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Abstract

In this paper, we generalize a known result dealing with the absolute Cesaro
summability factors of infinite series. Some new and known results are also
obtained.

1 Introduction

Let Y a, be a given infinite series with partial sums (s, ). We denote by t2# the nth
Cesaro mean of order («, ), with a + 8 > —1, of the sequence (na,), that is (see [5])

1 o~ .
o8 = Y > Ax= L Alva,, (1)
n v=1

where
Ag'*'ﬂ — O(nO‘JFB)7 Ag+5 =1, and A‘fzﬂ =0 for n>0.

A series ) a, is said to be summable | C,«,(,0;6 |, k>1,0 >0, o+ > —1, and
o € R, if (see [2])

= o (6k+k—1) |tz’6’k
Z?’L ’I’Lik < 00.
n=1

If we take o = 1, then | C, a, 3, 0; 9 |, summability reduces to | C, o, 8; 0 |, summability
(see [3]). If we set o = 1 and § = 0, then we obtain the | C, a, 8 |, summability (see [6]).
Also, if we take 3 = 0, then we have | C, o, 0;0 |, summability (see [10]). Furthermore,
if we take 0 =1, § =0, and 6 = 0, then we get | C, « |,, summability (see [7]). Finally,
if we set 0 =1 and 8 = 0, then we get | C,a;6 |, (see [8]). For any sequence (\,) we
write that A%\, = A\, — AX\,1 and A\, = A\, — Api1. Let (0%’5) be a sequence
defined by (see [1])

toB fi =1,8> -1,
92,52{| | ora = 1.4 o

maxi<y<n |t3’5| , for0<a<1,8>-1.
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2 Known Result

The following theorem is known dealing with the generalized absolute Cesaro summa-
bility factors of infinite series.

THEOREM 1 ([4]). Let (%) be a sequence defined as in (2). If (A,) is a non-
negative and non-increasing sequence such that the series > );—j is convergent,

nAX\, -0 as n — oo, (3)
> (n+1)A%, (4)
n=1

is convergent and the condition
m
Z (n°0%E = O(m) as m — oo (5)

holds, then the series ) anA, is summable |C, o, 5;0],, 0 < a <1, 8> -1,k > 1,
§d>0,and (a+ 3 —9) > 0.

3 Main Result

The aim of this paper is to generalize Theorem 1 for the |C, «, 3, 0;0], summability
method. Now, we shall prove the following theorem.

THEOREM 2. Let (0%7) be a sequence defined as in (2). If (\,) is a non-negative
and non-increasing sequence such that the series )‘7” is convergent, the conditions
(3), (4), and

m k

Z o (Sk—+k— 1)& =0(m) as m— o0 (6)
nk—1

hold, then the series ) a, A, is summable |C, o, 5,0:0[,, k> 1,0<d<a<1,0€R,
and (o + f+ 1Dk —o(dk+k—1)> 1.

We need the following lemma for the proof of our theorem.

LEMMA 1 ([1]). f0<a <1, >—1,and 1 <v <n, then

v

> Ay A
p=0

m

DA A

p=0

< max
1<m<w
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4 Proof of Theorem 2

Let (T") be the nth (C,«, ) mean of the sequence (na,\,). Then, by (1), we have
that

1 1
v Af,‘ LABvay .
v=1

TO«ﬁ _
Ay

First applying Abel’s transformation and then using Lemma 1, we have that

n—1

An N o
o8 _ Aaw ZA)\ ZAQ L ASpa, + %W;Anifl%am

v n

! 4 12l -
o, a—1 n a—1 48
|T" ‘ < Aa-‘rﬁ Z|A/\ | ZA App P Aa+,6’ ZATL—’U'A'UUG’U
v=1 p=1 n v=1
n—1
1 o o
< L aamian o
v=1
= 100+ 1y

To complete the proof, by Minkowski’s inequality, it is sufficient to show that

oo
k
Zno(6k+k—1)—k |Tf#3 < oo, for r=1,2.

n=1
Whenever k > 1, we can apply Hoélder’s inequality with indices k£ and k&’ where
1 1

e R |
k + K ’
we get that
m—+1 k
Z o Oktk—1)—k Tf,’f‘
n=2
m—+1 k
o (6k+k—1)— a ABpoB
< Yom A(MZA ABOTPAN,
n=2 v=1
m+1 1 k—1
_ ak, Bk a[j
- oW s | ey o
n=2
m m—+1 1
_ (a+B)k a,B\k
= O(l)ZU AN (077) Z (@t Bt k—o(0ktk—1)
v=1 n=v+1

m o0 dx
o a«‘,»ﬂ k 75
_ } : EAN, sk /v p(a+B+)k—o(dk+k—1)
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- AN O (Ek+k—1) (93,6)1@
v=1
= - o (6k+k—1) (9;,,8)1@ - o (Sk+k—1) (Gg’ﬁ)k
v=1 p=1 p v=1
= 0(1))_vA%X\, +O(1)mA,
v=1
= O(1) as m — oo,
in view of hypotheses of Theorem 2.
Similarly, we have that
m N m )\ B (9a’ﬁ)k
o(6k+k—1)—k aB ko _ n_o(6k+k—1) \Yn
m—1 n o,B\k
A _1n (057)
- 01 A2 o(6k+k—1) \Vv
3 ACH Y e
Am X (O30
1)2m o(Sk+k—1) \Yn
+0(1) - ;n oy
m—1 m—1 A
= o A 1 il 1
O D & +0 ); e O
m—1 m—1 A
= 1 A 1 = 1
o( )n:1 A+ O( );2 -+ O(1)Am
m—1 A
= 1 - 1 = 1
O(1)(A1 = Am) + O >n§ 2+ O0()Am

= O(1) as m — oo,

by virtue of hypotheses of Theorem 2. This completes the proof of Theorem 2.

5 Conclusions

If we take f = 0 and o = 1, then we get a new result for |C, a; 6|, summability factors of
infinite series. If we set 0 = 1, then we get Theorem 1. Because in this case condition
(6) reduces to condition (5). Also, if we take 8 = 0 and =0, then we get a result
concerning the |C, a|, summability. Furthermore, if we take 0 =1, =0, @ = 1, and
d = 0, then we obtain a new result for the |C, 1|, summability factors. Finally, if we
take 0 =0, 8 =0,0 =1, and k = 1, then we get the known result of Pati dealing with
|C, a| summability factors of infinite series (see [9]).
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