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Abstract

In this paper, we exploit the weighted spaces and some density function un-
der some conditions to establish a general decay rate property of solutions of a
viscoelastic plate equation with distributed delay term in the whole space Rn.

1 Introduction

In this paper, we consider the following system:

utt(x, t)−∆ut(x, t)

+ φ(x)
(
α∆2u(x, t)−

∫ t
−∞ g(t− s)∆2u(x, s)ds

)
(x, t) ∈ Rn ×R+,

+ µ1ut(x, t) +
∫ τ2
τ1
µ2(s)ut(x, t− s)ds = 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x) x ∈ Rn,

u(x,−t) = u0(x, t), x ∈ Rn, t ≥ 0,

ut(x,−t) = f0(x, t), x ∈ Rn, t ≥ 0,

(1)

where the space D2,2(Rn) (n ≥ 5) is defined in (2) and φ(x) > 0,∀ x ∈ Rn, (φ(x))−1 =
ρ(x) defined in (A1), µ1, α, τ2 are positive constants, τ1 is a nonnegative constant with
τ1 < τ2 and µ2 : [τ1, τ2] → R is a bounded function and the initial data (u0, u1, f0)
belongs to a suitable space.
In this paper we consider the solutions in spaces weighted by the density function

ρ(x) in order to compensate for the lack of Poincaré’s inequality. Equation (1) with the
memory term

∫ t
−∞ g(t− s)∆2u(x, s)ds can be viewed as an elastoplastic flow equation

with some kind of memory, the interaction of strong damping with other terms implies
an exchange of the energy, which is physically transmitted from one place to another,
there is a delay associated with the transmission which is denoted by τ1 and τ2. To
motivate our work, let us start with the plate equation proposed in [2], the authors in
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[2] considered the following plate equation

utt(x, t) + a∆2u(x, t)−∆pu(x, t)−
∫ t

0

g(t− s)∆2u(x, s)ds−∆ut(x, t)

+f(u(x, t)) = h (x, t) ∈ Ω×R+,

where Ω is a bounded domain in Rn with simply supported boundary condition, g > 0
is a memory kernel that decays exponentially and f(u) is a nonlinear perturbation, they
established a result about the global existence by using the Faedo-Galerkin’s method
and the energy decay by using the perturbed energy method.
The authors in [1] considered the more general problem

utt(x, t) + a∆2u(x, t)−∆pu(x, t)−
∫ t

−∞
g(t− s)∆2u(x, s)ds−∆ut(x, t)

+f(u(x, t)) = h (x, t) ∈ Ω×R+,

by applying the same procedure as above, they obtained the existence result and the
asymptotic stability of the problem.
For the Cauchy problem with density, Karachalios and Stavrakikis [3] considered

the following semilinear hyperbolic initial value problem{
utt(x, t)− φ(x)∆u(x, t) + δut(x, t) + λf(u(x, t)) = η(x), (x, t) ∈ Rn ×R+,

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Rn,

the authors proved local existence of solutions and established the existence of a global
attractor in energy space D1,2(Rn)× L2g(Rn) by using the compactness of embedding
D1,2(Rn) ⊂ L2g(R

n) in the case where (φ(x))−1 := g(x) ∈ Ln
2 (Rn) and n ≥ 3. Very

recently, Baowei Feng [5] studied the following problem
utt(x, t)− φ(x)

(
∆u(x, t)−

∫ t
0
g(t− s)∆u(x, s)ds

)
+ µ1ut(x, t) + µ2ut(x, t− τ) = 0,

(x, t) ∈ Rn ×R+,

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Rn,

ut(x, t− τ) = f0(x, t− τ), x ∈ Rn, t ∈ (0, τ),

where u0(x), u1(x) and f0(x, t − τ) are given initial data belonging to appropriate
spaces, the function g(t) is the relaxation function. The constants µ1, µ2 are two real
numbers, and τ > 0 denote the time delay, the author proved a general decay result of
solution for the initial value problem by using energy perturbation method, although
he found the diffi culties in non compactness of some operators. To overcome these
diffi culties, the main idea is to introduce some weighted spaces to compensate the lack
of Poincaré’s inequality in the whole space.
Motivated by the previous works, in the present paper, it is interesting to show more

general decay rate property to that one obtained in [5], by exploiting the same procedure
in [1—4] with the necessary modification imposed by the nature of our problem. Further,
we omit the space variable x of u(x, t), u′(x, t) and for simplicity, we denote u(x, t) = u,
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u′(x, t) = ut, |∇xu|2 =
∑n
i=1

