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Abstract
The purpose of the present paper is to introduce and investigate two new
subclasses SS% (A, v;a) and S5, (A, 7v;8) of X, consisting of analytic and m-
fold symmetric bi-univalent functions defined in the open unit disk U. We obtain
upper bounds for the coefficients |am+1| and |azm+1| for functions belonging to
these subclasses. Many of the well-known and new results are shown to follow as
special cases of our results.

1 Introduction

Let A denote the class of functions f that are analytic in the open unit disk U =
{z € C: |z| < 1} and normalized by the conditions f(0) = f’(0) —1 = 0 and having
the form:

f(2) :z—l—Zakzk. (1)
k=2

Let S be the subclass of A consisting of the form (1) which are also univalent in
U. The Koebe one-quarter theorem (see [4]) states that the image of U under every
function f € S contains a disk of radius %. Therefore, every function f € S has
an inverse f~! which satisfies f~!(f(2)) = 2, (2 € U) and f(f ' (w)) = w, (Jw| <
7ﬂ()(f)7""()(f) 2 l)v where

g(w) = fH(w) = w — asw® + (243 — az) w® — (5aj — Sacas + as) w' +--- . (2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U.
We denote by X the class of bi-univalent functions in U given by (1). For a brief history
and interesting examples in the class ¥ see [18], (see also [6, 7, 8, 10, 14, 15, 21, 22]).

For each function f € S, the function h(z) = (f(zm))%7 (z € U,m € N) is univalent
and maps the unit disk U into a region with m-fold symmetry. A function is said to
be m-fold symmetric (see [9, 12]) if it has the following normalized form:

f(Z) :Z+Zamk+1zmk+l, (ZE U,mGN). (3)
k=1
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We denote by S,, the class of m-fold symmetric univalent functions in U, which
are normalized by the series expansion (3). In fact, the functions in the class S are
one-fold symmetric.

In [19] Srivastava et al. defined m-fold symmetric bi-univalent functions analogues
to the concept of m-fold symmetric univalent functions. They gave some important re-
sults, such as each function f € ¥ generates an m-fold symmetric bi-univalent function
for each m € N. Furthermore, for the normalized form of f given by (3), they obtained
the series expansion for f=1 as follows:

g(w) = w-= a7n+1wm+1 + [(m + 1)0’371-&-1 - a2m+1] w2m+1

1
- E(m +1)(3m +2)ad, .1 — (3m + 2)amt1a2m41 + azm1 | W

+e (4)

where f~1 = g. We denote by X,, the class of m-fold symmetric bi-univalent functions
in U. Tt is easily seen that for m = 1, the formula (4) coincides with the formula (2)
of the class 3. Some examples of m-fold symmetric bi-univalent functions are given as

follows:
moNE |+ 1
z 2™\ ™ L
<l—zm> , {210g<1_2m>} and [—log (1 —2™)]

with the corresponding inverse functions

1

w™ = eQuzm -1 p ewm -1
1+wm T \ew™ 41 an ew™ ’

Recently, many authors investigated bounds for various subclasses of m-fold bi-
univalent functions (see [1, 2, 5, 16, 17, 19, 20]).

The aim of the present paper is to introduce the new subclasses SS5 (A, 7;a)
and S5, (A,7;B) of X, and find estimates on the coefficients |a,,+1| and |agy, 41| for
functions in each of these new subclasses.

3
3

respectively.

In order to prove our main results, we require the following lemma.

LEMMA 1 ([4]). If h € P, then |cx| < 2 for each k € N, where P is the family of
all functions h analytic in U for which

Re(h(z)) >0, (ze€U),

where

h(z) =1+ciz+cz®+---, (z€U).
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2 Coeflicient Estimates for the Functions Class
SSs (A7)

DEFINITION 1. A function f € X, given by (3) is said to be in the class
885 (A,7; ) if it satisfies the following conditions:

o 1 Zliﬂ/f'(z) Zlfvf’(z) % ﬂ . U .
12 <f<z>>1‘”+<<f(z>>1"*> <% BV ©)
and N
w 1 wl—'yg/ w wl—’yg/(,w) A ﬂ el 6
712 <g<w>>1‘”+<<g<w>>1‘”> EER

0<a<1,:0<A<1,:v>0,:meN),
where the function g = f~1 is given by (4).

