Applied Mathematics E-Notes, 18(2018), 62-68 © ISSN 1607-2510
Available free at mirror sites of http://www.math.nthu.edu.tw/~amen/

An Existence Result For p-Kirchhoff-Type Problems
With Singular Nonlinearity*

Sayyed Hahsem Rasouli’, Mina Fani

Received 22 May 2017

Abstract

This work is devoted to study the existence of positive solutions for a class of
p-Kirchhoff-type problems with singular nonlinearity. Our approach relies on the
variational method and some analysis techniques.

1 Introduction

Consider the p-Kirchhoff equation

- (a +b/, |Vu|pdx)Apu =m(z)u™7 — i, z€Q,
u >0, T €, (1)
u =0, x € 09,

where € is a bounded domain in RN ( N > 3 ), Aju = div (|Vul|P~2Vu), for 1 <p < N
denotes the p-Laplacian operator, and A > 0 is a real parameter. Here v € (0,1) is
a constant, 0 < ¢ < p* —1, a,b > 0, a4+ b > 0 are parameters. The weight function

m:Q— Risin L7571 with m(z) > 0 for almost every z € Q, and p* = +— - denote
the critical Sobolev exponent.

Problem (1) is called nonlocal because of the presence of the term ( [, [Vu[Pdz)Apu
which implies that the equation in (1) is no longer a pointwise identity. This phenom-
enon causes some mathematical difficulties which makes the study of such a class of
problems particularly interesting. Besides, such a problem has physical motivation.
Moreover, problem (1) is related to the stationary version of Kirchhoff equation

2 2
Pl LS | Uean) 8 2)
P o h 2L Ox?
presented by Kirchhoff [8]. This equation extends the classical d’Alembert’s wave
equation by considering the effects of the changes in the length of the strings during
the vibrations. The parameters in Eq. (2) have the following meanings: L is the length
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of the string, h is the area of cross section, F is the Young modulus of the material, p
is the mass density, and Py is the initial tension.

When an elastic string with fixed ends is subjected to transverse vibrations, its
length varies with the time: this introduces changes of the tension in the string. This
induced Kirchhoff to propose a nonlinear correction of the classical D’Alembert’s equa-
tion. Later on, Woinowsky-Krieger (Nash-Modeer) incorporated this correction in the
classical Euler-Bernoulli equation for the beam (plate) with hinged ends. See, for
example, [4] and [5] and the references therein.

Moreover, nonlocal problems also appear in other fields as, for example, biological
systems where (u,v) describes a process which depends on the average of itself (for
instance, population density). See, for example, [1, 2, 7, 14, 15] and the references
therein.

In the recent decades, the Kirchhoff type problems have been extensively investi-
gated, and a lot of classical results have been obtained on a bounded domain or un-
bounded domain, see for example [3, 9, 10, 11, 13]. See [12] where the authors discussed
the problem (1) when p = 2. Here we focus on extending the study in [12]. In fact this
paper is motivated, in part, by the mathematical difficulty posed by the degenerate
quasilinear elliptic operator compared to the Laplacian operator (p = 2). This exten-
sion is nontrivial and requires more careful analysis of the nonlinearity. Combining
constraint variational method we prove that the problem possesses a global minimizer
solution.

The plan of the paper is as follows. Section 2 is devoted to our variational setting
and our main result. Section 3 is dedicated to the proof of main result.

2 Variational Setting

Let W = Wolp(Q) be the usual Sobolev space, equipped with the norm

full = ( [ 1vupar)’

and |ul, = (fQ |u|”dx) denotes the norm in L7(Q).