(
∂u
∂xi

)2
and ∆xu =

∑n
i=1

∂2u
∂x2i
. The constant c used

through this paper takes on positive values, also the functions considered are all real
valued, here u′ = ∂u(t)

∂t and u′′ = ∂2u(t)
∂t2 .

2 Preliminary Results and Transformations

At first, we recall and make use of the following assumptions:

(A0) We assume that the function g : R+ → R+ is class C1 satisfying∫ ∞
0

g(t)dt = g0 > 0, g′+ ≤ 0, ∀t ∈ R+,

and there exists a constant k > 0 such that g′(t) ≤ −kg(t).

(A1) The function ρ : Rn → Rn+, ρ(x) ∈ C0,γ(Rn) with γ ∈ (0, 1) and ρ ∈ Ls(Rn) ∩
L∞(Rn), where s = 2n

2n−qn+4q .

The following technical lemmas are needed.

DEFINITION 1 ([3, 5]). We define the function spaces of our problem and its norm
as follows:

D2,2(Rn) =
{
f ∈ L 2n

n−4 (Rn); ∆xf ∈ L2(Rn)
}
, (2)

and the space L2ρ(R
n) to be the closure of C∞0 (Rn) functions with respect to the inner

product

〈f, h〉L2ρ(Rn) =

∫
Rn

ρfhdx.

For 1 < q <∞, if f is a measurable function on Rn we define

‖f‖L2ρ(Rn) =

(∫
Rn

ρ|f |qdx
) 1
q

,

and D2,2(Rn) can be embedded continuously in L
2n
n−4 (Rn), i.e there exists k > 0 such

that
‖u‖

L
2n
n−4 (Rn)

≤ k‖u‖D2,2(Rn).

The separable Hilbert space L2ρ(R
n) is equipped with the following inner product:

〈f, f〉L2ρ(Rn) = ‖f‖2L2ρ(Rn).

LEMMA 1. Let (A1) hold, then for any u ∈ D2,2(Rn)

‖u‖Lqρ(Rn) ≤ ‖ρ‖Ls(Rn)‖∆xu‖L2(Rn), with s =
2n

2n− qn+ 4q
, 2 ≤ q ≤ 2n

n− 4
,
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where we can assume ‖ρ‖Ls(Rn) = C0 > 0 to get

‖u‖Lqρ(Rn) ≤ C0‖∆xu‖L2(Rn).

Following the idea of [5], we consider

η(x, t, σ) = u(x, t)− u(x, t− σ), in Rn ×R+ ×R+. (3)

In order to consider the relative displacement η as a new variable, we introduce the
weighted L2-spaces

L2g(R
+;H2(Rn)) =

{
ζ : R+ → H2(Rn);

∫ ∞
0

g(σ)‖ζ(σ)‖2V dσ <∞
}
,

where V = H2(Rn) and L2g(R
+;H2(Rn)) is the Hilbert space of H2(Rn)-valued func-

tions on R+ endowed with the inner product

〈ζ, ζ〉L2g =

∫ ∞
0

g(σ)〈ζ(σ), ζ(σ)〉V dσ, ‖ζ‖2L2g =

∫ ∞
0

g(σ)‖ζ‖2dσ.

To deal with the delay term, we introduce the new variable z as in [7],

z(x, k, s, t) = ut(x, t− ks), (x, k, s, t) ∈ Rn × (0, 1)× (τ1, τ2)× (0,∞).

From (3), we obtain
η(x, t, 0) = 0, in Rn ×R+,
η(x, t, σ) = 0, in Rn ×R+ ×R+,
η(x, σ) := η(x, 0, σ) = u0(x, 0)− u0(x, σ), in Rn ×R+.

