk-1
1t . _
+F(Q)/‘rk (t—s)1 | f(s,2(s)) — f(s,y(s))|ds —|-0<;<t Li||lz(tk) — y(Tr)|| + 0k
< llwo —woll + i (=774 30 (= 7)) + 6]
0<7E<t

i X[ @9t - ol

0<Tp<tYTk—1

+L/ (t =) pllz(s) —y()llds + Y Lilla(rr) = y(ri)ll-

F(q) k 0<TK<t
Let z(t) = ||z(t) — y(t)]]. Then
2(t) = [lz(t) =yl < [llzo — woll + q;i?q)((t )T+ Y (k= Th-1)?) + 5]

0<T <t
/T

1 t
(=) as)ds 4 s [ (=) a()ds
0<7- <tV Thk—1 (@) Tk

+ Z Lkz Tk). (11)

0<T<t

Now applying the Lemma 2.5, we get

() =y (@)

€3
< xo — Yol + —=—— ((t — 7x)?
llzo = ol + (6= )
(f (o b de)
+ Z (T — Tr-1)?) + 0] H {(1+ Ly)}Cae it "
0<Tr<t 0<trp<t
€3
< llwo —yoll + 57— (E—78)" + (T — Th=1)?) + Ok
1) 2 )
X H {(1—|—Lk)}C3eI‘p(q11>
0<trp<t

which gives
2e3 q p* T
lz = yllpe < [llzo = yoll + 5T+ 8] [ {(1+Lp)}Cser@m.

(g +1) 0<tp<t

263
< [llzo = yol| + ———=—T9 + 6] C**.
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This completes the proof.

REMARK. If f is close to f, xg is close to yo then the corresponding solutions of
initial value problem (1)—(3) and (8)—(10) are close to each other.

Consider the initial value problem (1)—(3) with the initial value problem

°Diy,(t) = fult,yn(t)), t€(0,T], t#7r, k=12 .,m, (12)
Yn(0) = Yno, (13)
Ayn(Tk) = Ik'nyn(Tk); k= 17 27 ey 1, (14)

where f, : [0,T)] x X — X and Iy, : X — X

COROLLARY 4.2. Let z(t) and y,(t),n = 1,2, ... be respectively solutions of initial
value problems (1)—(3) and (12)—(14) on [0,7]. Suppose that the functions f, f,, Ix
and Iy, in (1)-(3) and (12)—(14) satlsfy the hypotheses (H;), (Hz) and (H4). Then
yn(t) — x(t) as n — oo on (0,T].

REMARK. The result obtained in this corollary provides sufficient conditions that
ensures solutions of FIIVP problem (12)—(14) will converge to solutions of initial value
problem (1)—(3).

5 Continuous Dependence of Solutions On Parame-
ters

Consider the following FITVP

°Dix(t) = f(t,z(t),0), te€(0,T], t#7k,k=12,.,m (15)

2(0) = o, (16)

Ax(ty) = Iyz(tr), k=1,2,..,m. (17)
and

“Diy(t) = f(t,y(t),d"), te(0,T), t#7pk=12.,m (18)

y(0) = yo, (19)

Ay(rg) = LIy(re), k=1,2,...,m. (20)

where f:[0,T]x X x R — X, I, : X — X, and 6, §' are real parameters.

COROLLARY 5.1. Let x(t) and y(t) be solutions of equations (15)—(17) and (18)-
(20), respectively. Assume the hypothesis [Hs] holds and

Then
L6 =&

2T C**.
I'(g+1)

Iz = yllpc < |llzo = yoll +
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PROOF. It is an easy consequence of our main result so we have omitted the proof.
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