A function u € W is said to be a weak solution of problem (1) if w > 0 in ©Q and
there holds

(a+b/ |Vu|pdac)/ \Vu\p_QVuVLpdx—l—)\/uqcpdm—/m(x)u_"’gpdxzo,
Q ) Q Q

for all ¢ € W. We shall look for (weak) solutions of (1) by finding critical points of the
energy functional J, : W — R given by

b 2 A
Ia(w) = a(/ |Vu|pdw>+2—(/ |Vu|pdx) +17+Q/ lu|* T dx
Q Q
/m Yu|' ™V d,
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for all u € W, ?(Q). By analyzing the associated minimization problems for the func-
tional Jy, one can study weak solutions for (1). As we known, the functional Jy fails
to be Fréchet differentiable because of the singular term, then we cannot apply the
critical point theory to obtain the existence of solutions directly.

Throughout this paper, we make the following assumptions:

(H1) 0<vy<1,0<q¢g<p"—1
(H2) m € LT (©) with m(x) > 0 for almost every = € Q.

LEMMA 2.1. The energy functional Jy has a minimum ¢ in W with ¢ < 0.

PROOF. Since 0 < v < 1, A > 0, by the Holder inequality, we have

+v »* 1—o
/m(m)‘up_’ydl‘ < /|m p*,pr,ydx (/ ‘ul(lfv)(ﬁ)dx) P
Q Q

*1+

Furthermore, by the Sobolev embedding theorem, we obtain that

1—7y 1—
o SOl

1—
Hence

b A 1
Ia(u) = 9||u||1’+ Hu||2p 7/ IUIquSC*i/m(x)\Ullﬂdx

a b
> —lull” + Q*HUHQ” -

-
)

where C' > 0 is a constant. This implies that I is coercive and bounded from below on
W. Then ¢ = inf,ew Jy(u) is well defined. Moreover, since 0 < v < 1 and m(z) > 0
for almost every = € €, we have Jy(td) < 0 for all § # 0 and small ¢ > 0. Thus, we
obtain ¢ = inf,ew Jr(u) < 0. The proof is complete.

Now, we can state our main result.

THEOREM 2.2. Assume that conditions (H1) and (H2) hold. Then problem (1)
possesses a positive solution. Moreover, this solution is a global minimizer solution.

3 Proof of Theorem 2.2

The validity of the next lemma will be crucial in the sequel.

LEMMA 3.1. Assume that conditions (H1) and (H2) hold. Then Jy attains the
global minimizer in W, that is, there exists u, € W such that Jy(u.) = ¢ < 0.
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PROOF. From Lemma 2.1, there exists a minimizing sequence {u, } C W such that
lim,, oo Ja(un) = ¢ < 0. Since Jy(un) = Jr(Jun|), we may assume that w, > 0 for
almost every z € Q. By (3), the sequence {u,} is bounded in W. Since W is reflexive,
we may extract a subsequence that for simplicity we call again {u,, }, there exists u, > 0
such that

Uy — Us, weakly in W,P(Q),
Up — Us, strongly in L5(Q), 1< s < p*, (4)
tn(x) = u(x), a.e. in Q,

as n — oo. As usual, letting w,, = u, —u., we need to prove that |w,|| — 0 as n — oco.
By Vitali’s theorem [16], we find

lim m(x)|un|1*”dx:/m(w)\u*|1*7dx. (5)
Q

n—oo Q

Moreover, by the weak convergence of {u,} in W and Brézis-Lieb’s Lemma (see [6]),
one obtains
[un[? = llwn||” + [[us][” + o(1), (6)

[l = Twn | + llwc|* + 2l [P [ + o(1), (7)

/|un|p*dx:/ |wn|rf‘dx+/ 7" der + o(1), (8)
Q Q Q

where o(1) is an infinitesimal as n — oco. Hence, in the case that 0 < ¢ < p* — 1, from
(4)—(7), we deduce that

and

¢ = lim Jy(up)

n—oo

a b A 1
- I (7 P L 12P L / d )
= lim pHu II” + 5 lwn P + T q/Q|u | T =7 5 Qm(:zc)|u | T

. b
- h“éo ( (lwn ll” + llu?) + (HwnHz” + [l PP 4 2] wn [P |[7)
/|u*|1+qu —/m M 7da:)
= [ + o= |lu 2p+7/ u*1+qd$—7/mx u|' " Vda
pll | 2pll | T4 Q| | T/, (@) |ux|
. a b b
+ lim (fuwnnp + o w1 + fllwnll”llu*llp)
oo \p D p