We denote ηt = ∂η
∂t , ησ = ∂η

∂σ . So, (3) gives

ηt(x, t, σ) + ησ(x, t, σ) = ut(x, t), in Rn ×R+ ×R+.

Thus, the original memory term can be rewritten as∫ t

−∞
g(t− σ)∆2u(σ)dσ =

∫ ∞
0

g(σ)∆2u(t− σ)dσ

=

(∫ ∞
0

g(σ)dσ

)
∆2u(t)−

∫ ∞
0

g(σ)dσ∆2η(σ)dσ.

Therefore, problem (1) is equivalent to:

utt −∆ut + φ(x)
(
α−

∫∞
0
g(σ)dσ

)
∆2u+

∫∞
0
g(σ)φ(x)∆2η(σ)dσ

+µ1ut +
∫ τ2
τ1
µ2(s)z(x, 1, s, t)ds = 0, in Rn × (0,∞),

z(x, k, s, 0) = f0(x, ks), in Rn × (0, 1)× (τ1, τ2),

u(0, x) = u0(x), ut(0, x) = u1(x), in Rn.

(4)
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Then assuming for simplicity that
(
α−

∫∞
0
g(σ)dσ

)
= 1, problem (4) is transformed

into the system

utt −∆ut + φ(x)∆2u+
∫∞
0
g(σ)φ(x)∆2η(σ)dσ

+µ1ut +
∫ τ2
τ1
µ2(s)z(x, 1, s, t)ds = 0, , in Rn × (0,∞),

z(x, k, s, 0) = f0(x, ks), , in Rn × (0, 1)× (τ1, τ2)

u(0, x) = u0(x), ut(0, x) = u1(x), , in Rn.

(5)

The energy associated with (5) is defined by

E(t) =
1

2
‖ut(t)‖2L2ρ(Rn) +

1

2
‖∆u(t)‖22 +

1

2
‖η‖2L2g

+
1

2

∫
Rn

∫ 1

0

∫ τ2

τ1

ρ(x)s(|µ2(s)|+ ξ)z2(x, k, s, t)dsdkdx, (6)

where ξ is a positive constant such that∫ τ2

τ1

|µ2(s)|ds+
ξ(τ2 − τ1)

2
< µ1. (7)

LEMMA 2. The functional defined in (6) satisfies the following inequality:

E′(t) ≤ −
[
µ1 −

∫ τ2

τ1

|µ2(s)|ds−
ξ(τ2 − τ1)

2

]
‖ut(t)‖2L2ρ(Rn)

−m1

∫
Rn

∫ τ2

τ1

z2(x, 1, s, t)ρ(x)dxds− ‖∇ut‖2L2ρ(Rn) − δg0‖∆ηt‖
2
2

− 1

4δ
‖η‖2L2g +

1

2

∫ ∞
0

g′(σ)‖∆η(σ)‖22dσ ≤ 0, ∀ t ≥ 0,

where µ1 is a positive constant.

PROOF. By multiplying the first equation in (5) by ρ(x)ut(t), and integrating over
Rn, we get

1

2

d

dt
‖ut(t)‖2L2ρ(Rn) +

1

2
‖∇ut(t)‖2L2ρ(Rn) +

1

2

d

dt
‖∆u(t)‖22

+

∫
Rn

∫ τ2

τ1

µ2(s)ρ(x)z(x, 1, s, t)ut(t)dxds+ µ1‖ut(t)‖L2ρ(Rn)

+

∫ ∞
0

g(σ)

∫
Rn

∆η(σ)∆ut(t)dxdσ = 0.