REMARK 1. It should be remarked that the class SS5, (A,7; a)is a generalization
of well-known classes consider earlier. These classes are:

1. For v = 0, the class S5 (A,7;a) reduce to the class Ss,, (o, A\) which was
introduced recently by Altinkaya and Yalcin [2];

2. For A =1 and v = 0, the class SS5; (A, ;) reduce to the class S5 ~which was

n

considered by Altinkaya and Yalcin [1];

3. For A = v = 1, the class SS5 (A, 7;a) reduce to the class H$ ,, which was
investigated by Srivastava et al. [19].

REMARK 2. For one-fold symmetric bi-univalent functions, we denote the class
885 (A, vsa) = SS5(A, ;5 ). Special cases of this class illustrated below:

1. For A = 1, the class SS%(A,v; ) reduce to the class Pg(a, ) which was intro-
duced by Prema and Keerthi [13];

2. For A =1 and 7 = 0, the class SS% (A, v; @) reduce to the class S%(«) which was
given by Brannan and Taha [3];

3. For A = v =1, the class §5%(\,7; @) reduce to the class H$ which was investi-
gated by Srivastava et al. [18].

THEOREM 1. Let f € SS5 (A, 7;0) (0<a<1,0<A<1,v>0, meN) be
given by (3). Then

4\

(m +7)\/()\ +1) (2/\a (m”lv + 1) F(1-a)A+ 1)) +2a(1 - ))

(7)

|am+1| S
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and
8\2a%(m + 1) 4\

(m+y)?A+1)7*  Cm+y)A+1)

PROOF. It follows from conditions (5) and (6) that

|a2'rn+1| S

and

where g = f~! and p, ¢ in P have the following series representations:
P(2) = L4+ pm2™ + pom 2™ + panz®™ + -+

and

Comparing the corresponding coefficients of (9) and (10) yields

m+vy)(A+1
Mam+l = OPm,

2\
2m +~)(A+1) (m+7)* (1 =X
— (2a2m+1 +(v- 1)a72n+1) + 4—/\2a1271+1
ala—1
= apom + %pgnﬂ

(m +7)(A+ 1)

- 2\ Am+1 = AQm
and
2m+~) (A +1) (m+~) (1=
0 [(27” +y+ 1)a3n+1 - 2@2m+1] —+ TG’%H—l
ala—1
= agom + gq?n-

2
Making use of (13) and (15), we obtain

Pm = —Qm
and

2 2
m+vy)  (A+1
( ;Aﬁ L2 0 = a2, + 2.
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Also, from (14), (16) and (18), we find that
(2m + ) m+7)(>\+1) (m++)>1=X)\ ,
+ 2 am+1
2A
ala—1
= a(pam + Gom) + % (p2, + a2)
a—-1)(m+v)°>N+1)°
= a(pQ’m + q2'm) + ( ) ( 4)\21) ( ) a?n-&-l'

Therefore, we have

4/\2052 (me + qu)
(m+)° [(A+1) (220 (725 +1) + (1= )M+ 1)) + 201 - 2)]

a?n_,’_l = (19)

Now, taking the absolute value of (19) and applying Lemma 1 for the coefficients pa,,
and g2, we obtain

4\

(m+’y)\/(>\+1) (2)\a (m+W +1) +(1 —a)()\+1)) +2a(1 —)\).

|am+1| S

This gives the desired estimate for |ay,+1| as asserted in (7). In order to find the bound
on |agm+1/, by subtracting (16) from (14), we get

(2m +y)(A+1) 2m+y)(m+1)(A+1) ,
a2m+1 — At1
A 2\
ala—1
=« (p2m - q2m) + ( ) (p,?” - qun) . (20)

2
It follows from (17), (18) and (20) that

)\2042 (m + 1) (p%n + q?n) Ao (p2m - q27n)
(m+7)* A+ 1) 2m+7)(A+ 1)’

a2m+1 = (21)

Taking the absolute value of (21) and applying Lemma 1 once again for the coefficients

Pms P2my 9m and 42m, W€ obtain

8\2a%(m + 1) 4\
(m+y)?A+1)7%  Cm+y)A+1)

|a2'rn+1| S

which completes the proof of Theorem 1.

REMARK 3. In Theorem 1, if we choose

1. v =0, then we obtain the results which was proven by Altinkaya and Yalcin [[2],
Theorem 1J;
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2. A =+ =1, then we obtain the results which was proven by Srivastava et al. [[19],
Theorem 2].

For one-fold symmetric bi-univalent functions, Theorem 1 reduces to the following
corollary:

COROLLARY 1. Let f € SSE(\,v;) (0<a<1,0<A<1,~>0) be given by
(1). Then

4\

las| <
(1 +’y)\/(>\+ 1) (2922 4 (1- a)(A+ 1)) + 20(1 - A)

and
16022 I\

Q1720417  CHnO+1)

las| <

REMARK 4. In Corollary 1, if we choose

1. A = 1, then we have the results which was given by Prema and Keerthi [[13],
Theorem 2.2];

2. A =1 and v = 0, then we have the results obtained by Murugusundaramoorthy
et al. [[11], Corollary 6];

3. A =~ =1, then we obtain the results obtained by Srivastava et al. [[18], Theorem
1].

3 Coeflicient Estimates for the Functions Class
Sy, (A3 8)

DEFINITION 2. A function f € %, given by (3) is said to be in the class
S5 (A B) if it satisfies the following conditions:

1

N RO RO
Re < - , (€U 22
2 <f<z>>”+<<f(z>>”) o el 2

and

e 1 wlfwg/(w) n <wl’yg/(’w)> B > B, (weUl), (23)

(g(w)' ™" (g(w))' ™"
0<8<1,:0<A<1,:y>0,:meN),
where the function g = f~! is given by (4).