. a b b
= () + lim (Zwall? + 5wl + 2 w77
- p p p

> > n) =
= J)\(U*) = u,llréfl‘/V J)\(un) c,
which implies Jy(u.) = ¢. In the case that ¢ = p* — 1, it follows from (5)—(8) that

. a b b
e= T+ T (Gl + ol + PP + e walt?) > Ja) > e
n—oo \p 2 D
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which yields Jy(ux) = ¢. Thus inf,,, ew Jx(un) = Ja(us) and this completes the proof
of Lemma 3.1. The proof is complete.

We are now in a position to prove Theorem 2.2.

PROOF OF THEOREM 2.2. We only need to prove that wu, is a weak solution of
(1) and u, > 0 in €. Firstly, we shaw that u, is a weak solution of (1). From Lemma
2.1, we see that

min Jy (us + t9) = Jx (s + t9)|t=0 = Ja(us), Yo € W.
This implies that

(a + b/ |Vu*|pdz) / |V, [P~2Vu, Vodz + /\/ ulpdr — / m(x)u, Tpdx =0, (9)
Q Q Q Q

for all ¢ € W. Thus, u, is a weak solution of (1).
Secondly, we prove that u, > 0 for almost every = € Q. Since Jy(ux) = ¢ < 0, we
obtain u, > 0 and u, # 0. Then, V¢ € W, ¢ > 0 and t > 0, we have

J)\(u* +t¢) - J)\(U*)
t

= ﬁ[p/ \vu*\l’*vu*wdxﬂ(p—n/ IVu. P2 |Vo|? da
b Q Q

0 <

+...+ptp_2/ Vu*lwﬁlp‘ldm] +9t”‘1/ Vo|Pdx
Q p Q
b
2 / V. |Pdz) [Qp( / Ve |P~2Vu,, Vb da)
2pJa Q
2= 1)t [ [Fur 2 VP do bt 20 [ TV e
Q Q
b b
20t updo) [ [Ford + o (ot [ Va2V Ve ds
p Q Q 2p Q
+2(p—1) / V2|V da + ..+ pt2# ) / Vu. Vol de] 2
Q Q
b
+—t”_1/ |v¢\de([2p/ [V, [PV, Vo do
2p Q Q

+t2(p—1)/ |Vu*|p_2|V(/)|2dx+...+2ptp_2/ Vu*|V¢|p_1d:B])
Q Q

_ A (ty + )19 — ul™e
pt2r—1 / Vo|Pdz)? / d
o[ Vo) + | t .
1

S O L

Using the Lebesgue Dominated Convergence Theorem, we have

14q _ , 1tq
! / (. + 1) Y gz = / ulodx. (11)
) t Q

dx. (10)

lim
t—0t 14+ ¢
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For any x € 0, we denote

o[ (@) + (@)™ — u Y (x)
(1=t '

Then L

e (@) ™" — [1té(2) + us(@)] [un(z) + (@)™ _
(1 —9) 7

which implies that g(¢) is non increasing for ¢ > 0. Moreover, we have

lim g(t) = ([u(2) +t(2)]' ™) [imo= m(z)u;” (2)¢(),

t—0t

for every = € Q, which may be 400 when w,(xz) = 0 and ¢(x) > 0. Consequently, by
the Monotone Convergence Theorem, we obtain

1— 1—
m L m(m) (U,* +t¢) 7 — Ui ’de — / m(:l?)u;’y(édﬂ?,
Q

1
t—o+ 1 —7v Jo t

which may equal to +oc. Combining this with (11), let ¢ — 0T, it follows from (10)
that

0 < af /Q |vu*|p*2vu*v¢dx)+b(( /Q (V. [Pdz)( /Q |vu*|p*2vu*v¢dx))