Since
ut(x, t) = ηt(x, σ) + ησ(x, σ), (x, σ) ∈ Rn ×R+, t ≥ 0,
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we have ∫ ∞
0

g(σ)

∫
Rn

∆η(σ)∆ut(t)dxdσ

=

∫ ∞
0

g(σ)

∫
Rn

∆η(σ)∆ηt(t)dxdσ +

∫ ∞
0

g(σ)

∫
Rn

∆η(σ)∆ησ(t)dxdσ

=
1

2

∫ ∞
0

g(σ)
d

dt
‖∆η(σ)‖22dσ −

1

2

∫ ∞
0

g′(σ)‖∆η(σ)‖22dσ

+

∫ ∞
0

g(σ)

∫
Rn

∆η(σ)∆ηt(t)dxdσ. (8)

Using Young’s inequality, we have for any δ > 0∫ ∞
0

g(σ)

∫
Rn

∆η(σ)∆ηt(t)dxdσ

≤
∫ ∞
0

g(σ)

(
1

4δ
‖∆η(σ)‖22 + δ‖∆ηt‖22

)
dσ

≤ δ

(∫ ∞
0

g(σ)dσ

)
‖∆ηt‖22 +

1

4δ

∫ ∞
0

g(σ)‖∆η(σ)‖22dσ

= δg0‖∆ηt‖22 +
1

4δ
‖η‖2L2g .

We multiply the second equation in (5) by ρ(x)z and integrate over Rn×(0, 1)×(τ1, τ2)
to obtain

1

2

d

dt

∫
Rn

∫ 1

0

∫ τ2

τ1

ρ(x)s(µ2(s) + ξ)z2(x, k, s, t)dsdkdx

= −
∫
Rn

∫ 1

0

∫ τ2

τ1

ρ(x)(µ2(s) + ξ)zzk(x, k, s, t)dsdkdx

= −1

2

∫
Rn

∫ 1

0

∫ τ2

τ1

ρ(x)(µ2(s) + ξ)
∂

∂k
z2(x, k, s, t)dsdkdx

=
1

2

∫
Rn

∫ τ2

τ1

ρ(x)(µ2(s) + ξ)(z2(x, 0, s, t)− z2(x, 1, s, t))dsdx

≤ 1

2

[
ξ(τ2 − τ1) +

∫ τ2

τ1

µ2(s)ds

] ∫
Rn

ρ(x)u2tdx

−1

2

∫
Rn

∫ τ2

τ1

ρ(x)(µ2(s) + ξ)z2(x, 1, s, t)dsdx. (9)

From (8) and (9), we obtain

E′(t) ≤ −
[
µ1 −

ξ(τ2 − τ1)
2

]
‖ut(t)‖2L2ρ(Rn)

−m1

∫
Rn

∫ τ2

τ1

µ2(s)z(x, 1, s, t)ρ(x)utdxds− ‖∇ut‖2L2ρ(Rn) − δg0‖∆ηt‖
2
2

− 1

4δ
‖η‖2L2g +

1

2

∫ ∞
0

g′(σ)‖∆η(σ)‖22dσ ≤ 0, ∀ t ≥ 0 (10)
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and ∫
Rn

∫ τ2

τ1

µ2(s)ρ(x)z(x, 1, s, t)ut(x, t)dsdx

≤ 1

2

∫ τ2

τ1

|µ2(s)|‖ut(t)‖L2ρ(Rn)ds+
1

2

∫
Rn

∫ τ2

τ1

ρ(x)z2(x, 1, s, t)dsdx. (11)

Inserting (11) into (10), we obtain

E′(t) ≤ −
[
µ1 −

∫ τ2

τ1

|µ2(s)|ds−
ξ(τ2 − τ1)

2

]
‖ut(t)‖2L2ρ(Rn)

−m1

∫
Rn

∫ τ2

τ1

z2(x, 1, s, t)ρ(x)dxds− ‖∇ut‖2L2ρ(Rn) − δg0‖∆ηt‖
2
2

− 1

4δ
‖η‖2L2g +

1

2

∫ ∞
0

g′(σ)‖∆η(σ)‖22dσ ≤ 0, ∀ t ≥ 0.