REMARK 5. It should be remarked that the class S5, (), ;) is a generalization
of well-known classes consider earlier. These classes are:
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1. For v = 0, the class S5, (A, ~;8) reduce to the class Sy, (8, \) which was intro-
duced recently by Altinkaya and Yalcin [2];

2. For A =1 and v = 0, the class S%m()\,v; B) reduce to the class ng which was
considered by Altinkaya and Yalcin [1];

3. For A = v =1, the class S5, (A,7; ) reduce to the class Hx () which was
investigated by Srivastava et al. [19].

REMARK 6. For one-fold symmetric bi-univalent functions, we denote the class
S5, (A 73 B) = S55(A,v; B). Special cases of this class illustrated below:

1. For A = 1, the class S%(A, v; B) reduce to the class Ps(8,y) which was introduced
by Prema and Keerthi [13];

2. For A =1 and v = 0, the class S5 (A, 7; 8) reduce to the class S5 (5) which was
given by Brannan and Taha [3];

3. For A = v =1, the class S§(A,7; 8) reduce to the class Hx(8) which was inves-
tigated by Srivastava et al. [18].

THEOREM 2. Let f € S5 (A,7;8) (0<B8<1,0<A<1,v>0, m€N) begiven

by (3). Then
22 21— 8
|am+1| S + ( 5 ) (24)
MAT (G2 4 1) N+ A+

and
8A2(m +1) (1 - B)? AN (1 B)

(m++)*A+1)° @m+y)(A+1)
PROOF. It follows from conditions (22) and (23) that there exist p, g € P such that

L2770  (10fG)
3 + ( T (z))”) =0+ (1= 0B)p(2) (26)

(25)

|a2m+1 ‘ S

>

and

>

~

2

1 w= ¢ (w <w179’(w
2\ (g(w)' " (g(w))'~
)

have the forms (11) and (12), respectively. Equating coefficients

) =B+ (1 - B)g(w), (27)

where p(z) and ¢(w
(26) and (27) yields

M#am%*l = (1 - B)pmv (28)

2 p—
(s + (v — a2, 1)+ W a2\ = (1= B)pam, (29)

2m+y)(A+1)
4\
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(m+7)(A+1)

ALY = 0 B (30)
and
(2m+z—;()\+1) (2m+~+1)a2, ;1 — 2a2m41) + M;(I_A)ailﬂ
= (1= B)g2m- (31)
From (28) and (30), we get
Pm = —m (32)

and ) )
m+ A+1
) QLD 2 = (- B 0 + ). (33)

Adding (29) and (31), we obtain

((mm)(mﬂ)(wn <m+v>2<1A>> )

22 ! 22 pyr = (1= B)(P2m + q2m)-  (34)

Therefore, we have

2A2(1 - B)(p?m + q2m)

(m+1)° _(m’iv + 1) N A+ 1

2
aerl -

Applying Lemma 1 for the coefficients ps,, and ¢a,,, we obtain

2 2(1 - f)

|am+1|§m+ry " 2 ™ .
(25 +1) M2+ 22x+1

This gives the desired estimate for |a,,+1| as asserted in (24). In order to find the
bound on |agm,11|, by subtracting (31) from (29), we get

A A
wamn+l - (2m u 7)(7721)\+ 1)( i l)agn—ﬁ-l = (1 - B) (p2m - q2m) )

or equivalently

(m + 1)a2 + >‘(1 - /6) (p2m - qu)
3 T ()

a2m+41 =

Upon substituting the value of a2, 41 from (33), it follows that

N(m+1)(1=8)° 0% +d%) | A1 —B) (P2m — G2m)
(m+7)° (A +1)° @2m+7)(A+1)

Applying Lemma 1 once again for the coefficients p,,, P2m, ¢m and ga,,, we obtain

a2m+1 =

8A2(m +1) (1 - B)? AN (1 B)
(m+7)2A+1)7?  @m+NA+1)

la2m+1] <
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which completes the proof of Theorem 2.

REMARK 7. In Theorem 2, if we choose

1. v =0, then we obtain the results which was proven by Altinkaya and Yalcin [[2],
Theorem 2];

2. A =~ =1, then we obtain the results which was proven by Srivastava et al. [[19],
Theorem 3].

For one-fold symmetric bi-univalent functions, Theorem 2 reduces to the following
corollary:

COROLLARY 2. Let f € SE(\,7;8) (0<8<1,0<A<1,v>0) be given by
(1). Then

2) 2(1 -
|as| < T \/QJW)\Q( f))\ 1
TV TR et

and

16)> (1 - 8)° AN (1-B)

las < I+ +1)°  C+7A+1)

REMARK 8. In Corollary 2, if we choose

1. A = 1, then we have the results which was given by Prema and Keerthi [[13],
Theorem 3.2];

2. A =1 and v = 0, then we have the results obtained by Murugusundaramoorthy
et al. [[11], Corollary 7];

3. A = =1, then we obtain the results obtained by Srivastava et al. [[18], Theorem
2].
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