+)\/ug¢d:cf/m(x)u;”’¢d:c.
Q Q

Then, we have
/ m(z)uz d < (a+ bllus|°( / Ve P2V, Vodr) + A / Wédz,
Q Q Q

for all ¢ € W with ¢ > 0. Let e; € W be the first eigenfunction of the operator —A,
with e; > 0 and ||e1|| = 1. Particularly, taking ¢ = e; in (9), one gets

/ m(z)u; Yerdr < (a + b||u*||p)(/ |V, P2V, Veydz) + )\/ ulejdz
Q Q Q

< (a+b||u*||p)(/ V|~ 1Veldsc)+)\/uqeldx

1

< (a+blu|?) /|Vu (=D (20) ) 25 /|V61|pdm 3]

+)\/|u |95 d) 5 /\Vel\pdx%
< (a+0lud)([lus P llexl)) + Mus| 2,

< 00,

lex]]

which implies that u, > 0 for almost every = € ). Moreover, according to Lemma
2.1, we have Jy(u.) = inf,ew Jr(uw). Thus u, is a global minimizer solution. That
completes the proof of Theorem 2.1.



68 An Existence Result for p-Kirchhoff-Type Problems
References
[1] C. O. Alves and F.J.S.A. Corréa, On existence of solutions for a class of problem

2]

[3]

[12]

[13]

[14]

[15]

[16]

involving a nonlinear operator, Comm. Appl. Nonlinear Anal., 8(2001), 43-56.

C. O. Alves, F. J. S. A. Corréa and T. F. Ma, Positive solutions for a quasilinear
elliptic equation of Kirchhoff type, Comput. Math. Appl., 49(2005), 85-93.

G. Anello, A uniqueness result for a nonlocal equation of Kirchhoff type and some
related open problems, J. Math. Anal. Appl., 373(2011), 248-251.

A. Arosio, On the nonlinear Timoshenko-Kirchhoff beam equation, Chinese Ann.
Math. Ser. B, 20(1999), 495-506.

A. Arosio, A geometrical nonlinear correction to the Timoshenko beam equation,
Nonlinear Anal., 47(2001), 729-740.

H. Bréezis and E. Lieb, A relation between pointwise convergence of functions and
convergence of functionals, Proc. Amer. Math. Soc., 88(1983), 486-490.

F. J. S. A. Corréa and S. D. B. Menezes, Existence of solutions to nonlocal and
singular elliptic problems via Galerkin method, Electron. J. Differential Equations
2004, No. 19, 10 pp.

G. Kirchhoff, Mechanik, Teubner, Leipzig, Germany. 1883.

C. Y. Lei, J. F. Liao and C. L. Tang, Multiple positive solutions for Kirchhoff
type of problems with singularity and critical exponents, J. Math. Anal. Appl,
421(2015), 521-538.

Q. Li, Z. Yang and Z. Feng, Multiple solutions of a p-Kirchhoff equation with
singular and critical nonlinearities, Electron. J. Differential Equations 2017, Paper
No. 84, 14 pp.

J. F. Liao, P. Zhang, J. Liu and C. L. Tang, Existence and multiplicity of positive
solutions for a class of Kirchhoff type problems with singularity, J. Math. Anal.
Appl, 430 (2015), 1124-1148.

J. F. Liao, X. F. Ke and C. L. Tang, A uniqueness result for Kirchhoff type
problems with singularity, Appl. Math. Lett, 59(2016), 24-30.

X. Liu and Y. J. Sun, Multiple positive solutions for Kirchhoff type problems
without compactness conditions, J. Diff. Egs, 253(2012), 2285-2294.

T. F. Ma, Remarks on an elliptic equation of Kirchhoff type, Nonlinear Anal.
63(2005), 1967-1977.

K. Perera and Z. Zhang, Nontrivial solutions of Kirchhoff-type problems via the
Yang index, J. Differential Equations, 221(2006), 246-255.

W. Rudin, Real and Complex Analysis, McGraw-Hill, New York, London etc.
1966.