3 Asymptotic Stability

In this section, we prove the energy decay result. Our procedure is based on the
perturbed energy method. For some ε > 0, let us consider the perturbed energy
functional

L(t) = E(t) + εψ(t) + ϕ(t), (12)

where

ψ(t) =

∫
Rn

ρ(x)ut(t)u(t)dx, (13)

ϕ(t) =

∫
Rn

∫ 1

0

∫ τ2

τ1

se−sk(|µ2(s)|+ ξ)z2(x, k, s, t)dsdkdx. (14)

The next lemma will be useful, which means that there is an equivalence between the
L(t) and energy functional.

LEMMA 2. There exists a constant N1 > 0 such that

|L(t)− E(t)| ≤ εN1E(t), ∀ t ≥ 0

where ε ≥ 0.

PROOF. By applying Young’s inequality to (13), we obtain

|ψ(t)| ≤
∫
Rn
|ρ(x)ut(t)u(t)| dx ≤ 1

2
‖ut‖L2ρ(Rn) +

1

2λ
‖u‖L2ρ(Rn)

≤ 1

2
‖ut‖L2ρ(Rn) +

C0
2λ
‖∆u‖22 ≤ max

{
1,
C0
2λ

}
E(t). (15)
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It follows from (14) that ∀c > 0,

|ϕ(t)| =

∣∣∣∣∫
Rn

∫ 1

0

∫ τ2

τ1

ρ(x)se−sk(|µ2(s)|+ ξ)z2(x, k, s, t)dsdkdx

∣∣∣∣
≤ c

∫
Rn

∫ 1

0

∫ τ2

τ1

ρ(x)s(|µ2(s)(s)|+ ξ)z2(x, k, s, t)dsdkdx

≤ cE(t). (16)

Hence, combining (15) and (16), we get the desired result.

LEMMA 3. Under the assumptions (A0)—(A1), the functional ψ satisfies

dψ(t)

dt
≤ −E(t) + c1‖∇ut‖2L2ρ(Rn) + c2‖η‖2L2g − c3‖∆u(t)‖22

+c4

∫ τ2

τ1

|µ2(s)|‖z(x, 1, s, t)‖2L2ρ(Rn)ds,

where c1, c2, c3, c4, are positive constants.

PROOF. Differentiating (13), integrating by parts over Rn, using (5) and subtract-
ing E(t), we have

ψ′(t) =

∫
Rn

ρ(x)u2tdx+

∫
Rn

ρ(x)uttudx

+

∫
Rn

(
ρ(x)u2t −∆2u.u−

∫ ∞
0

g(s)∆2η(s)uds+ ρ(x)∆ut.u

)
−
∫
Rn

(
µ1ρ(x)ut.u+

∫ τ2

τ1

µ2(s)ρ(x)z(x, 1, s, t).uds

)
dx

= −E(t) +
3

2
‖ut‖2L2ρ(Rn) −

1

2
‖∆xu‖22 +

1

2
‖η‖2L2g(Rn) + I1 + I2 + I3 + I4,

where

I1 = −
∫
Rn

∫ ∞
0

g(s)∆η(s)∆u(t)dsdx,

I2 = −
∫
Rn

ρ(x)∇u(t)∇ut(t)dx,

I3 = −
∫
Rn

ρ(x)u(t)ut(t)dx,

I4 = −
∫
Rn

∫ τ2

τ1

µ2(s)ρ(x)z(x, 1, s, t)u(t)dsdx.
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By using Young’s and Poincaré’s inequalities, we have for any δ > 0,

I1 ≤
∫ ∞
0

g(s)

(
1

4δ
‖∆η(s)‖22 + δ‖∆u(s)‖22

)
ds,

+δ

(∫ ∞
0

g(s)ds

)
‖∆u(t)‖22 +

1

4δ

∫ ∞
0

g(s)‖∆η(s)‖22ds

= δg0‖∆u(t)‖22 +
1

4δ
‖η(s)‖2L2g , (17)

I2 ≤ δ‖∇u‖2L2ρ(Rn) +
1

δ
‖∇ut‖2L2ρ(Rn) ≤ δC0‖∆u‖

2
2 +

1

δ
‖∇ut‖2L2ρ(Rn), (18)

I3 ≤ δ‖ut‖2L2ρ(Rn) +
C0
δ
‖∆u‖22, (19)

∫
Rn

∫ τ2

τ1

ρ(x)µ2(s)z(x, 1, s, t)udx

≤ δC0‖∆u‖22,+
∫ τ2

τ1

|µ2(s)|ds︸ ︷︷ ︸
<µ1

∫
Rn

∫ τ2

τ1

ρ(x)2|µ2(s)|z2(x, 1, s, t)dsdx. (20)

Then ∫ τ2

τ1

∫
Rn

ρ(x)µ2(s)z(x, 1, s, t)udxds

≤ δC0‖∆u‖22 +
µ1
4δ

∫ τ2

τ1

|µ2(s)|‖z(x, 1, s, t)‖2L2ρ(Rn)ds,

which, together with (17)—(20), yield

dψ(t)

dt
≤ −E(t) +

(
3

2
C0 +

1

δ
+ δC0

)
‖∇ut‖2L2ρ(Rn) +

(
1

2
+

1

4δ

)
‖η‖2L2g

−
(

1

2
− δC0 − δg0 − 2δC0

)
‖∆u(t)‖22

+
µ1
4δ

∫ τ2

τ1

|µ2(s)|‖z(x, 1, s, t)‖2L2ρ(Rn)ds.

LEMMA 3. The functional defined by (14) satisfies for some γ0 > 0,

d

dt
ϕ(t) ≤ c

∫
Rn

ρ(x)u2tdx− γ0
∫
Rn

∫ τ2

τ1

s(|µ2(s)|+ ξ)ρ(x)z2(x, s, k, t)dsdx.

PROOF. Differentiating (14) with respect to t and using the second equation in



236 Cauchy Problem of a Plate Equation with Distributed Delay Term

(5), we have

ϕ′(t) = −2

∫
Rn

∫ τ2

τ1

(|µ2(s)|+ ξ)

∫ 1

0

e−skρ(x)zzρdkdsdx

= −
∫
Rn

∫ τ2

τ1

(|µ2(s)|+ ξ)

∫ 1

0

ρ(x)e−sk
∂

∂k
z2dkdsdx

−
∫
Rn

∫ τ2

τ1

(|µ2(s)|+ ξ)ρ(x)Bigg [e−s(z2(x, 1, s, t)− z2(x, 0, s, t))

+s

∫ 1

0

e−skz2dkBigg ]dsdx

≤ c

∫
Rn

ρ(x)u2tdx− γ0
∫
Rn

∫ 1

0

∫ τ2

τ1

ρ(x)s(|µ2(s)|+ ξ)z2(x, s, k, t)dsdkdx.

The proof is complete.

THEOREM 1. Let (u0(x), u1(x), f0(x, ks), η(x, σ)) ∈ (H2(Rn))×L2ρ(Rn)×L2ρ(Rn×
(0, 1)×(τ1, τ2))×L2g(R+, H2(Rn)). We suppose that (A0)—(A1) hold. Then, there exist
positive constants C and β such that the energy of solution given by (6) satisfies

E(t) ≤ CE(0)e−βt.

PROOF. Taking the derivatives of (12) and exploiting Lemmas 1—3, we deduce that

L′(t) = E′(t) + εψ′(t) + ϕ′(t)

≤ −εE(t)−
(
µ1 −

∫ τ2

τ1

µ2(s)ds−
ξ(τ2 − τ2)

2
− c
)
‖ut‖2L2ρ(Rn)

−(1 + εc1)‖∇ut‖2L2ρ(Rn) − εc3‖∆u‖
2
2 −

(
k

2
− εc2

)
‖η‖2L2ρ(Rn)

−
∫ τ2

τ1

(m+ c4ε|µ2(s)|+ γ0s(|µ2(s)|+ ξ)) ‖z(x, 1, s, t)‖2L2ρ(Rn)ds

≤ −εE(t), (21)

using Lemma 3, and integrating (21), we get for some β > 0,

L(t) ≤ L(0)e−εβt, ∀ t ≥ 0,

using Lemma 3 again , we obtain

E(t) ≤ CE(0)e−εβt, ∀ t ≥ 0.

This completes the proof of Theorem 1.
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